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Quellen vollständig kenntlich gemacht.

i



Abstract

In this thesis we extend the balancing weights framework of Wang and Zubizarreta [WZ19] to es-

timate the distribution function of potential outcomes in observational studies. We also suggest to

balance basis functions of non-parametric partitioning estimates. This greatly simplifies the proofs

and allows for rigorous mathematical treatment of the method. The asymptotic analysis shows

convergence of the error to a Gaussian process. Our findings allow to apply the functional delta

method to a large class of plug-in estimators. This makes classical statistical methods such as quan-

tile estimation, hypothesis testing or survival analysis accessible to causal inference in observational

studies. While the theoretical results are promising, this novel approach waits for testing in practice.
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Zusammenfassung

In dieser Arbeit erweitern wir das Balancing Weights Framework von Wang und Zubizarreta [WZ19],

um die Verteilungsfunktion von Potential Outcomes in Beobachtungsstudien zu schätzen. Wir

schlagen vor, Basisfunktionen nicht-parametrischer Partitionenschätzer auszugleichen. Diese Wahl

vereinfacht die Beweise wesentlich und erlaubt gründliches mathematisches Vorgehen. Die asymp-

totische Analyse zeigt Konvergenz des Fehlers gegen einen Gaußschen Prozess. Die Ergebnisse

dieser Arbeit erlauben es, die funktionale Delta-Methode auf eine große Klasse von Substitution-

sschätzern anzuwenden. So erschließt dieser neuartige Zugang der kausalen Inferenz in Beobach-

tungsstudien klassische Bereiche der Statistik, wie zum Beispiel Quantil-Schätzung, Hypothesentests

oder Überlebenszeitanalysen. Die theoretischen Ergebnisse sind vielversprechend — der Praxis-Test

steht allerdings noch aus.
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1 Introduction

How does action change an outcome? How should I guide my actions towards a better outcome?

The first question is about causality, the second about ethics.

How do causality and ethics reflect on statistics? If you have not spent much time thinking about

study design, this is a good way to start: As an analyst, ask yourself “Who acted? Who assigned

treatment?” As a researcher — plan your study accurately. You can ask yourself “How do we act?

How do we assign treatment? Can we act?”

Let’s say, you gather a sample from a study population, assign treatment (but forget how you did

it). Some units get the drug, others don’t. Then the statistical analysis shows a strong correlation

of treatment and outcome. You hurry to your supervisor. “How was treatment assigned”, asks she.

“I forgot”, says you. “How do you know your analysis is correct then?” You show her the data

and together you find out that all units that received treatment were significantly taller than the

rest of the sample. After all, is the drug or the height responsible for the change in outcome? You

realise that the data is worthless for answering this question. But you are lucky: It’s just grass and

fertiliser you were studying.

You get a second chance. A new medication needs testing before it enters the market. A company

shall recruit participants, but the board requires you to write an outline for the study. You carefully

explain steps to minimize risks for participants. You include plans to meet other requirements of

human research. Then you have to decide how to assign treatment. No hand waving this time. You

talk to your supervisor. “Last time, too many tall grass blades received fertiliser. The distribution

of treatment was not really random...” You decide to determine treatment status by the flip of a

fair coin. You call the procedure ’randomization’.

Would you smoke if a coin tells you to? If you say yes — you likely smoke anyway. The point is

that forcing someone to smoke is unethical. But so is not studying the risks of smoking.

A professor is curious if the smoking habits of his students affect their grades. He observes the

smoking area through his field glasses. His assistant gets to know his plans. He warns him. “Many

students attend parties the night before exams. Maybe they are also more likely to smoke.” “I shall

see this for myself...” says the professor. He puts away the field glasses. After a while, he visits the

local club. He talks to a few of his students. Some smoke, some don’t — the chats are enjoyable.

He thinks: “Some of my best students celebrate before the exams.”

I hope, by now it’s clear that we should focus on treatment assignment. The propensity score

[RR83] — the probability of treatment given (observed) individual characteristics — helps.

1



1 Introduction

Theorem. [RR83, Theorem 1] Observed individual characteristics are independent of treatment

assignment given the propensity score.

In the second example, where you flip a fair coin to assign treatment, the propensity score is

1/2 , despite variation across individual characteristics. The coin ignores everything. What is the

propensity score in the other examples? I admit, I don’t know. It varies, but we can see trends. In

the first example, tall grass blades had a large propensity score. In the third example, the assistant

thinks that students attending parties have a larger propensity score. This is not true, after all, but

somehow the best students have a large propensity to celebrate before exams.

The propensity score is a simple concept that works well with potential outcomes. They are

potential, because they exist (or we assume they exist) independent of our observation; they live in

parallel universes. If we have a binary treatment, that is, you either treat or don’t, there are two

potential outcomes. One under treatment and one under no treatment. Ideally we would like to

compare (for one unit) those two potential outcomes. But that is impossible. Instead people keep

asking: “Had it been better if (20 years ago) I made a different decision?” You know what happened,

but don’t know what would have happened. On a high-level: If you act, you can’t observe at the

same time the effect of no action. Thus, one of the potential outcomes always remains potential.

Of course there are tricks. You can wait for the effect of an action to vanish and then observe the

outcome (under similar conditions) again. This works well when the effect of an action is short term.

If the propensity score is known, we actually observe one of the potential outcomes. This is

because treatment assignment carries no more information [RR83, Theorem 1]. But we saw that

assignment often carries more information, especially if the assignment mechanism is unknown. This

is typical for observational studies. Somehow grass blades that received fertiliser were also taller.

Or students attending parties before the exams had better results. It’s not clear why. Does the

effect on the outcome stem from observed or unobserved individual characteristics or the received

treatment? Do we even observe one of the two potential outcomes?

Since the introduction of the propensity score by Rosenbaum and Rubin in 1983 [RR83], statis-

ticians developed different ideas how to incorporate it in their analysis. There are two important

branches of application — matching and weighting. In matching the idea is to pair two or more

units with different treatment status but similar propensity score and compare their outcome. The

assumption is that the propensity score eliminates imbalances and makes the paired units compara-

ble. In weighting — the method we will focus on — the idea is to re-weight the population, ideally

with the inverse propensity score, that is, 1 divided by the propensity score. Both methods share

the goal to minimize imbalances in the population and make the two groups, that is, treatment and

control (no treatment) group more comparable. Let’s introduce some notation to be more precise.

Let (Ω,A,P) be a (generic) probability space. The following quantities are random variables or

random vectors defined on this probability space. Let T ∈ {0, 1} be the indicator of treatment.

Let X ∈ X be a vector with individual characteristics. We call this the covariate vector.

Furthermore, let (Y (0), Y (1)) ∈ Y ×Y be the potential outcomes, that is, Y (0) is the potential

2



outcome under no treatment and Y (1) the potential outcome under treatment. We define the

propensity score π with individual characteristics x ∈ X to be

π(x) := P[T = 1|X = x] (1.1)

We observe

either Y (0) |T = 0 or Y (1) |T = 1 .

In Lemma 4.1 we show that if treatment assignment is strongly ignorable [RR83, (1.3)]

(Y (0), Y (1)) ⊥ T |X and 0 < π(X) < 1 , (1.2)

that is, potential outcomes are independent of treatment given covariates and every possible set of

characteristic has a chance to receive treatment, we get

E

[
T

π(X)
Y (T )

]
= E [Y (1)] . (1.3)

By weighting the observed outcome under treatment with the inverse propensity score we recover

(in expectation) the potential outcome under treatment. This is relevant, because Y (t)|T = t does

not have the same distribution as Y (t) for t ∈ {0, 1} .
In observational studies — independent of which method is applied — the propensity score is

unknown. We can’t assign treatment and only observe the treated or untreated. It’s often the units

themselves that decide about treatment.

It used to be very popular to use estimates of the propensity score — either for matching or to

create weights or for some other purpose. In weighting, we hope to recover (1.3) from the estimate.

In practice, however, estimating the propensity score is a difficult task. Researchers often compare

estimates from different models and check for covariate balance. This is not surprising, because

that’s what the weights are designed for — minimizing imbalances in the population. The poor

performance of classical propensity score estimates, such as logistic regression — and the insight

that the task is to eliminate imbalances — led to the development of methods, such as the Covariate

Balancing Propensity Score [IR14] that try to estimate the propensity score and balance covariates

simultaneously (the name is indicative).

Recently, new balancing frameworks were developed that do not rely on estimates of the propensity

score [Hai12,Zub15]. They generate weights with a constrained convex optimization problem that

explicitly bounds imbalances by the constraints. The constraints responsible are of the form

N∑
i=1

Ti · wi ·Bk(Xi) =
N∑
i=1

Bk(Xi) for all k , (1.4)

where Bk are basis functions of the covariates. The aim is to balance the weighted group (here the

treatment group) against the whole sample. The basis functions can be moments of the covariates

3



1 Introduction

— a natural aim. But it’s not clear which basis to choose in practice to obtain best performance.

How strictly to enforce covariate balance is another question. Very strict assumptions may render

the problem infeasible, whereas loosening may result in bias of the estimator. In [Hai12] the authors

choose the (known) moments of the covariate as basis functions and enforce strict balance, that is,

(1.4). In [WZ19] the authors consider the regression basis of sieve estimators [New97], where the

number of basis functions grows with the sample size. Also they loosen the strict constraints on the

covariate balance as to vanish only for N → ∞ , that is,∣∣∣∣∣ 1N
(

n∑
i=1

wiBk(Xi)−
N∑
i=1

Bk(Xi)

)∣∣∣∣∣ ≤ δk for all k ,

with δk > 0 and δk → 0 for N → ∞ .

The publication [WZ19] also contains theoretical analysis. The authors reveal a surprising con-

nection to propensity score estimation. They show that with the regression basis of sieve estima-

tors [New97], their method (implicitly) models the inverse propensity score. They use this to obtain

asymptotic normality of a weighted mean estimate of the expectation of potential outcomes.

One novelty introduced in this thesis is to balance basis functions of partitioning estimates

[GKKW02, §4]. We show that this simplifies the proofs of [WZ19]. Furthermore, we extend the

framework to estimate the distribution function of potential outcomes.

With the regression basis of partitioning estimates, the weighted mean is asymptotically well

behaved for estimates of the distribution function of potential outcomes. By the functional delta

method [vdV00, §20] results of this thesis immediately open access to a large class of plug-in esti-

mators. Therefore, with this thesis we contribute to one of the main purposes in causal inference

— reinforcing classical methods of statistical analysis for use in observational studies.
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2 The Optimization Problem behind the Weights

There are different ways to generate weights for covariate balance. We discussed this in the intro-

duction. Now, we introduce the balancing weights framework of Wang and Zubizarreta [WZ19]. It

consists of a (generic) convex optimization problem that enforces covariate balance by constraints

on the search space. Similar to classical propensity score estimates, it extracts from the data only

information about treatment status and individual characteristics. The outcome is ignored. This

gives the additional option to balance covariates before observing outcomes or use the same set of

weights for inference on different outcomes.

The primary optimization task is to minimize an objective function over a predefined search space.

From a practical point of view, the objective function instils additional goodness in the weights, for

example, low sample variance [Zub15, Introduction]. More important, however, are the constraints

that enforce covariate balance. Both objective function and design of the constraints distinguish the

method.

After introducing the problem, we shall derive it’s dual formulation in the spirit of Theorem 7.4.

By this transformation we get the chance to analyse the initial problem by a problem with simpler

constraints but more complicated objective function. It turns out that this is the right way to go.

We adopt ideas from [WZ19,TB91] that show how to analyse the dual problem and link the results

back to the original problem.

2.1 Introduction

Let N ∈ N be the sample size, and let (T1, X1), . . . , (TN , XN ) be independent and identically-

distributed copies of T and X . We gather them in the (random) data set

DN := { (Ti, Xi) : i ∈ {1, . . . , N} } .

Furthermore, let

n := # {i ∈ {1, . . . , N} : Ti = 1}

be the number of treated units. This is a random variable. To streamline the analysis we assume

in this chapter the order Ti = 1 for all i ≤ n . We shall drop this assumption at the end of this

chapter.

5



2 The Optimization Problem behind the Weights

Let R := R ∪ {+∞} be the extended real numbers. For a

(proper) convex function φ : R → R ,

a vector of N basis functions of the covariates

B := [B1, . . . , BN ]
⊤ with Bk : Rd → R for all k ∈ {1, . . . , N} ,

and a (random) constraints vector

δ := [δ1, . . . , δN ]
⊤ with δk : (Ω, σ(DN ),P) → R for all k ∈ {1, . . . , N} ,

we consider the following (random) convex optimization problem.

Problem 1.

minimize
w1,...,wn∈R

n∑
i=1

φ(wi)

subject to wi ≥ 0 for all i ∈ {1, . . . , n} ,

1

N

n∑
i=1

wi = 1 ,∣∣∣∣∣ 1N
(

n∑
i=1

wi ·Bk(Xi) −
N∑
i=1

Bk(Xi)

)∣∣∣∣∣ ≤ δk for all k ∈ {1, . . . , N} .

What is random in Problem 1? First, the dimension of the search space (w ∈ Rn) depends on the

random variable n . Thus, we only compute weights for the treated units (the ones with Ti = 1 ).

Next, we consider the objective function

w 7→
n∑
i=1

φ(wi) .

The number of summands is random (again n ). Note that sometimes we use the equivalent notation

w 7→
N∑
i=1

Ti · φ(wi) ,

where we set the weights of the untreated (the ones with Ti = 0 ) to some arbitrary value in the

domain of φ . Let’s consider the constraints. There is no randomness in the first two constraints

wi ≥ 0 for all i ∈ {1, . . . , n} and
1

N

n∑
i=1

wi = 1 .

They only make sure that the weights (divided by N ) form a convex combination. If, for example,

the outcome space Y is convex, we make sure that a weighted mean estimate of E[Y (1)] satisfies

Ŷ (1) :=
1

N

n∑
i=1

wi · Yi ∈ Y

6



2.2 Objective Function

or that a weighted empirical distribution function satisfies

F̂Y (1) :=
1

N

n∑
i=1

wi · 1 {Yi ≤ z} ∈ [0, 1] .

Wang & Zubizarreta [WZ19] omit these constraints in their analysis. In this thesis we provide the

analysis for the full optimization problem.

We talked about the covariate balancing constraint in the introduction (we shall call them the

box constraints, because of the absolute value):∣∣∣∣∣ 1N
(

n∑
i=1

wi ·Bk(Xi) −
N∑
i=1

Bk(Xi)

)∣∣∣∣∣ ≤ δk for all k ∈ {1, . . . , N} .

They are crucial — we shall discuss their implications as the analysis unfolds. For now, note that

the number of summands in

n∑
i=1

wi ·Bk(Xi)

is random again, and sometimes we switch to

N∑
i=1

Ti · wi ·Bk(Xi) (see also the remark in Section 5.4.1) .

In Section 3.3 we shall specify the vector of basis functions B . Instead of sieve estimators as

in [WZ19], where the number of basis functions grows slower than N to ∞ and the basis functions

have fixed design, we shall choose the basis of partitioning estimates as in [GKKW02, §4]. It depends
on the whole data set DN and therefore has random design. In Chapter 4 we shall see that this

choice simplifies the consistency proofs expounded in [WZ19, Proof of Lemma 2]. Finally, note

that [WZ19, Algorithm 1 on page 11] is a (random) algorithm to specify δ based on DN .

Takeaways In this thesis we analyse the weights of a random constrained

convex optimization problem. Its distinguishing features are the balancing

constraints and the objective function. We shall derive and analyse a dual

problem that is linked to the initial problem.

2.2 Objective Function

The formulation of Problem 1 allows for great flexibility. To streamline the analysis, however, we

shall restrict it.

7



2 The Optimization Problem behind the Weights

Definition 2.1. We define φ in Problem 1 by

φ : R → [0,∞) , x 7→ (x− 1)2 .

Remark. If we plug this choice in Problem 1, we observe

n∑
i=1

φ(wi) =
N∑
i=1

Ti (Ti · wi − 1)2 =
N∑
i=1

Ti

(
Ti · wi −

1

N

N∑
i=1

Ti · wi

)2

.

Thus, Problem 1 minimizes the sample variance of the weights (Ti · wi) . This is in line with the

objective function in [Zub15]. ♢

Next, we derive theoretical properties of φ that we will use in the subsequent analysis.

Lemma 2.1. The function φ of Definition 2.1 satisfies

(i) φ is strictly convex and continuously differentiable on R , with derivative φ
′

(ii) The inverse of the derivative (φ
′
)−1 exists and is continuously differentiable

(iii) Both φ
′
and (φ

′
)−1 are uniformly continuous

Proof. The proof is easy. We omit the details.

The next lemma prepares a link to the assumptions of Theorem 7.4.

Lemma 2.2. The convex conjugate of φ (see (7.12)) is

φ∗ : R → R , x∗ 7→ x∗ · (φ′
)−1(x∗) − φ

(
(φ

′
)−1(x∗)

)
.

Furthermore, φ∗ is strictly convex and continuously differentiable on R .

Proof. We define

ϕ : R× R → R , (x, x∗) 7→ x · x∗ − φ(x) .

Let x∗ ∈ R . By Lemma 2.1.(i), φ is continuously differentiable on R with derivative φ
′
. The

same holds for ϕ(·, x∗) with derivative satisfying

∂

∂x
ϕ(x, x∗) = x∗ − φ

′
(x) for all x ∈ R .

By Lemma 2.1.(ii), it holds that

z := (φ
′
)−1(x∗)

8



2.2 Objective Function

is an extreme point of ϕ(·, x∗) . Since φ is strictly convex by Lemma 2.1.(i), ϕ(·, x∗) is strictly

concave. Thus, z is the unique maximum point of ϕ(·, x∗) on R . Thus

φ∗(x∗) = sup
x∈R

x · x∗ − φ(x) = sup
x∈R

ϕ(x, x∗)

= ϕ(z, x∗)

= x∗ · (φ′
)−1(x∗) − φ

(
(φ

′
)−1(x∗)

)
for all x∗ ∈ R .

Now we proof the second statement. Since (φ
′
)−1 is continuously differentiable by Lemma 2.1.(ii),

it holds

∂

∂x∗
φ∗(x∗) = (φ

′
)−1(x∗) + x∗ · ∂

∂x∗
(φ

′
)−1(x∗) − φ

′
(
(φ

′
)−1(x∗)

)
· ∂

∂x∗
(φ

′
)−1(x∗)

= (φ
′
)−1(x∗) + x∗ · ∂

∂x∗
(φ

′
)−1(x∗) − x∗ · ∂

∂x∗
(φ

′
)−1(x∗)

= (φ
′
)−1(x∗) for all x∗ ∈ R .

(2.1)

Since φ is strictly convex and continuously differentiable, φ
′

is continuous and strictly non-

decreasing. Thus (φ
′
)−1 is continuous and strictly non-decreasing. It follows from (2.1) that

φ∗ is strictly convex and continuously differentiable.

With Lemma 2.2 we are ready to complete the link.

Lemma 2.3. The function

Φ : Rn → R , [w1, . . . , wn]
⊤ 7→

n∑
i=1

φ(wi) ,

satisfies Assumption 4.

Proof. By Example 7.1 the convex conjugate of Φ is

Φ∗ : Rn → R , [λ1, . . . , λn]
⊤ 7→

n∑
i=1

φ∗(λi) ,

where φ∗ is the convex conjugate of φ . By Lemma 2.1, φ is strictly convex. Thus, Φ is strictly

convex. By Lemma 2.2, φ∗ continuously differentiable on R . Thus, Φ∗ is continuously differen-

tiable on Rn . It follows the statement of Assumption 4 for Φ .

Takeaways The choice of Definition 2.1 introduces the sample variance

to Problem 1. It has good practical and theoretical properties. Among the

theoretical are strict convexity that allows linking Problem 1 to the theory

of convex analysis.
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2 The Optimization Problem behind the Weights

2.3 Dual Problem

In the previous section we have expounded our choice of φ — and with it the objective function of

Problem 1. Now, we want to apply Theorem 7.4 to Problem 1. To this end, we provide its proper

formulation. For this we need some more notation.

Let In be the n -dimensional unit matrix, 0n and 1n the n -dimensional vectors containing only

zeros or ones. Furthermore, we define the matrix of basis functions of the treated to be

B(X) :=
[
B(X1), . . . , B(Xn)

]
∈ RN×n .

Note that the size of B(X) depends on the random size n ∈ N of the treatment group in the

sample.

Lemma 2.4. A matrix formulation of Problem 1 is

minimize
w∈Rn

Φ(w)

subject to Uw ≥ d ,

Aw = a ,

with objective function

Φ : Rn → R , [w1, . . . , wn]
⊤ 7→

n∑
i=1

φ(wi) ,

inequality matrix and vector

U :=

[
In

±B(X)

]
∈ R(n+2N)×n d :=

[
0n

−N · δ ±
∑N

i=1B(Xi)

]
∈ Rn+2N ,

and equality matrix and vector

A := 1⊤n ∈ R1×n a := N ∈ N .

Proof. Recall that the box constraints of Problem 1 are∣∣∣∣∣ 1N
(

n∑
i=1

wiBk(Xi)−
N∑
i=1

Bk(Xi)

)∣∣∣∣∣ ≤ δk for all k ∈ {1, . . . , N} .

Put differently, it holds both

−
n∑
i=1

wiBk(Xi) ≥ −Nδk −
N∑
i=1

Bk(Xi) and

n∑
i=1

wiBk(Xi) ≥ −Nδk +
N∑
i=1

Bk(Xi)

for all k ∈ {1, . . . , N} . In matrix notation this is

±B(X)w ≥ [dn+1, . . . , dn+2N ]
⊤ .

10



2.3 Dual Problem

Proving the rest of the statements is straightforward. We omit the details.

Remark. The inequality constraints of Lemma 2.4 differ from its counterpart [WZ19, Proof of

Lemma 1]. We don’t transform the variable w , but shift to d what prevents us from keeping w .

Note that the choice of [WZ19, Proof of Lemma 1] leads to a mistake on page 21. The mistake is

most obvious in the second display, where the first implication follows from dividing by 0. I discussed

this with the authors and proposed a version of Lemma 2.4 to solve the problem. I think it’s best not

to transform variables, because the mistake comes from (wrongly) calculating the convex conjugate

of the (more complicated) transformed version of the objective function. The subsequent analysis

even simplifies with my version. I was surprised to find the (exact) same mistake in the earlier

paper [CYZ16, page 35 second display]. ♢

In the next lemma we apply Theorem 7.4 to Problem 1.

Lemma 2.5. Consider the optimization problem

maximize
ρ , λ+, λ−≥0

λ0∈R

−
n∑
i=1

φ∗(ρi + λ0 + ⟨B(Xi), λ
+ − λ−⟩

)

+

N∑
i=1

(
λ0 + ⟨B(Xi), λ

+ − λ−⟩
)

− ⟨δ, λ+ + λ−⟩ .

(2.2)

If there exists the optimal solution (ρ†, λ†0, λ
+,†, λ−,†) then the unique optimal solutions to Prob-

lem 1 are

w†
i := (φ

′
)−1

(
ρ†i + λ†0 + ⟨B(Xi), λ

+,† − λ−,†⟩
)

for all i ∈ {1, . . . , n} .

Proof. First, note that by the strict convexity of φ∗ (see Lemma 2.2), a solution to Problem (2.2)

is unique (if it exists). By Lemma 2.4, Problem 1 has the form required in Theorem 7.4. By

Lemma 2.3, the objective function Φ of Problem 1 satisfies Assumption 4. Thus we can apply

Theorem 7.4 to Problem 1. Calculations yield the result.

11



2 The Optimization Problem behind the Weights

With the next theorem we merge λ+ , λ− ≥ 0 to λ = λ+ − λ− ∈ R . Let [x]+ := 0 ∧ x be the

positive part of x ∈ R .

Theorem 2.1. Consider the optimization problem

minimize
ρ ∈ RN

λ0 ∈ R
λ ∈ RN

1

N

N∑
i=1

[
Ti · φ∗(ρi + λ0 + ⟨B(Xi), λ⟩) − λ0 − ⟨B(Xi), λ⟩

]
+ ⟨δ, |λ|⟩ ,

subject to ρi ≥ 0 for all i with Ti = 1

and ρi =
[
φ−1(0)− (λ0 + ⟨B(Xi), λ⟩)

]+
for all i with Ti = 0 .

(2.3)

If there exists the optimal solution (ρ†, λ†0, λ
†) then the unique optimal solutions to Problem 1

are

w†
i := (φ

′
)−1

(
ρ†i + λ†0 + ⟨B(Xi), λ

†⟩
)

for all i with Ti = 1 .

Proof. Assume that (ρ†, λ†0, λ
+,†, λ−,†) is an optimal solution to Problem 2.2. We write

G(ρ, λ0, λ
+, λ−) := −

n∑
i=1

φ∗(ρi + λ0 + ⟨B(Xi), λ
+ − λ−⟩

)
+

N∑
i=1

(
λ0 + ⟨B(Xi), λ

+ − λ−⟩
)

− ⟨δ, λ+ + λ−⟩ .

To eliminate the remaining constraints, we paraphrase [WZ19, pages 19-20]. We show for all i ∈
{1, . . . , N}

either λ+,†i > 0

or λ−,†i > 0 . (2.4)

Assume towards a contradiction that

there exists i ∈ {1, . . . , N} such that λ+,†i > 0 and λ−,†i > 0 . (2.5)

Consider

λ̃+,† :=
[
λ+,†1 . . . , λ+,†i − (λ+,†i ∧ λ−,†i ) , . . . , λ+,†N

]⊤
and

λ̃−,† :=
[
λ−,†1 . . . , λ−,†i − (λ+,†i ∧ λ−,†i ) , . . . , λ−,†N

]⊤
.

Since

λ±,†i − (λ+,†i ∧ λ−,†i ) ≥ 0 ,

12



2.3 Dual Problem

the perturbed vectors λ̃±,† are in the domain of the optimization problem. By Assumption (2.5)

and δ > 0 it follows

G
(
ρ†, λ†0, λ̃

+,†, λ̃−,†
)

− G
(
ρ†, λ†0, λ

+,†, λ−,†
)

= 2 · δi · (λ+,†i ∧ λ−,†i ) > 0 ,

which contradicts the optimality of (ρ†, λ†0, λ
+,†, λ−,†) (it is supposed to be a maximum in the

domain of the optimization problem) . It follows (2.4). But then λ±,†i ≥ 0 collapses to λ†i ∈ R for

all i ∈ {0, . . . , N} , that is, we set

λ†i = λ+,†i − λ−,†i and |λ†i | = λ+,†i + λ−,†i .

Thus, we can extend the domain of Problem 2.2 to λ ∈ RN and update the objective function in

the following way (without changing the optimal solution).

G(ρ, λ0, λ) := −
n∑
i=1

φ∗(ρi + λ0 + ⟨B(Xi), λ⟩)

+

N∑
i=1

(λ0 + ⟨B(Xi), λ⟩) − ⟨δ, |λ|⟩ .

Multiplying G with −1/N doesn’t change the solution either (if we search instead for a minimum).

To finish the proof, we choose the notation with Ti instead of n . This extends the domain of ρ to

RN≥0 , but the new ρi are not effective because of Ti = 0 . Thus we may set them to an arbitrary

value.

Remark. The dual variables (ρ, λ0, λ) are connected to the constraints of Problem 1, that is,

ρ ∈ RN≥0 to Ti · wi ≥ 0 for all i ∈ {1, . . . , N} ,

λ0 ∈ R to
1

N

N∑
i=1

Ti · wi − 1 = 0 ,

λ ∈ RN to

∣∣∣∣∣ 1N
(

N∑
i=1

Ti · wi ·Bk(Xi) −
N∑
i=1

Bk(Xi)

)∣∣∣∣∣ ≤ δk for all k ∈ {1, . . . , N} .

Note that we shifted the complexity of the constraints of Problem 1 to the objective function of

Problem 2.3. In Lemma 4.3 we derive sufficient conditions for the existence of an optimal solution.

The second point of this lemma is that the solution (if it exists) is close to some oracle parameter

λ∗ . It turns out that by this we can derive consistency of optimal (dual) solutions for the oracle

parameter (see Theorem 4.1). In the end, by the functional relationship of dual and primal solutions

(see Theorem 2.1), we can derive consistency of the optimal weights for the inverse propensity score.

This is done in Chapter 4. ♢

As an example for the interested reader and as transition to the next section, we show how ρ is

linked to the first constraint of Problem 1.

13



2 The Optimization Problem behind the Weights

Lemma 2.6. Let (ρ†, λ†0, λ
†) be the optimal solution to Problem 2.3. It holds

ρ†i =
[
φ

′
(0)−

(
λ†0 + ⟨B(Xi), λ

†⟩
)]+

for all i ∈ {1, . . . , N} .

Furthermore, the unique optimal solutions to Problem 1 are

w†
i :=

[
(φ

′
)−1

(
λ†0 + ⟨B(Xi), λ

†⟩
)]+

for all i with Ti = 1 .

Proof. For i with Ti = 0 this is clear. Thus, we consider i with Ti = 1 . By the complementary

slackness (see the proof of Theorem 7.4), if ρ†i > 0 it holds

w†
i = (φ

′
)−1

(
ρ†i + λ†0 + ⟨B(Xi), λ

†⟩
)

= 0 .

By Lemma 2.1 it follows

ρ†i = φ
′
(0)−

(
λ†0 + ⟨B(Xi), λ

†⟩
)
.

If on the other hand ρ†i = 0 , then by the complementary slackness it follows

w†
i = (φ

′
)−1

(
λ†0 + ⟨B(Xi), λ

†⟩
)

≥ 0 ,

and

0 ≥ φ
′
(0)−

(
λ†0 + ⟨B(Xi), λ

†⟩
)
.

Takeaways We derive a dual formulation of Problem 1 that is easier to

analyse. Theorem 2.1 provides a functional relationship of optimal dual

solutions and optimal weights. The dual variables are connected to the

constraints of the primal problem.

14



3 Constructing the Weights Process

In the formulation of Theorem 2.3 we encounter “If there exists the optimal solution (ρ†, λ†0, λ) ...”.

To be able to study asymptotic properties of the weights, we shall assume that Problem 2.3 is

feasible, construct a measurable dual solution, and plug it in (φ
′
)−1 . Before we formulate concrete

assumptions, we provide tools from functional analysis to obtain measurability. Afterwards, we

tailor the feasibility assumptions to the capability of this tools. Then, we interpose a section on

basis functions before we construct the weights process — the theoretical analogy of optimal weights.

3.1 Argmax Measurability Theorem

We follow [AB07]. A correspondence ψ from a set S1 to a set S2 assigns to each s1 ∈ S1 a subset

ψ(s1) ⊂ S2 . To clarify that we map s1 to a set, we use the double arrow, that is, ψ : S1 ↠ S2 .

Let (Z,ΣZ) be a measurable space and S a topological space. We say, that a correspondence

ψ : Z ↠ S is weakly measurable , if

{z ∈ Z | ψ(z) ∩O ̸= ∅} ∈ ΣZ for all open subsets O ⊂ S .

A selector from a correspondence ψ : Z ↠ S is a function s : Z → S that satisfies

s(z) ∈ ψ(z) for all z ∈ Z .

Definition 3.1. Let (Z,ΣZ) be a measurable space, and let S1 and S2 be topological space.

A function f : Z × S1 → S2 is a Caratheodory function if

f(·, s1) : Z → S2 is (ΣZ ,B(S2))−measurable for all s1 ∈ S1 ,

and

f(z, ·) : Z → S2 is continuous for all z ∈ Z .

Theorem 3.1. Let S be a separable metrizable space and (Z,ΣZ) a measurable space. Let

ψ : Z ↠ S be a weakly measurable correspondence with non-empty compact values, and suppose
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3 Constructing the Weights Process

f : Z × S → R is a Caratheodory function. Define the value function m : Z → R by

m(z) := max
s∈ψ(z)

f(z, s) ,

and the correspondence µ : Z ↠ S of maximizers by

µ(z) := {s ∈ ψ(z)|f(z, s) = m(z)} .

Then the value function m is measurable, the argmax correspondence µ has non-empty and

compact values, is measurable and admits a measurable selector.

Proof. [AB07, Theorem 18.19]

Takeaways Solving an optimization problem that has a Caratheodory

objective function on a weakly-measurable, non-empty and compact search

space, allows for measurable optimal solutions.

3.2 Measurable Dual Solution

Next, we formulate the feasibility assumption. The assumption is (asymptotically) justified by

Theorem 4.1. Note that we assume compactness to be able to apply Theorem 3.1.

Assumption 1. For all N ∈ N there exists a non-empty, compact, and deterministic parameter

space ΘN ⊂ RN≥0 × R × RN such that the optimal solution
(
ρ†, λ†0, λ

†
)

of Problem 2.3 are

contained in ΘN .

Based on this assumption it is easy to derive measurability for the dual solutions
(
ρ†, λ†0, λ

†
)
. To

this end, we take a closer look at the objective function.

Definition 3.2. We define the (random) objective function of Problem 2.3 by

G : (Ω, σ(DN ))×
(
RN≥0 × R× RN

)
→ R

with

G(ω, (ρ, λ0, λ)) = ∞ if ρi ̸=
[
φ−1(0)− (λ0 + ⟨B(Xi), λ⟩)

]+
for some i > n ,
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3.3 Basis Functions

and else

G(ω, (ρ, λ0, λ))

=
1

N

N∑
i=1

[
Ti(ω) · φ∗(ρi + λ0 + ⟨B(Xi)(ω), λ⟩) − λ0 − ⟨B(Xi)(ω), λ⟩

]
+ ⟨δ(ω), |λ|⟩ .

Lemma 3.1. The function G of Definition 3.2 is Caratheodory.

Proof. This follows from Lemma 2.2 (continuity of φ∗ ) and the measurability of all random vari-

ables included.

In the proof of the next lemma we gather the arguments and apply Theorem 3.1.

Lemma 3.2. Let Assumption 1 hold true. Then, for all N ∈ N the dual solution(
ρ†, λ†0, λ

†
)

: Ω → RN≥0 × R× RN

to Problem 2.3 is (
σ (DN ) ,B

(
RN≥0 × R× RN

))
−measurable .

Proof. Since ΘN is deterministic (by Assumption 1) we can define the (constant) correspondence

ω 7→ ΘN . Clearly, this is weakly-measurable, non-empty and compact. Next, we consider the (ran-

dom) objective function of (the maximize version of) Problem 2.3, that is, −G (see Definition 3.2).

By Lemme 3.1, −G is a Caratheodory function. Since −G is also strictly concave, it has a unique

argmax in ΘN . By Assumption 1 this is
(
ρ†, λ†0, λ

†
)
. By Theorem 3.1 this is(

σ(DN ),B
(
RN≥0 × R× RN

))
−measurable .

Takeaways With suitable assumptions on the feasibility of Problem 2.3,

we can construct measurable dual solutions. An important tool to obtain

measurability is the argmax measurability theorem (Theorem 3.1).

3.3 Basis Functions

Going back to the functional relationship of optimal dual solution and optimal weights (see Theo-

rem 2.1), we see that the basis vector of the covariates plays an important role. Now, we present

our choice. To the best of our knowledge, this is a novelty in the framework of balancing weights.
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3 Constructing the Weights Process

Let (PN ) denote a sequence of countable, B -measurable partitions

PN = {AN,1, AN,2, . . .} ⊂ B(Rd)

of Rd , that is,

AN,i ∩AN,j = ∅ if i ̸= j and
⋂
i∈N

AN,i = Rd .

We define AN (x) to be the cell of PN containing x , that is,

AN : Rd ↠ Rd , x 7→ AN (x) ,

where AN (x) is the only cell containing x .

Lemma 3.3. The relation

x ∼ y :⇔ x ∈ AN (y)

is an equivalence relation.

Proof. The proof is simple. We omit it.

Before we define the basis vector, we assume uniform partition width such that

λ(AN ) =: hdN → 0 for N → ∞ .

Next, we define the (empirical) basis functions vector

B : Rd × Rd·N → R , (x, (x1, . . . , xN )) 7→

[
1AN (x)(xk)

]
k∈{1,...,N}∑N

j=1 1AN (x)(xj)
, (3.1)

where we keep to the convention ”0/0 = 0” . We shall extend B to depend on the random vectors

X,X1, . . . , XN . The next lemma studies the measurability of the extensions.

Lemma 3.4. (i) B(·, (X1, . . . , XN ))(ω) is
(
B(Rd),B(RN )

)
-measurable and constant on each

cell AN ∈ PN for all ω ∈ Ω .

(ii) B(X, (X1, . . . , XN )) is
(
σ(X,DN ),B(RN )

)
-measurable.

Proof. Consider, for k ∈ {1, . . . , N} and ω ∈ Ω , the indicator function

1AN (Xk(ω)) : Rd → {0, 1} . (3.2)
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3.3 Basis Functions

Since AN (Xk(ω)) ∈ B(Rd) , this is a
(
B(Rd),B(R)

)
-measurable function. From the definition of B

(3.1) it follows the first part of (i). Since the indicator function in (3.2) is 1 if x ∈ AN (Xk(ω)) and

0 else, it is also constant on each cell AN ∈ PN . It follows (i). To prove (ii), note that

1AN (Xk(ω))(X(ω)) = 1
⋃
i∈N

{X,Xk ∈ AN,i} (ω) for all ω ∈ Ω ,

and
⋃
i∈N {X,Xk ∈ AN,i} ∈ σ(X,DN ) .

Now we gather some useful properties of the (empirical) basis vector.

Lemma 3.5. Let (x, x1, . . . , xN ) ∈ Rd(N+1) .

(i)
∑N

k=1Bk(x, x1, . . . , xN ) ∈ {0, 1} . In particular, x1, . . . , xN /∈ AN (x) is equivalent to∑N
k=1Bk(x, x1, . . . , xN ) = 0

(ii)
∑N

k=1Bk(xi, x1, . . . , xN ) = 1 for all i ∈ {1, . . . , N} .

(iii) ∥B(x, x1, . . . , xN )∥2 ≤ 1

(iv) Bk(xi, x1, . . . , xN ) = Bi(xk, x1, . . . , xN ) for all i, k ∈ {1, . . . , N}

Proof. Let (x, x1, . . . , xN ) ∈ Rd(N+1) . We prove (i). Then (ii) is a direct consequence of (i). If

x1, . . . , xN /∈ AN (x) , then

Bk(x, x1, . . . , xN ) =
1AN (x)(xk)∑N
j=1 1AN (x)(xj)

= 0 for all k ∈ {1, . . . , N} .

On the other hand, if the sum is 0 it holds

1AN (x)(xk) = 0 for all k ∈ {1, . . . , N} .

It follows the desired equivalence. If

1AN (x)(xk) = 1 for some k ∈ {1, . . . , N} ,

then
∑N

j=1 1AN (x)(xj) ≥ 1 and thus ” 0/0 ” doesn’t occure. It follows

N∑
k=1

Bk(x, x1, . . . , xN ) =

∑N
k=1 1AN (x)(xk)∑N
j=1 1AN (x)(xj)

= 1 .

To prove (iii), note that by (i)

∥B(x, x1, . . . , xN )∥22 =

N∑
k=1

Bk(x, x1, . . . , xN )
2 ≤

N∑
k=1

Bk(x, x1, . . . , xN ) ≤ 1 .
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3 Constructing the Weights Process

To prove (iv), note that by Lemma 3.3 and by symmetry and transitivity of the equivalence relation

x ∈ AN (y) it holds

Bk(xi, x1, . . . , xN ) =
1 {xk ∈ AN (xi)}∑N

j=1 1 {xj , xk ∈ AN (xi)}
=

1 {xi ∈ AN (xk)}∑N
j=1 1 {xj ∈ AN (xk)}

= Bi(xk, x1, . . . , xN ) .

Now we show that the basis vector plays well with uniformly continuous functions. The result seems

simple, yet the consequence are great. It allows us later on to specify an oracle parameter instead

of assuming its existence (see [WZ19, Assumption 1.6]). This greatly clarifies the proofs.

Lemma 3.6. Let (x, x1, . . . , xN ) ∈ Rd(N+1) . For all uniformly continuous functions f : Rd →
R it holds∣∣∣∣∣

N∑
k=1

Bk(xi, x1, . . . , xN ) · f(xk)− f(xi)

∣∣∣∣∣ ≤ ω
(
f, hdN

)
for all i ∈ {1, . . . , N} ,

where ω(f, ·) is the uniform modulus of continuity of f .

Proof. It follows from Lemma 3.5.(ii)∣∣∣∣∣
N∑
k=1

Bk(xi, x1, . . . , xN ) · f(xk)− f(xi)

∣∣∣∣∣
≤

∣∣∣∣∣
N∑
k=1

Bk(xi, x1, . . . , xN ) (f(xk)− f(xi))

∣∣∣∣∣
≤

N∑
k=1

Bk(xi, x1, . . . , xN ) · 1 {xk ∈ AN (xi)} |f(xk)− f(xi)|

≤ ω
(
f, hdN

)
.

Next, we apply Lemma 3.6. On a high-level, the next lemma says that the basis functions estimate

both treatment (i) and outcome model (ii) well. This feature is connected to double robustness,

discussed in [ZP17].

In the following, let FY (1)(·|x) denote the distribution function of Y (1) conditional on X = x ∈ X
(see (5.1)).
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3.3 Basis Functions

Lemma 3.7. Let (x, x1, . . . , xN ) ∈ XN+1 . It holds for N → ∞

(i) If Assumption 1.2 and Assumption 2 hold true

1

N

N∑
i,k=1

∣∣∣∣Bk(xi, x1, . . . , xN ) · φ′
(

1

π(xk)

)
− φ

′
(

1

π(xi)

)∣∣∣∣ → 0 ,

(ii) If
√
N supz∈R ω

(
FY (1)(z|·), hdN

)
→ 0 , then

√
N sup

z∈R
max

i∈{1,...,N}

N∑
k=1

∣∣Bk(xi, x1, . . . , xN ) · FY (1)(z|xk) − FY (1)(z|xi)
∣∣ → 0 .

Proof. By Lemma 3.6 (good approximation of uniformly continuous functions) and Lemma 4.2

(uniform continuity of φ
′ ◦ (x 7→ 1/x) ◦ π ), it holds

1

N

N∑
i,k=1

∣∣∣∣Bk(x, x1, . . . , xN ) · φ′
(

1

π(xk)

)
− φ

′
(

1

π(xi)

)∣∣∣∣ ≤ ω
(
φ

′
, hdN

)
→ 0

for N → ∞ . Likewise

√
N sup

z∈R
max

i∈{1,...,N}

N∑
k=1

∣∣Bk(xi, x1, . . . , xN ) · FY (1)(z|xk) − FY (1)(z|xi)
∣∣

≤
√
N sup

z∈R
ω
(
FY (1)(z|·), hdN

)
→ 0 for N → ∞ .

Remark. I want to comment on the assumption

√
N sup

z∈R
ω
(
FY (1)(z|·), hdN

)
→ 0 for N → ∞ .

I decided to keep this more general (and abstract) assumption, although there are many (more

concrete, yet stronger) sufficient assumptions on the regularity of FY (1)(z|·) and the convergence

speed of hN . If for example FY (1)(z|·) is α -Hölder continuous with α ∈ (0, 1] for all z ∈ R , it

suffices
√
Nhα·dN → 0 .

♢

Takeaways Basis functions of non-parametric partitioning estimates are

new to the framework of balancing weights. They play well with uniformly

continuous functions and promise to simplify the analysis. This choice of

basis functions waits to be tested in practice.
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3 Constructing the Weights Process

3.4 Weights Process

Based on Theorem 2.1 and Assumption 1, we want to use the dual solution
(
ρ†, λ†0, λ

†
)

to construct

weights. To this end, we define the (empirical) weights function

w :
(
Rd × Rd·N

)
×
(
RN≥0 × R× RN

)
→ RN

((x, x1, . . . , xN ), (ρ, λ0, λ)) 7→
[
(φ

′
)−1 (ρi + λ0 + ⟨B(x, x1, . . . , xN ), λ⟩)

]
i∈{1,...,N}

.

Definition 3.3. Let
(
ρ†, λ†0, λ

†
)

be the dual solution of Lemma 3.2. We define the weights

process
{
w†(x)|x ∈ Rd

}
by

w†(x) := w
(
(x,X1, . . . , XN , ) ,

(
ρ†, λ†0, λ

†
))

for all x ∈ Rd .

Lemma 3.8.

(i) w†(·)(ω) is
(
B(Rd),B(RN )

)
-measurable and constant on each cell AN ∈ PN for all

ω ∈ Ω .

(ii) w†(X) is
(
σ(X,DN ),B(RN )

)
-measurable.

Proof. This is a direct consequence of Lemme 3.4 (measurability of the basis functions), Lemma 3.2

(measurability of the dual solution), and Lemma 2.1.(iii) (continuity of (φ
′
)−1 ).

Let ≲ denote the lesser-or-equal-up-to-a-uniform-constant order, that is, we choose a uniform con-

stant C > 1 that is independent of N and always large enough, such that a ≲ b is equivalent to

a ≤ C · b .

Lemma 3.9. It holds w†
i (X) ∈ L∞(P) for all i ∈ {1, . . . , N} .

Proof. By Lemma 3.5.(iii) (B has uniformly bounded norm), it holds∣∣∣ρ†i + λ†0 + ⟨B(x, x1, . . . , xN ), λ
†⟩
∣∣∣ ≲

∥∥∥(ρ†, λ†0, λ†)∥∥∥
2

for all i ∈ {1, . . . , N} .

Since
(
ρ†, λ†0, λ

†
)

is contained in the deterministic and compact parameter space ΘN , it holds∥∥∥(ρ†, λ†0, λ†)∥∥∥
2
∈ L∞(P) .

By Lemma 2.1.(iii) (uniform continuity of (φ
′
)−1 ), it follows w†

i (X) ∈ L∞(P) for all i ∈ {1, . . . , N} .
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3.4 Weights Process

Next, we want to simplify the weights process in the spirit of Lemma 2.6. In other words, we want

to become independent of the index i in w†
i . This will be helpful in the subsequent analysis. To

this end, we define the (empirical) simplified weights function

w0 :
(
Rd × Rd·N

)
×
(
R× RN

)
→ [0,∞)

((x, x1, . . . , xN ), (λ0, λ)) 7→
[
(φ

′
)−1 (λ0 + ⟨B(x, x1, . . . , xN ), λ⟩)

]+
.

Definition 3.4. Let
(
ρ†, λ†0, λ

†
)

be the dual solution of Lemma 3.2. We define the simplified

weights process
{
w†
0(x) |x ∈ Rd

}
by

w†
0(x) := w0

(
(x,X1, . . . , XN , ) ,

(
λ†0, λ

†
))

for all x ∈ Rd .

The next two lemmas extend results from w†
i to w†

0 .

Lemma 3.10.

(i) w†
0(·)(ω) is

(
B(Rd),B(RN )

)
-measurable and constant on each cell AN ∈ PN for all

ω ∈ Ω .

(ii) w†
0(X) is

(
σ(X,DN ),B(RN )

)
-measurable.

Proof. The proof is as that of Lemma 3.8.

Lemma 3.11. It holds w†
0(X) ∈ L∞(P) .

Proof. By Lemma 3.9, the monotonicity of (φ
′
)−1 and ρi ≥ 0 for i ≤ n , it holds

w†
0(X) ≤

[
(φ

′
)−1

(
λ†0 + ⟨B(X), λ†⟩

)]+
≤
[
(φ

′
)−1

(
ρ†i + λ†0 + ⟨B(X), λ†⟩

)]+
≤
∣∣∣w†

i (X)
∣∣∣ ∈ L∞(P)

Then next lemma shows that w†
0 plays well with random variables that vanish in expectation

conditional on X .

Lemma 3.12. Let Z ∈ L1(P) be a random variable that is independent of DN = (Ti, Xi)i∈{1,...,N}
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3 Constructing the Weights Process

with E [Z |X] = 0 almost surely. It holds

E
[
w†
0(X) · Z

]
= 0 .

Proof. By Lemma 3.11 it holds∥∥∥w†
0(X) · Z

∥∥∥
L1(P)

≤
∥∥∥w†

0(X)
∥∥∥
L∞(P)

∥Z∥L1(P) < ∞ . (3.3)

By (3.3), Z ⊥ DN and E [Z |X] = 0 almost surely it holds

E
[
w†
0(X) · Z |DN , X

]
= w†

0(X) ·E [Z |DN , X]

= w†
0(X) ·E [Z |X] = 0 almost surely.

Note, that w†
0(X) is (σ(DN , X),B(R)) -measurable by Lemma 3.10.(ii). Thus

E
[
w†
0(X) · Z

]
= E

[
E
[
w†
0(X) · Z |DN , X

]]
= 0 .

We finish the section with an emphasis that w†
0 is (still) connected to Problem 1.

Theorem 3.2. The simplified weights process satisfies the constraints of Problem 1, that is,

(i) Ti · w†
0(Xi) ≥ 0 for all i ∈ {1, . . . , N}

(ii) 1
N

∑N
i=1 Ti · w

†
0(Xi) = 1

(iii) For all k ∈ {1, . . . , N} it holds∣∣∣∣∣ 1N
(

N∑
i=1

Ti · w†
0(Xi) ·Bk(Xi, X1, . . . , XN ) −

N∑
i=1

Bk(Xi, X1, . . . , XN )

)∣∣∣∣∣ ≤ δk

Proof. This follows from Theorem 2.1 (dual relationship of optimal solutions), Lemma 2.6 (simpli-

fication of the solutions), and the construction of the simplified weights process.

To avoid notational overload, from now on we write

B(x) := B(x,X1, . . . , XN ) for all x ∈ Rd .

Takeaways The functional relationship of dual solutions and optimal

weights (Theorem 2.1) gives us an idea how to construct weights. The

ingredients come from the objective function of Problem 1, the basis func-

tions that we balance, and the measurable dual solution. We study and

simplify the constructed weights to facilitate the subsequent analysis.
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4 Consistency of the Weights Process

The goal of this section is to establish consistency of the (simplified) weights process w†
0 for the

inverse propensity score (see Theorem 4.2). To this end, we first show that asymptotically there

exists an optimal solution (ρ†, λ†, λ†0) to Problem 2.3 that converges to the oracle parameter

(0N , 0, λ
∗) where λ∗ :=

[
φ

′
(

1

π(Xk)

)]
k∈{1,...,N}

in probability (see Theorem 4.1). This result justifies Assumption 1 to some extent. Then, we will

identify the dual solution from Lemma 3.2 with the consistent dual solution to derive consistency

of the (simplified) weights process for the inverse propensity score. Before we start the analysis we

interpose a section on the inverse propensity score.

4.1 Inverse Propensity Score

We defined the propensity score in (1.1). By assumption (1.2) the inverse propensity score 1/π(X)

is a well defined random variable that has good balancing properties. The next lemma shows what

effect the propensity score weights T/π(X) have on other functions.

Lemma 4.1. Let g1 : X → R and g2 : Y → R be a measurable functions such that g1(X) ∈
L∞(P) and let (1.2) hold true. It holds

(i)

E

[
T

π(X)
g1(X)

]
= E [g1(X)] .

(ii)

E

[
T

π(X)
g2(Y (T ))

]
= E [f(Y (1))] .

Proof. It holds π(X) > 0 by assumption. Thus, 1/π(X) is a well defined random variable. Since

g1(X) ∈ L∞(P) it holds

E

∣∣∣∣ T

π(X)
g1(X)

∣∣∣∣ ≤ E

[
T

π(X)

]
∥g1(X)∥L∞(P) = ∥g1(X)∥L∞(P) < ∞ .
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4 Consistency of the Weights Process

Thus, by the properties of conditional expectation it holds

E

[
T

π(X)
g1(X)

]
= E

[
E[T |X]

g1(X)

π(X)

]
= E[g1(X)] .

This proves (i). For (ii), note that

E

[
g2(Y (T ))

T

π(X)

]
= E [g2(Y (1)) / π(X) |T = 1] ·P[T = 1]

=

∫
X
E [g2(Y (1)) |X = x, T = 1] · (P[T = 1] / π(x))PX|T (dx | 1)

=

∫
X
[g2(Y (1))|X = x]PX(dx) = E[g2(Y (1))] .

(4.1)

The first, second and last equality stem from T ∈ {0, 1} , and the law of total expectation, applied

with T and X . The fourth equality is justified by (1.2). The density transformation is due to

Bayes’s Theorem.

Before we go on, we make some assumptions on the inverse propensity score that we will need in

Chapter 5. To this end, let

JN := {j ∈ N : P[X ∈ An,j ] > 0} for all N ∈ N .

Note that we define the function space CαM (Z) in (5.1.2). Let clA denote the closure of a set

A ⊂ Rd .

Assumption 2. It holds

(i) #JN ≤ #X <∞ for all N ∈ N

(ii) For all N ∈ N there exist (MN,j)j∈JN such that ∞ > MN,j ≥ 0 for all j ∈ JN , and
1
π(·) ∈ CαMN,j

(clAN,j) for all (j,N) ∈ JN × N , with α > d/2 .

Remark. Assumption 2.(i) says that the covariate space X ⊂ Rd is finite. We need this to

derive bracketing numbers in Lemma 5.6. Assumption 2.(ii) is a regularity condition on the inverse

propensity score function restricted to the (finite) partition cells covering X . We need this to

derive bracketing numbers in Lemma 5.5. Note that by the finiteness of X condition (ii) is met,

for example, by a logistic regression model. ♢

We finish with a lemma about uniform continuity.

Lemma 4.2. Let Assumption (1.2) and Assumption 2 hold true. Then the function

x 7→ φ
′
(

1

π(x)

)
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4.2 Consistency of the Dual Solution

is uniformly continuous on all AN,j with j ∈ JN .

Proof. That the function is well defined follows from (1.2). The uniform continuity follows from

the continuity of 1/π on the bounded and closed sets clAN,j and the uniform continuity of φ
′
(see

Lemma 2.1).

4.2 Consistency of the Dual Solution

We get a grip by the following lemma. The high-level idea is that the existence of the optimal dual

solution and its proximity to the oracle parameter can be analysed by the objective function.

Lemma 4.3. Let m ,N ∈ N and let g : RN≥0 × Rm → R be a continuous and proper convex

function. Consider

S̃(ε) :=
{
(∆ρ,∆) ∈ RN≥0 × Rm : ∥(∆ρ,∆)∥2 = ε

}
for ε > 0 .

Then for all y ∈ Rm and ε > 0

inf
{
g(∆ρ, y +∆)− g(0, y) : (∆ρ,∆) ∈ S̃(ε)

}
≥ 0 (4.2)

implies the existence of a global minimum

(y∗ρ, y
∗) ∈ RN≥0 × Rm of g such that

∥∥(y∗ρ, y∗)− (0, y)
∥∥
2
≤ ε .

Proof. We start by defining the convex set

B̃(ε) :=
{
(∆ρ,∆) ∈ RN≥0 × Rm : ∥(∆ρ,∆)∥2 ≤ ε

}
for ε > 0 .

Then the translation (0, y) + B̃(ε) is also convex. Assume towards a contradiction that it holds

(4.2) and that there exists

(x∗ρ, x
∗) ∈ RN≥0 × Rm \

(
(0, y) + B̃(ε)

)
such that g(x∗ρ, x

∗) < g(0, y) . (4.3)

Since (0, y) + B̃(ε) is bounded, the line segment between (x∗ρ, x
∗) and (0, y) crosses its boundary.

The boundary consists of two disjoint sets

S0(ε) := {(0, y +∆) : ∆ ∈ Rm and ∥∆∥2 < ε} and S̃(ε) .

Clearly, if the line segment does not cross S̃(ε) it leaves RN≥0×Rm . But this is not possible. Thus,

there exists (∆ρ,∆) ∈ S̃(ε) and θ ∈ (0, 1) such that

θ · (x∗ρ, x∗) + (1− θ) · (0, y) = (∆ρ, y +∆) . (4.4)
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4 Consistency of the Weights Process

It follows

g(0, y) ≤ g(∆ρ, y +∆) = g
(
θ · (x∗ρ, x∗) + (1− θ) · (0, y)

)
≤ θ · g(x∗ρ, x∗) + (1− θ) · g(0, y) < g(0, y) ,

which is a contradiction. The first inequality is due to (4.2), the equality is due to (4.4), the second

inequality is due to the convexity of g , and the strict inequality is due to assumption (4.3). Thus,

all values outside (0, y)+ B̃(ε) are greater or equal (0, y) . Since (0, y)+ B̃(ε) is also compact, the

continuous function g has a local minimum

(y∗ρ, y
∗) ∈ (0, y) + B̃(ε) .

But then it holds

g(y∗ρ, y
∗) ≤ g(0, y) ≤ g(xρ, x) for all (xρ, x) ∈ RN≥0 × Rm \

(
(0, y) + B̃(ε)

)
and

g(y∗ρ, y
∗) ≤ g(zρ, z) for all (zρ, z) ∈ (0, y) + B̃(ε) .

Thus, (y∗ρ, y
∗) is also a global minimum in RN≥0 × Rm . Since (y∗ρ, y

∗) ∈ (0, y) + B̃(ε) there exists

(∆ρ,∆) ∈ B̃(ε) such that

(y∗ρ, y
∗) = (∆ρ, y +∆) for some (∆ρ,∆) ∈ B̃(ε) .

Thus ∥∥(y∗ρ, y∗)− (0, y)
∥∥
2
= ∥(∆ρ,∆)∥2 ≤ ε .

This finish the proof.

Remark. I learned of the high-level idea from [WZ19, page 22]. I adapted it to the needs of the

subsequent analysis and provided the details by myself. Note that the hint in [WZ19, page 22] uses

strict inequality in the statement. I found out that this can be relaxed. It is crucial to my further

approach that this holds (only) with inequality, because I use measurability properties to obtain

convergence. ♢

On the basis of the (random) objective function G of Problem 2.3 (see Definition 3.2) we define,

for ε > 0 , an auxiliary function

∆G∗
ε : (Ω, σ(DN ),P) → R

ω 7→ inf
{
G (ω, (∆ρ,∆0, λ

∗(ω) + ∆))−G (ω, (0N , 0, λ
∗(ω))) : ∥∆ρ,∆0,∆∥2 = ε

}
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4.2 Consistency of the Dual Solution

Lemma 4.4. For all ε > 0 the function ∆G∗
ε is

(
σ(DN ),B(R)

)
-measurable.

Proof. Let ε > 0 . By Lemma 3.1, the function

∆Gε : Ω×
(
RN ×

(
RN≥0 × R× RN

))
→ R

(ω, (λ, (∆ρ∆0∆))) 7→ G (ω, (∆ρ,∆0, λ+∆))−G (ω, (0N , 0, λ))

is Caratheodory. Since
{
∥∆ρ∆0∆∥2 = ε

}
is compact in RN≥0 × R× RN , the function

∆Gε : Ω× RN → R

(ω, λ) 7→ inf
{
G (ω, (∆ρ,∆0, λ+∆))−G (ω, (0N , 0, λ)) : ∥∆ρ∆0∆∥2 = ε

}
is Caratheodory. Since λ∗ is

(
σ(DN ),B(RN )

)
- measurable it follows the statement.

Lemma 4.5. Let Assumption (1.2) and Assumption 2 hold true. Then for all ε > 0

P
[
∆G∗

ε ≥ 0
]

→ 1 for N → ∞ .

Proof. Let ε > 0 and ∥∆ρ,∆0,∆∥2 = ε . We show

P
[
∆G∗

ε ≥ −ε̃
]

→ 1 for N → ∞ for all ε̃ > 0 .

Then the result follows from the measurability of ∆G∗
ε (see Lemma 4.4). To this end, note, that

G(ρ, λ0, λ) = g(ρ, λ0, λ) + ⟨δ, |λ|⟩ for all (ρ, λ0, λ) ∈ RN≥0 × R× RN ,

with

g := (ρ, λ0, λ) 7→ 1

N

(
N∑
i=1

Ti · φ∗(ρi + λ0 + ⟨B(Xi), λ⟩) − λ0 − ⟨B(Xi), λ⟩

)
.

Since φ∗ is continuously differentiable by Lemma 2.2 (it is always convex), g is a continuously

differentiable convex function with gradient

(ρ, λ0, λ)

7→ 1

N

(
N∑
i=1

Ti · (φ
′
)−1(ρi + λ0 + ⟨B(Xi), λ⟩)

[
e⊤i , 1, B(Xi)

⊤
]⊤

−
[
0⊤N , 1, B(Xi)

⊤
]⊤)

.
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4 Consistency of the Weights Process

Thus, by (7.9), it holds

G (∆ρ,∆0, λ
∗ +∆) − G (0N , 0, λ

∗)

≥ 1

N

(
N∑
i=1

Ti · (φ
′
)−1(⟨B(Xi), λ

∗⟩)
[
e⊤i , 1, B(Xi)

⊤
]

−
[
0⊤N , 1, B(Xi)

⊤
])

∆ρ

∆0

∆


+ ⟨δ, |λ∗ +∆| − |λ∗|⟩

≥ 1

N

N∑
i=1

(
Ti · (φ

′
)−1(⟨B(Xi), λ

∗⟩) − 1
) [
e⊤i , 1, B(Xi)

⊤
]
·


∆ρ

∆0

∆

+ ⟨ei,∆ρ⟩

+ ⟨δ, |λ∗ +∆| − |λ∗|⟩

≥ − 1

N

N∑
i=1

∣∣∣∣∣∣∣∣
(
Ti · (φ

′
)−1(⟨B(Xi), λ

∗⟩) − 1
) [
e⊤i , 1, B(Xi)

⊤
]
·


∆ρ

∆0

∆


∣∣∣∣∣∣∣∣

− ⟨δ, |∆|⟩

=: −I1
− I2 .

(4.5)

Note, that ∆ρ ∈ RN≥0 , and thus ⟨ei,∆ρ⟩ ≥ 0 for all i ∈ {1, . . . , N} , where ei is the i -the unit

vector.

Analysis of I1

By the Cauchy-Schwarz inequality and Lemma 3.5.(iii) it holds∣∣∣∣∣∣∣∣
[
e⊤i , 1, B(Xi)

⊤
]
·


∆ρ

∆0

∆


∣∣∣∣∣∣∣∣ ≤ ∥∆ρ,∆0,∆∥2 ≤ ε .

Furthermore,

1

N

N∑
i=1

∣∣∣(Ti · (φ′
)−1(⟨B(Xi), λ

∗⟩) − 1
)∣∣∣

≤ 1

N

N∑
i=1

∣∣∣∣1− Ti
π(Xi)

∣∣∣∣
+

1

N

N∑
i=1

ω

(
(φ

′
)−1,

∣∣∣∣∣
N∑
k=1

Bk(Xi) · φ
′
(

1

π(Xk)

)
− φ

′
(

1

π(Xi)

)∣∣∣∣∣
)

=: J1

+ J2
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4.2 Consistency of the Dual Solution

Analysis of J1

By the properties of conditional expectation it holds

E

[
T

π(X)

]
= E

[
E[T |X]

π(X)

]
= 1 .

Also

E

[∣∣∣∣1− T

π(X)

∣∣∣∣] ≤ 1 +E

[
T

π(X)

]
= 2 . (4.6)

Thus Etemadi’s (L1 version) strong law of large numbers (cf. [Kle20, Theorem 5.17]) applies to J1 ,

that is, J1
P→ 0 .

Analysis of J2

By Lemma 3.7.(i) (good approximation property of B ), Lemma 2.1(uniform continuity of (φ
′
)−1 ),

and Lemma 4.2(uniform continuity of φ
′ ◦ (x 7→ 1/x) ◦ π ) together with Assumption (1.2) and

Assumption 2, it holds

ω

(
(φ

′
)−1,

∣∣∣∣∣
N∑
k=1

Bk(Xi) · φ
′
(

1

π(Xk)

)
− φ

′
(

1

π(Xi)

)∣∣∣∣∣
)

≤ ω
(
(φ

′
)−1, ω

(
φ

′ ◦ (x 7→ 1/x) ◦ π, hdN
))

→ 0 .

Thus J2 → 0 .

Conclusion I1

It follows from the analysis of J1 and J2

P [I1 ≤ ε̃] → 1 for all ε̃ > 0 .

Note, that this holds independently of the specific choice of ε > 0 in the beginning of the proof.

Analysis of I2

Since δ > 0 , we get

⟨δ, |∆|⟩ ≤ ∥δ∥1 ∥∆∥∞ ≤ ∥δ∥1 ε ,

Since ∥δ∥1 converges to 0 in probability, we get

P [I2 ≤ ε̃] → 1 for all ε̃ > 0 .
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4 Consistency of the Weights Process

Conclusion

By (4.5), and the analysis of I1 and I2 , we get

P [G (∆ρ,∆0, λ
∗ +∆) − G (0N , 0, λ

∗) ≥ −ε̃] → 1 for all ε̃ > 0 .

This holds uniformly for all ∥∆ρ,∆0,∆∥2 = ε . Thus

P
[
∆G∗

ε ≥ −ε̃
]

→ 1 for all ε̃ > 0 .

From the measurability of ∆G∗
ε (see Lemma 4.4) it follows

P
[
∆G∗

ε ≥ 0
]

→ 1 .

But this holds independently of the choice ε > 0 .

Remark. The last proof is a simplification of the similar [WZ19, Proof of Lemma 2]. There,

the authors claim to derive concrete learning rates. But their proof seems to be missing some

assumptions. To bound the quadratic term (first display of page 23) away from 0 they need an

assumption on a Hessian matrix that seems to be missing. Note that the order of the terms in the

conclusion (see [WZ19, page 25]) is not quite right. After carefully reading the proof of Wang and

Zubizarreta, I decided to aim for less, that is, only consistency instead of concrete learning rates.

This is possible, because of the choice of partitioning estimates as basis functions that allows for a

concrete oracle parameter. With this choice, a linear bound like (7.9) suffices. Then I get rid of the

quadratic Taylor expansion, assumptions on eigenvalues of a Hessian matrix and an application of

matrix concentration inequalities. This greatly simplifies the proof. Later, I show that the lack of

concrete learning rates is compensated by good approximation properties of the basis functions (see

the remark of the section Analysis of R2 ). ♢

Theorem 4.1. Let Assumption (1.2) and Assumption 2 hold true. With probability going

to 1 Problem 2.3 is feasible. Furthermore, if the solution (ρ†, λ†, λ†0) exists, it converges in

probability to (0N , 0, λ
∗) .

Proof. By Lemma 4.3 and Lemma 4.5 it holds for all ε > 0

P
[
Problem 2.3 is feasible and

∥∥∥(ρ†, λ†, λ†0)− (0N , 0, λ
∗)
∥∥∥
2
≤ ε
]

≥ P
[
∆G∗

ε ≥ 0
]

→ 1 for N → ∞ .
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4.3 Main Result

4.3 Main Result

Theorem 4.2. Let Assumption (1.2), Assumption 1, and Assumption 2 hold true. Then

max
i∈{1,...,N}

Ti ·
∣∣∣w†

0(Xi) − 1/π(Xi)
∣∣∣ P→ 0 .

Furthmore, there exists a decreasing sequence (εN ) ⊂ (0, 1] such that εN → 0 and

P

[
max

i∈{1,...,N}
Ti ·

∣∣∣w†
0(Xi) − 1/π(Xi)

∣∣∣ ≤ εN

]
→ 0 for N → ∞ .

Proof. For i with Ti = 0 this is clear. Thus, we only consider the case Ti = 1 . By Lemma 2.6 it

holds

w†
0(Xi) = (φ

′
)−1

(
ρ†i + λ†0 + ⟨B(Xi), λ

†⟩
)
.

Thus ∣∣∣∣w†
0(Xi) − 1

π(Xi)

∣∣∣∣ ≤ ω

(
(φ

′
)−1,

∣∣∣∣∣ ρ†i + λ†0 +
N∑
k=1

Bk(Xi) · λ†k − φ
′
(

1

π(Xi)

)∣∣∣∣∣
)
. (4.7)

With ∣∣∣∣∣ ρ†i + λ†0 +
N∑
k=1

Bk(Xi) · λ†k − φ
′
(

1

π(X)

)∣∣∣∣∣
≤
∥∥∥(ρ†, λ†0, λ†)− (0N , 0, λ

∗)
∥∥∥
2
+

∣∣∣∣∣
N∑
k=1

Bk(Xi) · φ
′
(

1

π(Xk)

)
− φ

′
(

1

π(Xi)

)∣∣∣∣∣
≤
∥∥∥(ρ†, λ†0, λ†)− (0N , 0, λ

∗)
∥∥∥
2
+ ω

(
φ

′ ◦ (x 7→ 1/x) ◦ π, hdN
)

we get an upper bound that is independent of i . Thus,

max
i∈{1,...,n}

∣∣∣w†
0(Xi) − 1/π(Xi)

∣∣∣ ≤
∥∥∥(ρ†, λ†0, λ†)− (0N , 0, λ

∗)
∥∥∥
2
+ ω

(
φ

′ ◦ (x 7→ 1/x) ◦ π, hdN
)

Since ∥∥∥(ρ†, λ†0, λ†)− (0N , 0, λ
∗)
∥∥∥
2

P→ 0 for N → ∞ by Theorem 4.1 ,

and ω(φ
′ ◦ (x 7→ 1/x)◦π, hdN ) → 0 by the uniform continuity of φ

′ ◦ (x 7→ 1/x)◦π (see Lemma 4.2)

and hN → 0 , it follows the first statement. The second statement follows from the selection

lemma [SC08, A.1.4.].
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5 Convergence of the Weighted Mean

Is there a better estimator of the distribution function than the empirical distribution function? Yes,

a weighted empirical distribution function. Is there a worse estimator of the distribution function

than the empirical distribution function? Yes, a weighted empirical distribution function. It depends

on the weights.

In Chapter 4 we show that the optimal weights of Problem 1 are consistent estimators of the best

possible weights — the inverse propensity score weights. Now we want to use this to obtain good

asymptotic properties of a weighted mean estimator. To this end, let Y1, . . . , YN be independent

and identically distributed observed outcomes. We define them on the outcome space Y ⊂ R . To do

this, we have to drop the order Ti = 1 for i ≤ n introduced in Chapter 2. Note that Yi = Yi(Ti) ,

where (Yi(0), Yi(1)) are the potential outcomes of unit i .

We mentioned in the introduction to Chapter 2 that the weights work for different outcomes. If

Assumption 1.2 holds, by the law of large numbers and by the central limit theorem, it holds

1

N

N∑
i=1

Ti
π(Xi)

f(Yi(Ti))
P→ E [f(Y (1))]

and

1√
N

N∑
i=1

Ti
π(Xi)

f(Yi(Ti)) converges in distribution .

By the consistency of the weights, we hope to recover the good asymptotic behaviour of the propen-

sity score weights. To prove this, we could try the following error decomposition.

1

N

N∑
i=1

Ti · w†
0(Xi) · f(Yi(Ti)) − E [f(Y (1))]

=
1

N

N∑
i=1

Ti

(
w†
0(Xi)−

Ti
π(Xi)

)
f(Yi(Ti)) +

(
1

N

N∑
i=1

Ti
π(Xi)

f(Yi(Ti)) − E [f(Y (1))]

)
.

Clearly, the second term goes to 0 in probability. Since the difference in the first term goes to 0,

by the consistency of the weights, we would expect the first term also to be well behaved. It turns

out that something similar is the case for an estimate of the distribution function of Y (1) (only

the argument is much more involved). The high-level idea remains that the best possible weights,

the propensity score weights, are well behaved and the weights of Problem 1 approximate them

(reasonably) well.
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5 Convergence of the Weighted Mean

Throughout this section we use the following notation. Let FY (1) denote the distribution function

of Y (1) , that is,

FY (1) : R → [0, 1] , z 7→ P[Y (1) ≤ z] .

Let FY (1)(·|x) denote the distribution function of Y (1) conditional on X = x ∈ X , that is,

FY (1)(z|x) = P[Y (1) ≤ z |X = x] for all (z, x) ∈ R×X . (5.1)

We illustrate the flexibility of the weighted mean estimator by extending the method of [WZ19]

to estimates of the distribution function of Y (1) , that is, FY (1) . For the asymptotic analysis of

estimating the mean E[Y (1)] see [WZ19, Proof of Theorem 3]. To make this extension, the central

observation is that we can adapt the error decomposition in [WZ19, page 27] to estimates of the

distribution function FY (1) of Y (1) . We do this in Lemma 5.10. With this modification, we aim

at proving the convergence of

√
N

(
1

N

n∑
i=1

w†
0(Xi)1 {Yi(Ti) ≤ z} − FY (1)(z)

)
z∈R

in l∞(R) to a Gaussian process with mean 0 and covariance specified in Theorem 5.3.

5.1 Tools

For the subsequent analysis we need the theory of empirical processes. For an introduction to

empirical processes see [vdV00, §19]. For a thorough treatment see [vdVW13, §2].

5.1.1 Empirical Processes - Definition

Let (Ω,A,P) be a probability space, (Z,Σ) a measurable space, and

ξ1, . . . , ξN : (Ω,A,P) → (Z,Σ) independent and identically-distributed

random variables with probability distribution Pξ . Let F be a class of measurable functions

f : (Z,Σ) → (R,B(R)) , where B(R) is the Borel- σ -algebra on R . Then F induces a stochastic

process by

f 7→ GNf :=
1√
n

N∑
i=1

(f(ξi)−Eξ[f ]) , (5.2)

where Eξ[f ] :=
∫
Z f dPξ . We call GN the empirical process indexed by F . The purpose of this

construction is to study the behaviour of a centered, scaled arithmetic mean uniformly over F . To

this end, we define the (random) norm

∥Gn∥F := sup
f∈F

|GNf | . (5.3)
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We stress that ∥Gn∥F often ceases to be measurable, even in simple situations [vdVW13, page 3].

To deal with this, we introduce the notion of outer expectation E∗ (see [vdVW13, page 6]):

E∗[Z] := inf
{
E[U ] | U ≥ Z, U : (Ω,A,P) →

(
R,B(R)

)
measurable and E[U ] <∞

}
In our application the technical difficulties halt at this point, because we only consider Z with

E∗[Z] < ∞ . Then there exists a smallest measurable function Z∗ dominating Z with E∗[Z] =

E[Z∗] (see [vdVW13, Lemma 1.2.1]).

An envelope function F of a class F satisfies

|f(z)| ≤ F (z) <∞ for all f ∈ F and all z ∈ Z .

5.1.2 Bracketing Numbers and Integral

To control empirical processes — apart from strong theorems — we need the notion of bracketing

number and integral (see [vdV00, page 270]). Given two functions f ≤ f ,

the bracket [f, f ] is the set of all functions f with f ≤ f ≤ f .

For ε > 0 we define a

(ε, Lr(P)) -bracket to be a bracket [f, f ] with
∥∥f − f

∥∥
Lr(P)

< ε .

The bracketing number N[ ](ε,F , Lr(P)) is the minimum number of (ε, Lr(P)) -brackets needed

to cover F .

For most classes F the bracketing number grows to infinity for ε→ 0 . To measure the speed of

growth we introduce for δ > 0 the bracketing integral

J[ ](δ,F , Lr(P)) =

∫ δ

0

√
logN[ ] (ε,FN , Lr(P)) dε .

Next, we give a technical lemma to bound the bracketing numbers of products of two function

classes, that is,

F · G := {f · g : f ∈ F , g ∈ G} .

Lemma 5.1. Let F and G be two function classes with envelope functions F and G satisfying

∥F∥∞ , ∥G∥∞ ≤ 1 . For all ε > 0 and all r ∈ [1,∞) it holds

N[ ](2ε,F · G,Lr(P)) ≤ N[ ](ε,F ,Lr(P)) ·N[ ](ε,G,Lr(P)) .

Proof. The proof is simple. We omit the details.
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5 Convergence of the Weighted Mean

The following has the advantage of being both example (for the interested reader) and helpful for

the subsequent analysis.

For z ∈ R we define the function

fz : {0, 1} × X × Y → R

(t, x, y) 7→ t
(
1{y≤ z} − FY (1)(z|x)

)
.

We define the function classes

F := {fz | z ∈ R } ,

G :=

{
fz
π(·)

+ FY (1)(z|·)− FY (1)(z) : z ∈ R
}
,

(5.4)

and provide bracketing numbers for these classes.

Lemma 5.2. The function class F and G defined in (5.4) are measurable. Furthermore,

N[ ](ε,F , L2(P)) ≲

(
1

ε

)2

for all ε > 0 .

If 1/π(X) ∈ L2(P) , it also holds

N[ ](ε,G, L2(P)) ≲

(
1 + ∥1/π(X)∥L2(P)

ε

)4

for all ε > 0 .

Proof. As in [vdV00, Example 19.6] we choose for ε > 0 and m ∈ N

−∞ = z0 < z1 < · · · < zm−1 < zm = ∞

such that

P [Y (1) ∈ [zl−1, zl] ] ≤ ε for all l ∈ {1, . . . ,m} (5.5)

and m ≤ 2/ε . Next, we define m brackets by

fl(t, x, y) := t
(
1{y≤ zl} − FY (1)(zl−1|x)

)
,

fl(t, x, y) := t
(
1{y≤ zl−1} − FY (1)(zl|x)

)
,

for l ∈ {1, . . . ,m} . These brackets cover F . Indeed,

for all z ∈ R there exists l ∈ {1, . . . ,m} such that zl−1 ≤ z ≤ zl .

By the monotonicity of 1{y≤ (·)} and FY (1)(·|x) and the non-negativity of T it follows

for all z ∈ R there exists l ∈ {1, . . . ,m} such that fl ≤ fz ≤ fl .

38



5.1 Tools

Thus, the m brackets [fl, fl] cover F .

Let’s calculate the size of the brackets. It holds

E
[
T ·
(
1{Y (T )≤ zl} − FY (1)(zl−1|X) − 1{Y (T )≤ zl−1} + FY (1)(zl|X)

) ]
= E

[
T ·
(
1{Y (T )∈ [zl−1,zl]} + P [Y (1) ∈ [zl−1, zl] |X]

) ]
≤ E [π(X) ·P [Y (1) ∈ [zl−1, zl] |X] ] + ε

≤ 2 ε .

We used (5.5), 0 ≤ T, π(X) ≤ 1 and Lemma 4.1. It follows∥∥(fl − fl
)
(T,X, Y (T ))

∥∥
L2(P)

≲ E
[
T ·
(
1{Y (T )∈ [zl−1,zl]} + P [Y (1) ∈ [zl−1, zl] |X]

) ]1/2
≲ ε1/2 .

Since m ≤ 2/ε it holds

N[ ]

(
ε1/2, F , L2(P)

)
≲

1

ε

and thus

N[ ](ε,F , L2(P)) ≲

(
1

ε

)2

.

Next, we look at G . To this end, we define m brackets by

gl(t, x, y) :=
t

π(x)

(
1{y ≤ zl} − FY (1)(zl−1|x)

)
+ FY (1)(zl|x)− FY (1)(zl−1) ,

gl(t, x, y) :=
t

π(x)

(
1{y ≤ zl−1} − FY (1)(zl|x)

)
+ FY (1)(zl−1|x)− FY (1)(zl) ,

for l ∈ {1, . . . ,m} . With the same arguments as before, we see that these brackets cover G . Let’s

calculate the size. It holds∥∥∥∥ T

π(X)
(1{Y (T ) ∈ [zl−1, zl]}+P [Y (1) ∈ [zl−1, zl] |X])

∥∥∥∥
L2(P)

≲

(
E

[
1

π(X)

T

π(X)
(1{Y (T ) ∈ [zl−1, zl]}+P [Y (1) ∈ [zl−1, zl] |X])

])1/2

≲

(
E

[
1

π(X)
P [Y (1) ∈ [zl−1, zl] |X]

])1/2

≲
(
∥1/π(X)∥L2(P)

√
ε
)1/2

= ε1/4 ∥1/π(X)∥1/2
L2(P)

and

∥P [Y (1) ∈ [zl−1, zl] |X] + P [Y (1) ∈ [zl−1, zl] ]∥L2(P) ≲ ε1/2 .
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5 Convergence of the Weighted Mean

Thus ∥∥(gl − gl
)
(T,X, Y (T ))

∥∥
L2(P)

≲ ε1/4
(
1 + ∥1/π(X)∥1/2

L2(P)

)
≲ ε1/4

(
1 + ∥1/π(X)∥L2(P)

)
.

As before, it follows

N[ ](ε,G, L2(P)) ≲

(
1 + ∥1/π(X)∥L2(P)

ε

)4

.

Before we give another example, we fix some useful properties of fz .

Lemma 5.3. It holds fz(T,X, Y (T )) ∈ L1(P) and fz(T,X, Y (T )) ⊥ DN for all z ∈ R . If

(1.2) also holds, then for all z ∈ R

E [fz (T,X, Y (T )) |X] = 0 almost surely.

Proof. Since fz is bounded by 1, it holds fz(T,X, Y (T )) ∈ L1(P) . Since

(T,X, Y (T )) ⊥ DN = (Ti, Xi)i∈{1,...,N}

it holds fz(T,X, Y (T )) ⊥ DN for all z ∈ R . For the third statement, note that

E [fz (T,X, Y (T )) |X] = E
[
T
(
1{Y (T )≤ z} − FY (1)(z|X)

)
|X
]

= E
[
1{Y (1)≤ z} − FY (1)(z|X) |X,T = 1

]
π(X)

=
(
E
[
1{Y (1)≤ z} |X

]
− FY (1)(z|X)

)
π(X)

= 0 almost surely.

The third equality is due to (1.2).

We now consider the stochastic process (indexed over x ∈ Rd )

1

{
sup

y∈AN (x)

∣∣∣∣w†
0(y)−

1

π(y)

∣∣∣∣ ≤ εN

}(
w†
0(x)−

1

π(x)

)
· 1

N⋃
k=1

{x = Xk} , (5.6)

where (εN ) is the learning rate of Theorem 4.2. We show, that under mild regularity conditions on

the inverse propensity score function all paths of (5.6) are contained in shrinking function classes

(FN ) — and provide bracketing numbers. To be more precise, we need theory from [vdVW13,

§2.7.1].
Let for any vector k ∈ Nd0 (d ∈ R)

Dk :=
∂∥k∥1

∂k1x1 · · · ∂kdxd
,
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and let ⌊a⌋ be the greatest integer smaller than a > 0 . For α > 0 , a bounded set Z ⊂ Rd (d ∈ N)
and M > 0 , we define CαM (Z) to be the space of all continuous functions f : Z → R with

max
∥k∥1≤α

sup
x∈Z

∣∣∣Dkf(x)
∣∣∣ + max

∥k∥1=⌊α⌋
sup
x,y

∣∣Dkf(x)−Dkf(y)
∣∣

∥x− y∥α−⌊α⌋
2

≤ M ,

where the suprema in the second term are taken over all x, y in the interior of Z with x ̸= y .

Furthermore, let

Z1 :=
{
y ∈ Rd : ∥x− y∥2 < 1 for some x ∈ Z

}
.

Lemma 5.4. Let P = {A1, A2, . . .} be a partition of Rd into bounded, convex sets with non-

empty interior, and let F be a class of functions f : Rd → R such that the restrictions F|Aj

belong to CαMj
(Aj) for all j ∈ N . Then there exists a constant K , depending only on α , V ,

r and d such that

logN[ ](ε,F , Lr(Q)) ≤ K

(
1

ε

)V  ∞∑
j=1

λ(A1
j )
r/(V+r)M

V r/(V+r)
j Q(Aj)

V/(V+r)

(V+r)/r

(5.7)

for every ε > 0 , V ≥ d/α , and probability measure Q .

Proof. [vdVW13, Corollary 2.7.4]

We derive sufficient conditions on the regularity of the inverse propensity score function.

Lemma 5.5. Let (PN ) denote a sequence of partitions PN = {AN,1, AN,2, . . .} of Rd with

decreasing width (hN ) ⊂ (0, 1] such that hN → 0 for N → ∞ . Furthermore, assume that

there exists α > d/2 , where X ⊆ Rd , such that for V := d/α and for all (j,N) ∈ N2 there

exists MN,j ≥ 1 such that

1

π(·)
∈ CαMN,j

(AN,j) and
∞∑
j=1

M
2V/(V+2)
N,j P[X ∈ AN,j ]

V/(V+2) ≲ 1 . (5.8)

Then for any decreasing sequence (εN ) with εN → 0 for N → ∞ , there exists a sequence of

(measurable) function classes (FN ) with envelope functions (FN ) , satisfying for some k < 2

∥FN∥L2(P) ≤ εN and logN[ ](ε,FN ,L2(PX)) ≲

(
1

ε

)k
for all N ∈ N ,

such that for all N ∈ N the paths of the stochastic process (5.6) are contained in FN .
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5 Convergence of the Weighted Mean

Proof. We want to employ Lemma 5.4. To do this, the crucial observation is that by Lemma 3.10.(i)

the paths w†
0(·)(ω) are constant on each cell AN ∈ PN for all ω ∈ Ω .

Thus, the regularity of a path of (5.6) on each cell AN ∈ PN is decided by 1/π(·) . Indeed, a path of

(5.6) is either 0 if the threshold of εN is exceeded somewhere in the cell, or has the form constant-

minus-smooth-function. In any case, it is continuous and bounded by εN . All its derivatives are 0

(if the threshold is exceeded) or are governed by 1/π(·) . Thus, it follows from (5.8)

(5.6)(·)(ω) ∈ CαMN,j
(AN,j) and

∞∑
j=1

M
2V/(V+2)
N,j P[X ∈ AN,j ]

V/(V+2) ≲ 1 . (5.9)

To bound the right-hand-side in (5.7) we note that λ(AN,j) = hdN and thus λ(A1
N,j) ≲ 1 for all

(j,N) ∈ N2 . Thus

∞∑
j=1

λ(A1
N,j)

2/(V+2)M
2V/(V+2)
N,j P[X ∈ AN,j ]

V/(V+2) ≲ 1 .

Then it holds (5.6)(·)(ω) ∈ FN , where FN restricted to AN,j is CαMN,j
(AN,j) and satisfies the

requirements of Lemma 5.4. Since V = d/α ∈ (0, 2) , by α > d/2 , applying Lemma 5.4 finishes the

proof.

Remark. Note that we only get L2(PX) bracketing numbers in this way. If we assume that all

functions in FN are independent of (T, Y ) , we readily obtain L2(P) bracketing numbers. Note

that w†
0(X) and 1/π(X) are independent of (T, Y ) . ♢

A finite covariate space always meets the requirements of Lemma 5.5 — and that a continuous

distribution of X never does so.

Lemma 5.6. Consider the covariate space X .

(i) If #X <∞ , that is, X can take only finitely many values with positive probability, then

∞∑
j=1

M
2V/(V+2)
N,j P[X ∈ AN,j ]

V/(V+2) ≲ 1 .

(ii) If X is continuously distributed, then

∞∑
j=1

P[X ∈ AN,j ]
V/(V+2) → ∞ for N → ∞ .

Proof. Assume #X <∞ . We write

JN := {j ∈ N : P[X ∈ AN,j ] > 0} .
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It holds #JN ≤ #X <∞ . Thus, the following maximum is attained

max
j∈JN

MN,j =:M∗
N .

But the partitions increasingly better fit the support of X . Thus M∗
N is decreasing in N , that is,

∞ > M∗
1 ≥M∗

N . It follows

∞∑
j=1

M
2V/(V+2)
N,j P[X ∈ AN,j ]

V/(V+2) ≤ (M∗
1 )

2V/(V+2) ·#JN ≲ 1 .

Now let fX be the probability density of X . Then there exists a compact set K ⊂ X ⊂ Rd , such
that infx∈K fX(x) > 0 . It holds for

IN := {i ∈ N : AN,i ⊂ K} that
⋃
i∈IN

AN,i ↗ K .

Thus

∞∑
i=1

P[X ∈ AN,i]
V/(V+2) ≥

∑
i∈IN

P[X ∈ AN,i]
V/(V+2)

≥ inf
x∈K

fX(x)
V/(V+2) · hd·(V/(V+2)−1)

N

∑
i∈IN

λ (AN,i)

→ ∞ .

This follows from
∑

i∈IN λ (AN,i) → λ(K) > 0 , infx∈K fX(x) > 0 , V/(V + 2) − 1 < 0 and

hN → 0 .

Takeaways Bracketing numbers measure the complexity of a class of

functions. We can construct function classes that contain all paths of a

stochastic process. By Donsker’s Theorem or maximal inequalities we can

employ bracketing numbers (via bracketing integral) to derive probabilistic

properties of empirical processes indexed over function classes.

5.1.3 Maximal Inequality

In our application we need concentration inequalities for ∥Gn∥∗F . One easy way to obtain this is

to use a maximal inequality (see Theorem 5.1) to control the expectation, together with Markov’s

inequality. There are also Bernstein-like inequalities for empirical processes (see [vdVW13, §2.14.2]).
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Theorem 5.1. (Maximal inequality) For any class F of measurable functions with envelope

function F,

E∗ ∥Gn∥F ≲ J[ ](∥F∥L2(P) ,F , L
2(P)) .

Proof. [vdV00, Corollary 19.35]

Lemma 5.7. Let (HN ) be a sequence of measurable function classes with envelope functions

(HN ) . If

J[ ]

(
∥HN∥L2(P) ,HN , L

2(P)
)

→ 0 for N → ∞ ,

it holds ∥GN∥∗HN

P→ 0 .

Proof. By Markov’s inequality and Theorem 5.1 it holds for all ε > 0

P[∥GN∥∗HN
≥ ε] ≤ ε−1E[∥GN∥∗HN

] = ε−1E∗[∥GN∥HN
]

≲ ε−1J[ ]

(
∥HN∥L2(P) ,HN , L

2(P)
)

→ 0 for N → ∞ .

Lemma 5.8. Let (εN ) ⊂ (0, 1] be a decreasing sequence with εN → 0 for N → ∞ and (FN )
a sequence of (measurable) function classes with envelope functions (FN ) , satisfying for some

k < 2

∥FN∥L2(P) ≤ εN and logN[ ](ε,FN ,L2(PX)) ≲

(
1

ε

)k
for all N ∈ N .

Then

J[ ](∥FN∥L2(P) ,FN · F ,L2(P)) → 0 and ∥GN∥∗FN ·F
P→ 0 for N → ∞ ,

where F is defined in (5.4).

Proof. By assumption and Lemma 5.2 it holds for some k < 2

∥FN∥L2(P) ≤ εN and logN[ ](ε,FN ,L2(P)) ≲

(
1

ε

)k
for all N ∈ N ,
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and

N[ ](ε,F , L2(P)) ≲

(
1

ε

)2

for all ε > 0 .

Since FN and F have envelope functions smaller 1, we can apply Lemma 5.1 to get

logN[ ](ε,FN · F ,L2(P)) ≲

(
1

ε

)k
+ log(1/ε) ≲

(
1

ε

)k
for all ε > 0 .

Since k/2 ∈ (0, 1) it holds

J[ ](∥FN∥L2(P) ,FN · F ,L2(P)) =

∫ ∥FN∥L2(P)

0

√
logN[ ](ε,FN · F ,L2(P)) dε

≲
∫ εN

0

(
1

ε

)k/2
dε

=
ε
1−k/2
N

1− k/2
→ 0 for N → ∞ .

The second statement follows from Lemma 5.7 for HN := FN · F and HN := FN .

5.1.4 Donsker’s Theorem

There is a powerful theorem — a central limit theorem for GN uniform in F — that we now

introduce.

Definition 5.1. We call a class F of measurable functions P -Donsker if the sequence of

processes {GNf : f ∈ F} converges in l∞(F) to a tight limit process.

Theorem 5.2. Every class F of measurable functions with

J[ ](1,F , L2(P)) <∞

is P -Donsker. Furthermore, the sequence of processes {GNf : f ∈ F} converges in l∞(F) to

a Gaussian process with mean 0 and covariance function given by

Cov(f, g) := E[fg] − E[f ]E[g] .

Proof. [vdV00, Theorem 19.5]

Lemma 5.9. Let Assumption (1.2) and Assumption 2 hold true. Then the function class G
defined in (5.4) is P -Donsker.
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Proof. By Theorem 5.2 it suffices to show that the bracketing integral is finite. Note that by

Assumption 2 (X is finite) and Assumption (1.2) ( π(X) > 0 ) it holds 1/π(X) ∈ L2(P) . Thus, by

Lemma 5.2 it holds

logN[ ](ε,G, L2(P))

≲ log

(
1 + ∥1/π(X)∥L2(P)

ε

)
≲

1 + ∥1/π(X)∥L2(P)

ε
for all ε ∈ (0, 1) .

Thus

J[ ](1,G, L2(P)) ≲
∫ 1

0

√
1 + ∥1/π(X)∥L2(P)

ε
dε ≲ 1 + ∥1/π(X)∥L2(P) < ∞ .

But then G is P -Donsker.

5.2 Main Result

Before we state the main result we collect all assumptions. Note that in the proofs we refer to the

assumptions by their initial location, for example, Assumption 3.(iv) is Assumption 1.

Assumption 3. (i)
√
N ∥δ∥1

P→ 0 for N → ∞ .

(ii)

√
N sup

z∈R
ω
(
FY (1)(z|·), hdN

)
→ 0 for N → ∞ .

(iii)

(Y (0), Y (1)) ⊥ T |X and 0 < π(X) < 1 ,

(iv) For all N ∈ N there exists a non-empty, compact, and deterministic parameter space

ΘN ⊂ RN≥0 × R × RN such that the optimal solution
(
ρ†, λ†0, λ

†
)

of Problem 2.3 are

contained in ΘN .

(v) #JN ≤ #X <∞ for all N ∈ N , where JN := {j ∈ N : P[X ∈ An,j ] > 0}

(vi) For all N ∈ N there exist (MN,j)j∈JN such that ∞ > MN,j ≥ 0 for all j ∈ Jn , and
1
π(·) ∈ CαMN,j

(clAN,j) for all (j,N) ∈ JN × N , with α > d/2 .
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5.3 Error Decomposition

Theorem 5.3. Let Assumption 3 hold true. Then the stochastic process

√
N

(
1

N

N∑
i=1

Ti · w†
0(Xi) · 1 {Yi ≤ z} − FY (1)(z)

)
z∈R

(5.10)

converges in l∞(R) to a Gaussian process with mean 0 and covariance function satisfying for

all z1, z2 ∈ R

Cov(z1, z2)

= E

[
FY (1)(z1 ∧ z2 |X)

π(X)
− 1− π(X)

π(X)
FY (1)(z1|X) · FY (1)(z2|X)

]
− FY (1)(z1) · FY (1)(z2) .

(5.11)

In the introduction to Chapter 5 we talked about proof strategies. The next section gives an error

decomposition that is central to the proof of Theorem 5.3. It consists of four terms that we shall

bound consecutively.

5.3 Error Decomposition

Lemma 5.10. It holds

√
N

(
1

N

N∑
i=1

Ti · w†
0(Xi) · 1 {Yi ≤ z} − FY (1)(z)

)
z∈R

= R1 + R2 + R3 + R4 (5.12)

with

R1 :=
√
N

N∑
k=1

[
1

N

(
N∑
i=1

Ti · w†
0(Xi) ·Bk(Xi) −

N∑
i=1

Bk(Xi)

)
· FY (1)(z|Xk)

]
z∈R

,

R2 :=
√
N

N∑
i=1

1

N

[(
Ti · w†

0(Xi) − 1
)(

FY (1)(z|Xi) −
N∑
k=1

Bk(Xi) · FY (1)(z|Xk)

)]
z∈R

,

R3 :=
√
N

(
1

N

N∑
i=1

[
Ti ·

(
w†
0(Xi) − 1

π(Xi)

)
·
(
1{Yi ≤ z} − FY (1)(z|Xi)

) ])
z∈R

,

R4 :=
√
N

(
1

N

N∑
i=1

Ti
π(Xi)

(
1{Yi ≤ z} − FY (1)(z|Xi)

)
+
(
FY (1)(z|Xi)− FY (1)(z)

))
z∈R

.
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5 Convergence of the Weighted Mean

Proof. We fix z ∈ R . It holds

1

N

N∑
i=1

w†
0(Xi) · Ti · 1{Yi ≤ z}

=
1

N

N∑
i=1

(
w†
0(Xi) − 1

π(Xi)

)
Ti · 1{Yi ≤ z}

+
1

N

N∑
i=1

Ti
π(Xi)

1{Yi ≤ z}

=
1

N

N∑
i=1

(
w†
0(Xi)−

1

π(Xi)

)
Ti
(
1{Yi ≤ z} − FY (1)(z|Xi)

)
+

1

N

N∑
i=1

Ti
π(Xi)

(
1{Yi ≤ z} − FY (1)(z|Xi)

)
+

1

N

N∑
i=1

w†
0(Xi) · Ti · FY (1)(z|Xi)

= R3(z)/
√
N

+
1

N

N∑
i=1

Ti
π(Xi)

(
1{Yi ≤ z} − FY (1)(z|Xi)

)
+
(
FY (1)(z|Xi)− FY (1)(z)

)
+

1

N

N∑
i=1

(
w†
0(Xi) · Ti − 1

)
FY (1)(z|Xi)

+ FY (1)(z)

= R3(z)/
√
N

+ R4(z)/
√
N

+
1

N

N∑
i=1

(
w†
0(Xi) · Ti − 1

)(
FY (1)(z|Xi)−

N∑
k=1

Bk(Xi) · FY (1)(z|Xk)

)

+
1

N

N∑
i=1

(
w†
0(Xi) · Ti − 1

) N∑
k=1

Bk(Xi) · FY (1)(z|Xk)

+ FY (1)(z)

= (R3(z) +R4(z))/
√
N

+ R2(z)/
√
N

+

N∑
k=1

1

N

N∑
i=1

(
w†
0(Xi) · TiBk(Xi) − Bk(Xi)

)
· FY (1)(z|Xk)

+ FY (1)(z)

= (R3(z) + R4(z) + R2(z) + R1(z)) /
√
N + FY (1)(z) .
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5.4 Analysis of the Error Terms

5.4 Analysis of the Error Terms

5.4.1 Analysis of R1

The convergence of this term is closely related to the box constraints of Problem 1.

Lemma 5.11. Let
√
N ∥δ∥1

P→ 0 . Then it holds supz∈R |R1(z)|
P→ 0 .

Proof. By Theorem 3.2, (w†
0(Xi)) satisfy the box constraints of Problem 1. Thus

sup
z∈R

|R1(z)| =
√
N sup

z∈R

N∑
k=1

[
1

N

(
N∑
i=1

Ti · w†
0(Xi) ·Bk(Xi) −

N∑
i=1

Bk(Xi)

)
· FY (1)(z|Xk)

]

≤
√
N

N∑
k=1

∣∣∣∣∣ 1N
(

N∑
i=1

Ti · w†
0(Xi) ·Bk(Xi) −

N∑
i=1

Bk(Xi)

)∣∣∣∣∣ · supz∈R
FY (1)(z|Xk)

≤
√
N ∥δ∥1

(5.13)

The last inequality is due to FY (1) ∈ [0, 1] . Since we assume
√
N ∥δ∥1

P→ 0 , it follows supz∈R |R1(z)|
P→

0 from (5.13).

Remark. We want to comment on the box constraints of Problem 1, that is,∣∣∣∣∣ 1N
(

n∑
i=1

w†
0(Xi)Bk(Xi)−

N∑
i=1

Bk(Xi)

)∣∣∣∣∣ ≤ δk for all k ∈ {1, . . . , N} .

Note that the first sum goes over {1, . . . , n} while the second sum goes over {1, . . . , N} . A second,

equivalent version of the constraints is∣∣∣∣∣ 1N
(

N∑
i=1

Tiw
†
0(Xi)Bk(Xi)−

N∑
i=1

Bk(Xi)

)∣∣∣∣∣ ≤ δk for all k ∈ {1, . . . , N} .

Now both sums go over {1, . . . , N} and the indicator of treatment Ti takes care that in the first

sum only the terms with i ≤ n are effective. Having this flexibility with the versions helps. I regard

the first version as suitable for non-probabilistic computations as in Chapter 2, although n is of

course a random variable. On the other hand, the second version is more honest, exactly telling the

dependence on the indicator of treatment. This version is useful in probabilistic computations.

Also we want to comment on the assumption on ∥δ∥ . Playing around with norm equivalences

we discover that
√
N ∥δ∥1

P→ 0 for N → ∞ is the weakest (natural) assumption to control R1 .

Indeed, other ways to continue the second row in (5.13) are

( · · · ) ≤
√
N ∥δ∥2

(
N∑
k=1

(
sup
z∈R

FY (1)(z|Xk)

)2
)1/2

≤ N ∥δ∥2 ,
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5 Convergence of the Weighted Mean

by the Cauchy-Schwarz inequality and FY (1) ∈ [0, 1] , or

( · · · ) ≤
√
N ∥δ∥∞

N∑
k=1

sup
z∈R

FY (1)(z|Xk) ≤ N3/2 ∥δ∥∞ .

Since δ ∈ RN , however, it holds

√
N ∥δ∥1 ≤ N ∥δ∥2 ≤ N3/2 ∥δ∥∞ .

With hindsight, the assumption
√
N ∥δ∥1

P→ 0 for N → ∞ also suffices to control the second (or

first) occurrence of a term, that we control by assumptions on ∥δ∥ . This is the term I2 in (4.5),

where we estimate

⟨δ, |∆|⟩ =

N∑
k=1

δk |∆k| ≤ ∥δ∥1 ∥∆∥∞ ≤ ∥δ∥1 ∥∆∥2 ≤ ∥δ∥1 ε
P→ 0 for N → ∞ .

♢

5.4.2 Analysis of R2

The convergence of this term is closely related to good approximation properties of B (see Lemme 3.7.(ii)).

Lemma 5.12. Assume

√
N sup

z∈R
ω
(
FY (1)(z|·), hdN

)
→ 0 for N → ∞ .

Then supz∈R |R2(z)|
P→ 0 .

Proof.

sup
z∈R

|R2(z)| =
√
N sup

z∈R

∣∣∣∣∣
N∑
i=1

1

N

[(
Ti · w†

0(Xi) − 1
)(

FY (1)(z|Xi) −
N∑
k=1

Bk(Xi) · FY (1)(z|Xk)

)]∣∣∣∣∣
≤

√
N sup

z∈R
max

i∈{1,...,N}

N∑
k=1

∣∣Bk(Xi, X1, . . . , XN ) · FY (1)(z|Xk) − FY (1)(z|Xi)
∣∣

· 1

N

N∑
i=1

∣∣∣Ti · w†
0(Xi) − 1

∣∣∣
Note that by Theorem 3.2.(i)-(ii) it holds

1

N

N∑
i=1

∣∣∣Ti · w†
0(Xi) − 1

∣∣∣ ≤ 1 +
1

N

N∑
i=1

Ti · w†
0(Xi) = 2 .

The statement follows from Lemma 3.7.(ii)
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5.4 Analysis of the Error Terms

Remark. In the original paper [WZ19] the authors derive concrete learning rates for the weights

and employ them in bounding this term. They obtain a multiplied learning rate that is sufficiently

fast. Their approach, however, calls for concrete learning rates of the weights. Arguably, the process

of deriving such rates is the most complicated part of the paper. I found out that with the basis

functions of partitioning estimates (or similar basis functions) we don’t need concrete rates for

the weights. Consistency of the weights is enough and gives us an (arbitrarily slow but sufficient)

learning rate to establish the results. We don’t even need rates for the weights to control R2 . They

only play a role in bounding R3 . ♢

5.4.3 Analysis of R3

Lemma 5.13. Let Assumption (1.2), Assumption 1 and Assumption 2 hold true. Then

sup
z∈R

|R3(z)|
P→ 0

Proof. Let z ∈ R and let Assumption (1.2) hold true. By Lemma 5.3 it holds

fz(T,X, Y (T )) ∈ L1(P) ,

fz(T,X, Y (T )) ⊥ DN ,

E[fz(T,X, Y (T ))|X] = 0 .

Thus, it follows from Lemma 3.12

E
[
w†
0(X) · fz(T,X, Y (T ))

]
= 0 .

Since

E

[
1

π(X)
fz(T,X, Y (T ))

]
= E

[
T

π(X)

(
1{Y (T )≤ z} − FY (1)(z|X)

)]
= E

[
1{Y (1)≤ z}

]
− FY (1)(z) = 0

by Lemma 4.1, it follows

E

[(
w†
0(X)− 1

π(X)

)
· fz(T,X, Y (T ))

]
= 0 .

But then

R3(z) =
1√
N

N∑
i=1

[(
w†
0(Xi)−

1

π(Xi)

)
Ti
(
1{Yi ≤ z} − FY (1)(z|Xi)

)]
= GN

((
w†
0 −

1

π

)
· fz
)
.

Let g† denote the stochastic process (5.6), that is,

g†(x) := 1

{
sup

y∈AN (x)

∣∣∣∣w†
0(y)−

1

π(y)

∣∣∣∣ ≤ εN

}(
w†
0(x)−

1

π(x)

)
· 1

N⋃
k=1

{x = Xk}
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5 Convergence of the Weighted Mean

for all x ∈ Rd . If

Ti ·
∣∣∣∣w†

0(Xi) − 1

π(Xi)

∣∣∣∣ ≤ εN for all i ∈ {1, . . . , N} , (5.14)

it holds for all i ∈ {1, . . . , N}

g†(Xi) · fz(Ti, Xi, Yi(Ti)) =

(
w†
0(Xi)−

1

π(Xi)

)
fz(Ti, Xi, Yi(Ti)) . (5.15)

Thus, if (5.14) holds it follows

R3(z) = GN (g
† · fz) .

It follows

P

[
sup
z∈R

|R3(z)| ≥ ε

]
≤ P

[
sup
z∈R

|R3(z)| ≥ ε and Ti · |w†
0(Xi)− 1/π(Xi)| ≤ εN for all i ∈ {1, . . . , N}

]
+ P

[
Ti · |w†

0(Xi)− 1/π(Xi)| > εN for some i ∈ {1, . . . , N}
]

≤ P
[
∥GN∥∗FN ·F ≥ ε

]
+ P

[
max

i∈{1,...,N}
Ti · |w†

0(Xi)− 1/π(Xi)| > εN

]
→ 0 .

The convergence of the first term follows from Assumption 2, Lemma 5.5, Lemma 5.6, and Lemma 5.8.

The convergence of the second term follows from Assumption 1 and Theorem 4.2.

Remark. There is a similar section [WZ19, page 27-28]. It contains interesting ideas. But one has

to be careful to understand the notation. Statements like

A ≲ E[A] by Markov’s inequality

would be better expressed as

P[A ≥ ε] ≤ E[A]

ε
.

Wang and Zubizarretas argument why a bound on the bracketing numbers of the difference w−1/π

exist is incomplete. The point is that we should also consider the weights in the difference w−1/π .

We do this in Section 5.1.2., where we profit from the rigorous construction of the weights in

Chapter 3. ♢
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5.4 Analysis of the Error Terms

5.4.4 Analysis of R4

Lemma 5.14. Let Assumption (1.2) and Assumption 2 hold true. Then R4 converges in

l∞(R) to a Gaussian process with mean 0 and covariance

Cov(z1, z2)

= E

[
FY (1)(z1 ∧ z2 |X)

π(X)
− 1− π(X)

π(X)
FY (1)(z1|X) · FY (1)(z2|X)

]
− FY (1)(z1) · FY (1)(z2)

Proof. By Lemma 5.3 it holds

E

[
fz(T,X, Y (T ))

π(X)
+ FY (1)(z|X)− FY (1)(z)

]
= E

[
1

π(X)
E [fz(T,X, Y (T ))|X]

]
= 0 .

Thus

R4(z) =
1√
N

N∑
i=1

Ti
π(Xi)

(
1{Yi ≤ z} − FY (1)(z|Xi)

)
+
(
FY (1)(z|Xi)− FY (1)(z)

)
=

1√
N

N∑
i=1

fz(Ti, Xi, Yi)

π(Xi)
+
(
FY (1)(z|Xi)− FY (1)(z)

)
= GN

(
fz
π(·)

+ FY (1)(z|·)− FY (1)(z)

)
.

By Assumption (1.2), Assumption 2, and Lemma 5.9 the function class

G :=

{
fz
π(·)

+ FY (1)(z|·)− FY (1)(z) : z ∈ R
}

is P -Donsker Thus, by Theorem 5.2, the process R4 converges in l∞(R) to a Gaussian process

with mean 0. It remains to calculate the covariance of the limiting process. We write

E
[(
fz11/π + FY (1)(z1|X)− FY (1)(z1)

)(
fz21/π + FY (1)(z2|X)− FY (1)(z2)

)]
= E

[
fz11/π · f

z2
1/π

]
+ E

[
fz11/π

(
FY (1)(z2|X)− FY (1)(z2)

)]
+ E

[
fz21/π

(
FY (1)(z1|X)− FY (1)(z1)

)]
+ E

[(
FY (1)(z1|X)− FY (1)(z1)

) (
FY (1)(z2|X)− FY (1)(z2)

)]
=: C0 + C1 + C2 + C3 .

It holds by Assumption (1.2) and Lemma 4.1

C0 = E
[
fz11/π · f

z2
1/π

]
= E

[
1

π(X)

T

π(X)

(
1{Y (T ) ≤ z1} − FY (1)(z1|X)

) (
1{Y (T ) ≤ z2} − FY (1)(z2|X)

)]
= E

[
1

π(X)

(
1{Y (1) ≤ z1} − FY (1)(z1|X)

) (
1{Y (1) ≤ z2} − FY (1)(z2|X)

)]
= E

[
1

π(X)

(
FY (1)(z1 ∧ z2|X) − FY (1)(z1|X) · FY (1)(z2|X)

)]
,
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5 Convergence of the Weighted Mean

and

C1 = E
[
fz11/π

(
FY (1)(z2|X)− FY (1)(z2)

)]
= E

[
T

π(X)

(
1{Y (T ) ≤ z1} − FY (1)(z1|X)

) (
FY (1)(z2|X)− FY (1)(z2)

)]
= E

[(
1{Y (1) ≤ z1} − FY (1)(z1|X)

) (
FY (1)(z2|X)− FY (1)(z2)

)]
= 0 .

In the same way we see C2 = 0 . Finally,

C3 = E
[(
FY (1)(z1|X)− FY (1)(z1)

) (
FY (1)(z2|X)− FY (1)(z2)

)]
= E

[
FY (1)(z1|X) · FY (1)(z2|X)

]
− FY (1)(z1) · FY (1)(z2) .

Adding up the results gives us (5.11).

5.4.5 Proof of Theorem 5.3

We have gathered all the results to prove Theorem 5.3.

Proof. (Theorem 5.3) We connect the statement of the theorem to the error decomposition by

Lemma 5.10. By Lemma 5.11, Lemma 5.12, Lemma 5.13 it follows supz∈R |Ri(z)|
P→ 0 for i = 1, 2, 3 .

Thus, by Slutzky’s theorem (cf. [Kle20, Theorem 13.18]) the behaviour of the limiting process is the

one of Lemma 5.14. S.D.G.
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6 Outlook

In this chapter, I want to share my views and ideas on possible further research.

6.1 Matching

Motivation

The papers [WZ19,WZ23] are closely related. In [WZ19] — the paper this thesis is based on —

the authors study weighting methods. In [WZ23] the authors propose (in similar style) a matching

framework based a constrained convex optimization.

Conjecture

The extensions proposed in this thesis (or parts) can be applied to the matching framework of

[WZ23].

Ideas/Brainstorming

The constraints in the problem [WZ23, (2.1)] are more complicated. Nevertheless, they rely on the

notion of basis function. While in [WZ19] the estimation objective is the expectation of potential

outcomes, in [WZ23] it is the average treatment effect. The structure of the proofs is similar — first

revealing the connection to the inverse propensity score and then employ it in the error analysis of

the estimator.

6.2 Application of the Functional Delta Method

Motivation

Theorem 5.3 immediately allows to apply the functional delta method [vdVW13, §3.9], [vdV00, §20].
This readily generates theoretic results for a large class of plug-in estimators. The plug-in estimators

have not been tested before in practice.

Conjecture

A large class of plug-in estimators converges in distribution to a nice limiting process. The estimators

work well in practice.
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6 Outlook

Ideas/Brainstorming

A plethora of applications of the delta method to estimates of the distribution function are to

be found in [vdV00] and [vdVW13]. This includes Quantile estimation [vdV00, §21] [vdVW13,

§3.9.21/24], survival analysis via Nelson-Aalen and Kaplan-Meier estimator [vdVW13, §3.9.19/31],
Wilcoxon Test [vdVW13, §3.9.4.1], and much more. A simulation study of the different methods

would provide insight in the practical value of the method. We give an example.

We follow [vdVW13, Example 3.9.19]. Let Z1, . . . , ZN and C1, . . . , CN be independent and iden-

tically distributed failure and censoring times. Failure and censoring times are assumed independent,

that is,

Zi ⊥ Ci for all i ∈ {1, . . . , N} .

We only observe the outcome

Yi := (Zi ∧ Ci,∆i) for all i ∈ {1, . . . , N} ,

where ∆i := 1 {Zi ≤ Ci} indicates whether a failure time is censored. We consider the weighted

Nelson-Aalen estimator for the treated.

Λ1
N (t) :=

N∑
i=1

Ti · w†
0(Xi) · 1 {Yi ≤ t} ·∆i∑N

j=1 Tj · w
†
0(Xj) · 1 {Yj ≥ Yi}

.

Likewise, we can compute weights for the untreated (just switch the treatment status) and get the

weighted Nelson-Aalen estimator of the untreated. This procedure allows to compare treatment

and control group while adjusting for imbalances. This may be an appealing alternative to semi-

parametric adjusted survival analysis methods, such as conditional cox regression. The theoretical

properties of the Nelson-Aalen estimator as a plug-in estimator are studied in [vdVW13, Exam-

ple 3.9.19].

6.3 Bootstrap

Motivation

A very natural idea is to bootstrap from the weighted distribution (wi ·Xi) . I discussed this with

Jose Zubizaretta, one of the authors of [WZ19,WZ23]. He told me that testing in practice showed

promising results. To the best of my knowledge the theoretical properties of this particular weighted

bootstrap wait to be studied.

Conjecture

Results similar to [vdV00, Theorem 23.5] holds for the weighted bootstrap.
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6.4 Non-binary Treatment

Ideas/Brainstorming

A good starting point to become familiar with the asymptotic theory of bootstrap is [vdVW13, §3.6]
and [vdV00, §23]. For more details, a good starting point could be [BB95]. The project seems to

be challenging - maybe at PHD level. One could get acquainted with the method of bootstrap by

reading the (non-mathematical) introduction [ET94].

6.4 Non-binary Treatment

Motivation

In practice, there often exists multiple treatments. For example, T ∈ {0, 1, 2} , T ∈ I ⊂ N or

even T ∈ R . There exists a general notion of propensity score [HI05]. There is a need for methods

covering this scenarios.

Conjecture

The framework of [WZ19] can be extended to for non-binary treatment.

Ideas/Brainstorming

There are already ideas [Tüb20, VGC + 20]. They try to estimate one set of weights to cover all

possible treatments. Jose Zubizarreta, one of the authors of [WZ19], told me, that he works on a

similar (practical) project. I think it’s better to compute weights for one treatment at a time. My

idea is: For fixed t ∈ T this could be

minimize
w1,...,wn∈R

n∑
i=1

dn(t, Ti)φ(wi)

subject to the constraints∣∣∣∣∣ 1N
(

n∑
i=1

wi · dn(t, Ti)Bk(Xi)−
N∑
i=1

Bk(Xi)

∣∣∣∣∣
)

≤ δk, k = 1, . . . , N ,

where dn(t, s) := 1s∈Nn(t)/λ[Nn(t)] and Nn(t) is a neighbourhood of t with λ[Nn(t)] → 0 for

n→ ∞ . In a consistency proof, such as that of Lemma 4.5, we have to control a term like

1

N

N∑
i=1

∣∣∣∣ 1 − dn(t, Ti)

hT |X(t,Xi)

∣∣∣∣ ,
where hT |X is the generalized propensity score of [HI05]. We need a result such as

E

[
dn(t, Ti)

hT |X(t,Xi)

]
= E

[
P[Ti ∈ Nn(t)|Xi]

λ[Nn(t)]
· 1

hT |X(t,Xi)

]
→ E

[
hT |X(t,Xi)

hT |X(t,Xi)

]
= 1 .
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6 Outlook

A possible error decomposition could be derived from∣∣∣∣∣ 1n
n∑
i=1

dn(t, Ti)wiYi −E[Y (t)]

∣∣∣∣∣
≤

∣∣∣∣∣ 1n
n∑
i=1

(widn(t, Ti)− 1)⟨B(Xi)),Y(t)⟩

∣∣∣∣∣
+

∣∣∣∣∣ 1n
n∑
i=1

(widn(t, Ti)− 1) (E[Y (t)|Xi]− ⟨B(Xi)),Y(t)⟩)

∣∣∣∣∣
+

∣∣∣∣∣ 1n
n∑
i=1

dn(t, Ti) · (wi − 1/hT |X(t,Xi)) (Zi −E[Y (t)|Xi])

∣∣∣∣∣
+

∣∣∣∣∣ 1n
n∑
i=1

hT (t)/hT |X(t,Xi) (Zi −E[Y (t)|Xi])

∣∣∣∣∣
+

∣∣∣∣∣ 1n
n∑
i=1

(hT (t)− dn(t, Ti)) /hT |X(t,Xi) (Zi −E[Y (t)|Xi])

∣∣∣∣∣
+

∣∣∣∣∣ 1n
n∑
i=1

(E[Y (t)|Xi]−E[Y (t)])

∣∣∣∣∣
+

∣∣∣∣∣ 1n
n∑
i=1

widn(t, Ti) (Yi − Zi)

∣∣∣∣∣ ,
where Zi ∼ Y (t)|Ti .

6.5 Different Basis Functions

Motivation

The introduction of partitioning estimates [GKKW02, §4] — as done in this thesis — was suc-

cessful. Thus the implementation of other local averaging regression techniques, such as kernel

estimates [GKKW02, §5] is promising.

Conjecture

Similar results as of this thesis hold for basis functions of (boxed) kernel estimates [GKKW02, §5].
They have good practical performance.

Ideas/Brainstorming

For boxed kernels it is likely easy to prove a lemma similar to Lemma 3.7. For kernels with unbounded

support, such as gaussian kernels, this might be more difficult. Generally, the basis functions should

approximate treatment and outcome model well (see [WZ19, Assumptions 1.6 & 2.3]). Partitioning

estimates work well in this thesis, because we can define concrete oracle parameters. If concrete

oracle parameters are not readily available, there might be theoretic results to rely on.
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7 Convex Analysis

In our application we want to analyse a convex optimization problem by its dual problem. In

particular we want to obtain primal optimal solutions from dual solutions. To accomplish the task

we need technical tools from convex analysis, mainly conjugate calculus and some Karush-Kuhn-

Tucker related results.

Our starting point is the support function intersection rule [MMN22, Theorem 4.23]. We give the

details in the case of finite dimensions and refer for the rest of the proof to the book. The support

function intersection rule is applied to give first conjugate sum and then chain rule, which are vital

to calculating convex conjugates. The proofs are omited, since the book is thorough enough. The

material we present is very well known. As an introduction, we recommend the recent book [MMN22]

and the classical reference [Roc70]. We finish the chapter with ideas from [TB91]. They provide the

high-level ideas to obtain for strictly convex functions a dual relationship between optimal solutions.

We will deliver the details that are omited in the paper.

7.1 A Convex Analysis Primer

My Contribution

I present the relevant facts from Convex analysis. I prove some results that I did not find in the

literature, but likely are folklore.

Throughout this section let n ∈ N .

Sets

A subset C ⊆ Rn is called convex set, if for all x, y ∈ C and all θ ∈ [0, 1] , we have θx+(1−θ)y ∈
C . Many set operations preserve convexity. Among them forming the Cartesian product of two

convex sets, intersection of a collection of convex sets and taking the inverse image under linear

functions.

The classical theory evolves around the question if convex sets can be separated.

Definition. Let C1 and C2 be two non-empty convex sets in Rn . A hyperplane H is said to

separate C1 and C2 if C1 is contained in one of the closed half-spaces associated with H and

C2 lies in the opposite closed half-space. It is said to separate C1 and C2 properly if C1 and C2

are not both contained in H .
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7 Convex Analysis

We need a refined concept of interiors, since some convex sets have empty interior. To this end,

we call a set A ⊆ Rn affine set, if αx+ (1− α)y ∈ A for all x, y ∈ A and all α ∈ R . The affine

hull aff(Ω) of a set Ω ⊆ Rn is the smallest affine set that includes Ω . We define the relative

interior ri Ω of a set Ω ⊆ Rn to be the interior relative to the affine hull, that is,

ri(Ω) := {x ∈ Ω | ∃ ε > 0 : (x+ εBRn) ∩ aff(Ω) ⊂ Ω } . (7.1)

Theorem 7.1. (Convex separation in finite dimension) Let C1 and C2 be two non-empty

convex sets in Rn . Then C1 and C2 can be properly separated if and only if ri(C1)∩ri(C2) = ∅.

Proof. [Roc70, Theorem 11.3]

We collect some useful properties of relative interiors before we get on to convex functions.

Proposition 7.1. Let C be a non-empty convex set in Rn. The following holds:

(i) ri(C) ̸= ∅ if and only if C ̸= ∅

(ii) cl(riC) = clC and ri(clC) = ri(C)

(iii) ri(C) = {z ∈ C : for all x ∈ C there exists t > 0 such that z + t(z − x) ∈ C}

(iv) Suppose
⋂
i∈I Ci ̸= ∅ for a finite index set I . Then ri

(⋂
i∈I Ci

)
=
⋂
i∈I ri(Ci) .

(v) Let L : Rn → Rm be a linear function. Then riL(C) = L(riC) . If it also holds

L−1(riC) ̸= ∅ , we have riL−1(C) = L−1(riC) .

(vi) ri(C1× C2) = riC1× riC2

Proof. For a proof of (i)-(v) we refer to [Roc70, Theorem 6.2 - 6.7].

To prove (vi) we use (iii). Let (z1, z2) ∈ ri(C1×C2). Then for all (x1, x2) ∈ C1×C2 there exists

t > 0 such that

zi + t(zi − xi) ∈ Ci for all i ∈ {1, 2} . (7.2)

Using (iii) again, we get ri(C1× C2) ⊆ riC1× riC2 . Suppose (z1, z2) ∈ riC1× riC2 . By (iii), for

all (x1, x2) ∈ C1 × C2 there exist (t1, t2) > 0 such that

zi + ti(zi − xi) ∈ Ci for all i ∈ {1, 2} . (7.3)

If t1 = t2 we recover (7.2) from (7.3). By (iii) it holds (z1, z2) ∈ ri(C1× C2) . If t1 < t2 we define

θ := t1
t2

∈ (0, 1). Consider (7.3) with i = 2 , together with z2 ∈ C2 and the convexity of C2 . It

follows

z2 + t1(z2 − x2) = θ · (z2 + t2(z2 − x2)) + (1− θ) · z2 ∈ C2 . (7.4)

Now we consider (7.4) and (7.3) with i = 1 . This gives (7.2) with t = t1 . As before, it follows

(z1, z2) ∈ ri(C1× C2) . If t1 > t2 similar arguments lead to the same result. We have proven

ri(C1× C2) ⊇ riC1× riC2 and equality.
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7.1 A Convex Analysis Primer

Functions

A function f : Rn → R is called convex function, if the area above its graph, that is, its epi-

graph(cf. [MMN22, §2.4.1]), is convex. We shall often use an equivalent definition. To this end, a

function f is convex if and only if

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y) for all x, y ∈ Rn and all θ ∈ [0, 1] . (7.5)

This definition extends to convex cominbinations θ1, . . . , θm ∈ [0, 1] with
∑m

i=1 θi = 1 , that is, a

function f is convex if and only if

f

(
m∑
i=1

θixi

)
≤

m∑
i=1

θif(xi) for all x1, . . . , xm ∈ Rn . (7.6)

We call a function strictly convex if the inequality in (7.5) is strict.

We define the domain dom f of a convex function f to be the set where f is finite, that is,

dom f := {x ∈ Rn : f(x) <∞} . (7.7)

The domain of a convex function is convex. We say that f is a proper function if dom f ̸= ∅ .
For any x ∈ dom f we call x∗ ∈ Rn a subgradient of f at x if for all x ∈ Rn it holds

⟨x∗, x− x⟩ ≤ f(x)− f(x) . (7.8)

We denote the collection of all subgradients at x , that is, the subdifferential of f at x , as ∂f(x) .

If f is differentiable at x it holds ∂f(x) = {∇f(x)} and thus

⟨∇f(x), x− x⟩ ≤ f(x)− f(x) . (7.9)

Definition 7.1. Given a nonempty subset Ω ⊆ Rn , we define the support function of Ω

to be

σΩ : Rn → R , x∗ 7→ sup
x∈Ω

⟨x∗, x⟩ .

Definition 7.2. Given functions fi : Rn → R for i = 1, . . . ,m , we define the infimal

convolution of these functions to be

f1□ · · ·□fm : Rn → R , x 7→ inf

{
m∑
i=1

fi(xi) : xi ∈ Rn and
m∑
i=1

xi = x

}
.

The next result establishes a connection between the support function of the intersection of two

convex sets and the infimal convolution of the support functions of the sets taken by themselves.

The proof translates the geometric concept of convex separation to the world of convex functions.
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7 Convex Analysis

Lemma 7.1. Let C1 and C2 be two non-empty convex sets in Rn . For any x∗ ∈ domσC1∩C2

the sets

Θ1 := C1 × [ 0,∞) ,

Θ2(x
∗) := {(x, λ) ∈ Rn : x ∈ C2 and λ ≤ ⟨x∗, x⟩ − σC1∩C2(x

∗)}

can by properly separated.

Proof. We fix x∗ ∈ domσC1∩C2 and write α := σC1∩C2(x
∗) . In order to apply convex separation

in finite dimension (Theorem 7.1) to the sets Θ1 and Θ2(x
∗) , it suffics to show their convexity and

riΘ1 ∩ ri Θ2(x
∗) = ∅ .

Convexity of Θ1 and Θ2(x
∗)

Clearly, Θ1 is convex by the convexity of C1 and [0,∞) . To see that Θ2(x
∗) is convex consider

the linear function

L : Rn × R → R , (x, λ) 7→ ⟨x∗, x⟩ − λ .

From the definitions of L and Θ2(x
∗) we get

Θ2(x
∗) = (C2× R) ∩ L−1[α,∞) .

Thus, by Proposition 7.1 (v) and the convexity of C2 we get the convexity of L−1[α,∞) and with

it that of Θ2(x
∗) .

Relative interiors of Θ1 and Θ2(x
∗) are disjoint

We start by calculating the relative interiors. It holds

riΘ1 = ri(C1 × [0,∞)) = riC1× ri [0,∞) = riC1× (0,∞) ,

ri Θ2(x
∗) = ri(L−1[α,∞)) = L−1(ri [α,∞)) = L−1(α,∞) .

Suppose there exists (λ, x) ∈ ri Θ1 ∩ ri Θ2(x
∗) . Then it holds x ∈ C1× C2 and λ > 0 . We also

note, that

α = σC1∩C2(x
∗) = sup

z∈C1∩C2

⟨x∗, z⟩ ≥ ⟨x∗, x⟩ .

Then it follows

α < ⟨x∗, x⟩ − λ ≤ α ,

a contradiction. Thus, the relative interiors of Θ1 and Θ2(x
∗) are disjoint.

Applying Theorem 7.1 finishes the proof.

62



7.1 A Convex Analysis Primer

Theorem. Let C1 and C2 be two non-empty convex sets in Rn with riC1 ∩ riC2 ̸= ∅. Then the

support function of the intersection C1∩ C2 is represented as

(σC1∩C2)(x
∗) = (σC1□σC2)(x

∗) for all x∗ ∈ Rn. (7.10)

Furthermore, for any x∗ ∈ dom(σC1∩C2) there exist dual elements x∗1, x
∗
2 ∈ Rn such that x∗ =

x∗1 + x∗2. and

(σC1∩C2)(x
∗) = σC1(x

∗
1) + σC2(x

∗
2). (7.11)

Proof. Using Lemma 7.1 the rest of the proof is as that of [MMN22, Theorem 4.23(b)].

One important application of convex functions is in optimization. There we often analyse a dual

problem instead, which relies on the notion of convex conjugate f∗ : Rn → R of f defined by

f∗(x∗) := sup
x∈Rn

⟨x∗, x⟩ − f(x) . (7.12)

Even for arbitrary functions, the convex conjugate is convex(cf. [MMN22, Proposition 4.2] ). Like

in differential calculus, there exist sum and chain rule for computing the convex conjugate.

Theorem 7.2. Let f, g : Rn → (−∞,∞] be proper convex functions and

ri (dom(f)) ∩ ri (dom(g)) ̸= ∅ .

Then we have the conjugate sum rule

(f + g)∗(x∗) = (f∗□g∗)(x∗) (7.13)

for all x∗ ∈ Rn . Moreover, the infimum in (f∗□g∗)(x∗) is attained, i.e., for any x∗ ∈
dom(f + g)∗ there exists vectors x∗1, x

∗
2 for which

(f + g)∗(x∗) = f∗(x∗1) + g∗(x∗2), x∗ = x∗1 + x∗2. (7.14)

Proof. [MMN22, Theorem 4.27(c)]

Theorem 7.3. Let A : Rm → Rn be a linear map (matrix) and g : Rn → (−∞,∞] a proper

convex function. If Im(A) ∩ ri(dom(g)) ̸= ∅ it follows the conjugate chain rule

(g ◦A)∗(x∗) = inf
y∗∈(A∗)−1(x∗)

g∗(y∗). (7.15)

Furthermore, for any x∗ ∈ dom(g ◦A)∗ there exists y∗ ∈ (A∗)−1(x∗) such that (g ◦A)∗(x∗) =
g∗(y∗) .
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7 Convex Analysis

Proof. [MMN22, Theorem 4.28(c)]

Example 7.1. Let f : R → R be a proper convex function, that is, dom f ̸= ∅ and f is convex.

In steps we apply the conjugate chain and sum rule, together with mathematical induction, to prove

the conjugate relationship

Sf,n : Rn → R, (x1, . . . , xn) 7→
n∑
i=1

f(xi),

S∗
f,n : Rn → R, (x∗1, . . . , x

∗
n) 7→

n∑
i=1

f∗(x∗i ) .

This relationship is very natural and the ensuing calculations serve to confirm our intuition.

First, we work in the projections on the coordinates. For the i -th coordinate, where i = 1, . . . , n ,

this is

pi : Rn → R, (x1, . . . , xn) 7→ xi . (7.16)

All projections pi are linear function with matrix representation e⊤i , where ei is i -the coordinate

vector. The adjoint of pi is therefore

p∗i : R → Rn, x 7→ ei · x . (7.17)

For the inverse image of the adjoint of pi it holds

(p∗i )
−1 {(x∗1, . . . , x∗n)} =

{x∗i } , if x∗j = 0 for all j ̸= i ,

∅ else.
(7.18)

Throughout this example we use the asterisk character ∗ somewhat inconsistently. Note that f∗ is

the convex conjugate of the function f and p∗i is the adjoint linear function of the projection on the

i -th coordinate. Likewise, we denote dual variables, that is, the arguments of convex conjugates, as

x∗ .

Next, we employ the conjugate chain rule to establish the conjugate relationship

fi : Rn → R, (x1, . . . , xn) 7→ xi 7→ f(xi) ,

f∗i : Rn → R, (x∗1, . . . , x
∗
n) 7→

f∗(x∗i ), if x∗j = 0 for all j ̸= i ,

∞ else.

Note, that fi = (f ◦ pi) and f∗i = (f ◦ pi)∗ . Since Im pi = R and dom f ̸= ∅ , it holds Im pi ∩
ri(dom f) ̸= ∅ . Then f and pi conform with the demands of the conjugate chain rule. It follows

f∗i (x
∗
1, . . . , x

∗
n) = (f ◦ pi)∗(x∗1, . . . , x∗n) = inf

{
f∗(y) | y ∈ (p∗i )

−1 {(x∗1, . . . , x∗n)}
}

=

f∗(x∗i ), if x∗j = 0 for all j ̸= i ,

∞ else,
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where we keep to the convention inf ∅ = ∞ . In the same way it follows

(
Sf,n ◦ p{1,...,n}

)∗
(x∗1, . . . , x

∗
n+1) =

S∗
f,n(x

∗
1, . . . , x

∗
n) if x∗n+1 = 0 ,

∞ else,
(7.19)

Next, note that for n = 1 we arrive at the result. Thus, for some n ∈ N it holds (Sf,n)
∗ = S∗

f,n .

In order to apply the conjugate sum rule to Sf,n and fn+1 we note that

dom fi =
{
(x1, . . . , xn+1) ∈ Rn+1 : xi ∈ dom f

}
̸= ∅ for all i = 1, . . . , n+ 1 ,

n+1⋂
i=1

dom fi =
{
(x1, . . . , xn+1) ∈ Rn+1 : xi ∈ dom f for all i = 1, . . . , n+ 1

}
̸= ∅ ,

and

ri
(
dom

(
Sf,n ◦ p{1,...,n}

))
∩ ri (dom fn+1)

= ri
(
dom

(
Sf,n ◦ p{1,...,n}

)
∩ dom fn+1

)
= ri

(
n+1⋂
i=1

dom fi

)
̸= ∅ .

By the conjugate sum rule it follows

(Sf,n+1)
∗ = (Sf,n ◦ p{1,...,n} + fn+1)

∗ = (Sf,n ◦ p{1,...,n})∗□f∗n+1

= S∗
f,n ◦ p{1,...,n} + f∗n+1 = S∗

f,n+1 .

♢

7.2 Duality of Optimal Solutions

My Contribution

I adapt ideas from [TB91] to take also equality constraints. For this, I had to understand the

connection to my version of the primal optimization problem. I filled in many details that were

omitted in the paper: I derived the Karush-Kuhn-Tucker conditions for the problem from the

general result [Roc70, Theorem 28.3]. I prove in detail, that they hold for the adapted problem.

We consider a general convex optimization problem with matrix equality and inequality con-

straints. For this problem there exists a related problem, which we call its dual. With ideas

from [TB91] we establish a functional relationship between the optimal solution of the original

problem and optimal solutions of the dual. The main assumption is that in the original problem we

have a strictly convex objective function with continuously differentiable convex conjugate.

Assumption 4. The objective function f : Rn → R is strictly convex and its convex conjugate

f∗ is continuously differentiable.
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7 Convex Analysis

Theorem 7.4. Consider the optimization problem

minimize
w∈Rn

f(w) (7.20)

subject to Uw ≥ d .

Aw = a ,

and its dual problem

maximize
λd∈Rr,λa∈Rs

⟨λd, d⟩ + ⟨λa, a⟩ − f∗
(
U⊤λd +A⊤λa

)
(7.21)

subject to λd ≥ 0 .

Let (λ†d, λ
†
a) be an optimal solution to (7.21). If the objective function f of (7.20) is strictly

convex and its convex conjugate f∗ is continuously differentiable, then the unique optimal so-

lution to (7.20) is given by

w† = ∇f∗
(
U⊤λ†d +A⊤λ†a

)
. (7.22)

Plan of Proof

We show that w† and (λ†d, λ
†
a) meet the Karush-Kuhn-Tucker conditions for 7.20, that is, com-

plementary slackness

⟨λ†d , d−Uw†⟩ = 0 , (7.23)

primal and dual feasibility

Uw† ≥ d , (7.24)

Aw† = a ,

λ†d ≥ 0 , (7.25)

and stationarity

0n ∈ [∂f(w†) + ∂ (w 7→ d−Uw) (w†) · λ†d + ∂ (w 7→ a−Aw) (w†) · λ†a ] . (7.26)

Applying the well know result [Roc70, Theorem 28.3] finishes the proof. Apart from elementary

calculations, our main tools are the strict convexity of f , the smoothness of f∗ and

Proposition 7.2. [Roc70, Theorem 23.5(a)-(b)]. For any proper convex function g and any

vector w , it holds t ∈ ∂f(w) if and only if x 7→ ⟨x, t⟩ − f(x) achieves its supremum at w .

Proof. Let (λ†d, λ
†
a) be an optimal solution to (7.21).

66



7.2 Duality of Optimal Solutions

Complementary Slackness

We fix λ†a and work with the objective function G of the dual problem, that is,

G(λd) := ⟨λd, d⟩ + ⟨λ†a, a⟩ − f∗
(
U⊤λd +A⊤λ†a

)
.

Since f∗ is continuously differentiable, so is G . Thus

∇G(λ†d) := d − U · ∇f∗
(
U⊤λ†d +A⊤λ†a

)
= d − Uw† .

Let λ†d,i be the i -th coordinate of λ†d and ∇Gi(λ†d) be the i -th coordinate of ∇G(λ†d) . To establish
(7.23) we will show for all coordinates

either λ†d,i = 0 and ∇Gi(λ†d) ≤ 0

or λ†d,i > 0 and ∇Gi(λ†d) = 0 .

It is well know that a concave functions g satisfies

g(x)− g(y) ≥ ∇g(x)⊤(x− y) for all x, y . (7.27)

But G is concave by the convexity of f∗ .

First, we show

∇Gi(λ†d) ≤ 0 for all i ∈ {1, . . . , s} . (7.28)

Assume towards a contradiction that ∇Gi(λ†d) > 0 for some i ∈ {1, . . . , s} . By the continuity of

∇G there exists ε > 0 such that ∇Gi(λ†d + ei · ε) > 0 . It follows from (7.27)

G(λ†d + ei · ε) − G(λ†d) ≥ ∇Gi(λ†d + ei · ε) · ε > 0 ,

which contradicts the optimality of λ†d for (7.21). It follows (7.28).

Next, we assume that λ†d,i > 0 and ∇Gi(λ†d) < 0 for some i ∈ {1, . . . , s} . Again, by the

continuity of ∇G there exists ε > 0 such that ∇Gi(λ†d − ei · ε) < 0 and ε− λ†d,i < 0 . Thus

G(λ†d − ei · ε)−G(λ†d) ≥ ∇Gi(λ†d − ei · ε) · (−ε) > 0 ,

which contradicts the optimality of λ†d . It follows (7.23), that is, we proved complementary slackness.

Primal Feasibility

Since f∗ is continuously differentiable it holds

∇G(λ†d) = d − U · ∇f∗
(
U⊤λ†d +A⊤λ†a

)
= d−Uw† .

67



7 Convex Analysis

Thus, by (7.28), w† satisfies the inequality constraints in (7.20). To prove this for the equality

constraints, we view G from a different angel. Let for fixed λ†d

G(λa) := ⟨λa, a⟩ −
(
f∗
(
U⊤λ†d +A⊤λa

)
− ⟨λ†d, d⟩

)
=: ⟨λa, a⟩ − g(λa) .

The function g inherits convexity and differentiability from f∗ . From the optimality of λ†a we

know that G takes its maximum there. But then by Proposition 7.2 and the differentiability of g

it holds

a ∈ ∂g(λ†a) =
{
A · ∇f∗

(
U⊤λ†d +A⊤λ†a

)}
=
{
Aw†

}
. (7.29)

Thus a = Aw† . But then w† satisfies also the equality constraints. We proved (7.24).

Stationarity

First we show

U⊤λ†d + A⊤λ†a ∈ ∂f(w†) . (7.30)

By Proposition 7.2 it suffices to show that

w 7→ ⟨w,U⊤λ†d +A⊤λ†a⟩ − f(w)

achieves its supremum at w† . Since f is strictly convex there exists a unique vector x† where the

above expression achieves its maximum. Since f∗ is differentiable it holds

w† = ∇f∗
(
U⊤λ†d +A⊤λ†a

)
= ∇

(
λ 7→ ⟨x†, λ⟩ − f(x†)

)(
U⊤λ†d +A⊤λ†a

)
= x† .

It follows (7.30). Next we show

−U⊤ ∈ ∂ (w 7→ d−Uw) (w†) and −A⊤ ∈ ∂ (w 7→ d−Aw) (w†) . (7.31)

To this end, note that

⟨−U⊤ei, w − w†⟩ = (d−Uw)i − (d−Uw†)i for all i ∈ {1, . . . , r} .

Thus −U⊤ ∈ ∂ (w 7→ d−Uw) (w†) . In the same way it follows −A⊤ ∈ ∂ (w 7→ d−Aw) (w†) .

From (7.30) and (7.31) we conclude

0n =
(
U⊤λ†d + A⊤λ†a

)
−U⊤λ†d − A⊤λ†a

∈ [∂f(w†) + ∂ (w 7→ d−Uw) (w†) · λ†d + ∂ (w 7→ a−Aw) (w†) · λ†a ] .

We have proved (7.26), that is, stationarity.
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7.2 Duality of Optimal Solutions

Dual Feasibility and Conclusion

Dual feasibility (7.25) follows immediately from the optimality of λ†d for (7.21). Thus, (λ†d, λ
†
a) and

w† satisfy the Karush-Kuhn-Tucker conditions for (7.20). Applying [Roc70, Theorem 28.3] finishes

the proof.

Takeaways For strictly convexity objective functions with continuously

differentiable convex conjugate we get a functional relationship of primal

and dual solutions via the Karush-Kuhn-Tucker conditions.

69





References

[AB07] Charalambos D. Aliprantis and Kim C. Border. Infinite Dimensional Analysis: A

Hitchhiker’s Guide. Springer Science & Business Media, May 2007.

[BB95] Philippe Barbe and Patrice Bertail. The Weighted Bootstrap, volume 98 of Lecture

Notes in Statistics. Springer, New York, NY, 1995.

[CYZ16] Kwun Chuen Gary Chan, Sheung Chi Phillip Yam, and Zheng Zhang. Globally Effi-

cient Non-Parametric Inference of Average Treatment Effects by Empirical Balancing

Calibration Weighting. Journal of the Royal Statistical Society Series B: Statistical

Methodology, 78(3):673–700, June 2016.

[ET94] Bradley Efron and R. J. Tibshirani. An Introduction to the Bootstrap. CRC Press, May

1994.
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Index

E∗[Z] , outer expectation, 37

(Ω,A,P) , generic probability space, 2

AN , cell of the partition PN , 18

B , vector of basis functions of the covariates, 6,

17

DN , (random) data set without observed out-

come, 5

FY (1) , distribution function of the potential out-

come under treatment, 36

FY (1)(·|x) , conditional distribution function of

the potential outcome under treatment,

36

J[ ] , bracketing integral, 37

N , sample size, 5

N[ ] , bracketing number, 37

T , indicator of treatment, 2

X , covariates vector, 2

Y (0), Y (1) , potential outcomes, 3

[x]+ , positive part of x ∈ R , 12

GN , empirical process, 36

Pξ , probability distribution of the random vari-

able ξ , 36

δ , (random) constraints vector , 6

≲ , lesser-or-equal-up-to-a-uniform-constant or-

der , 22

1A , indicator function of the set A , 18

B(X) , matrix of basis functions of the treated,

10

IN , the N -dimensional unit matrix, 10

B(·) , Borel- σ -algebra, 36

F , class of measurable functions, 36

PN , partition of Rd , 18
X , covariate space, 2, 26

Y , outcome space, 35

aff(·) , affine hull, 60

cl(·) , closure of a set, 26

dom f , domain of a convex function, 61

ri(·) , relative interior, 60

R , extended real numbers, 6

π , propensity score, 3

σΩ , support function, 61

φ , objective function of Problem 1, 6

ei , i -the unit vector, 30

f□g , infimal convolution of f and g , 61

f∗ , convex conjugate of f , 63

n , (random) number of treated units, 5

∂f(x) , subdifferential of f at x , 61

∥Gn∥∗F , (measurable version of the) uniform norm

of an empirical process, 37

0N and 1N , the N -dimensional vectors con-

taining only zeros or ones. , 10

CαM (Z) , certain space of continuous functions ,

41

affine set, 60

conjugate chain rule, 63

conjugate sum rule, 63

convex function, 61

convex set, 59

envelope function, 37

proper (convex) function, 61
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strictly convex, 61

subgradient, 61
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