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Abstract

In this thesis we extend the balancing weights framework of Wang and Zubizarreta [WZ19) to es-
timate the distribution function of potential outcomes in observational studies. We also suggest to
balance basis functions of non-parametric partitioning estimates. This greatly simplifies the proofs
and allows for rigorous mathematical treatment of the method. The asymptotic analysis shows
convergence of the error to a Gaussian process. Our findings allow to apply the functional delta
method to a large class of plug-in estimators. This makes classical statistical methods such as quan-
tile estimation, hypothesis testing or survival analysis accessible to causal inference in observational

studies. While the theoretical results are promising, this novel approach waits for testing in practice.
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Zusammenfassung

In dieser Arbeit erweitern wir das Balancing Weights Framework von Wang und Zubizarreta [WZ19),
um die Verteilungsfunktion von Potential Outcomes in Beobachtungsstudien zu schitzen. Wir
schlagen vor, Basisfunktionen nicht-parametrischer Partitionenschatzer auszugleichen. Diese Wahl
vereinfacht die Beweise wesentlich und erlaubt griindliches mathematisches Vorgehen. Die asymp-
totische Analyse zeigt Konvergenz des Fehlers gegen einen Gauflschen Prozess. Die Ergebnisse
dieser Arbeit erlauben es, die funktionale Delta-Methode auf eine grofie Klasse von Substitution-
sschétzern anzuwenden. So erschliefit dieser neuartige Zugang der kausalen Inferenz in Beobach-
tungsstudien klassische Bereiche der Statistik, wie zum Beispiel Quantil-Schatzung, Hypothesentests
oder Uberlebenszeitanalysen. Die theoretischen Ergebnisse sind vielversprechend — der Praxis-Test

steht allerdings noch aus.
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1 Introduction

How does action change an outcome? How should I guide my actions towards a better outcome?
The first question is about causality, the second about ethics.

How do causality and ethics reflect on statistics? If you have not spent much time thinking about
study design, this is a good way to start: As an analyst, ask yourself “Who acted? Who assigned
treatment?” As a researcher — plan your study accurately. You can ask yourself “How do we act?
How do we assign treatment? Can we act?”

Let’s say, you gather a sample from a study population, assign treatment (but forget how you did
it). Some units get the drug, others don’t. Then the statistical analysis shows a strong correlation
of treatment and outcome. You hurry to your supervisor. “How was treatment assigned”, asks she.
“I forgot”, says you. “How do you know your analysis is correct then?” You show her the data
and together you find out that all units that received treatment were significantly taller than the
rest of the sample. After all, is the drug or the height responsible for the change in outcome? You
realise that the data is worthless for answering this question. But you are lucky: It’s just grass and
fertiliser you were studying.

You get a second chance. A new medication needs testing before it enters the market. A company
shall recruit participants, but the board requires you to write an outline for the study. You carefully
explain steps to minimize risks for participants. You include plans to meet other requirements of
human research. Then you have to decide how to assign treatment. No hand waving this time. You
talk to your supervisor. “Last time, too many tall grass blades received fertiliser. The distribution
of treatment was not really random...” You decide to determine treatment status by the flip of a
fair coin. You call the procedure 'randomization’.

Would you smoke if a coin tells you to? If you say yes — you likely smoke anyway. The point is
that forcing someone to smoke is unethical. But so is not studying the risks of smoking.

A professor is curious if the smoking habits of his students affect their grades. He observes the
smoking area through his field glasses. His assistant gets to know his plans. He warns him. “Many
students attend parties the night before exams. Maybe they are also more likely to smoke.” “I shall
see this for myself...” says the professor. He puts away the field glasses. After a while, he visits the
local club. He talks to a few of his students. Some smoke, some don’t — the chats are enjoyable.
He thinks: “Some of my best students celebrate before the exams.”

I hope, by now it’s clear that we should focus on treatment assignment. The propensity score

[RR83] — the probability of treatment given (observed) individual characteristics — helps.
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Theorem. [RR83, Theorem 1] Observed individual characteristics are independent of treatment

assignment given the propensity score.

In the second example, where you flip a fair coin to assign treatment, the propensity score is
1/2, despite variation across individual characteristics. The coin ignores everything. What is the
propensity score in the other examples? I admit, I don’t know. It varies, but we can see trends. In
the first example, tall grass blades had a large propensity score. In the third example, the assistant
thinks that students attending parties have a larger propensity score. This is not true, after all, but
somehow the best students have a large propensity to celebrate before exams.

The propensity score is a simple concept that works well with potential outcomes. They are
potential, because they exist (or we assume they exist) independent of our observation; they live in
parallel universes. If we have a binary treatment, that is, you either treat or don’t, there are two
potential outcomes. One under treatment and one under no treatment. Ideally we would like to
compare (for one unit) those two potential outcomes. But that is impossible. Instead people keep
asking: “Had it been better if (20 years ago) I made a different decision?” You know what happened,
but don’t know what would have happened. On a high-level: If you act, you can’t observe at the
same time the effect of no action. Thus, one of the potential outcomes always remains potential.
Of course there are tricks. You can wait for the effect of an action to vanish and then observe the
outcome (under similar conditions) again. This works well when the effect of an action is short term.

If the propensity score is known, we actually observe one of the potential outcomes. This is
because treatment assignment carries no more information [RR85, Theorem 1]. But we saw that
assignment often carries more information, especially if the assignment mechanism is unknown. This
is typical for observational studies. Somehow grass blades that received fertiliser were also taller.
Or students attending parties before the exams had better results. It’s not clear why. Does the
effect on the outcome stem from observed or unobserved individual characteristics or the received
treatment? Do we even observe one of the two potential outcomes?

Since the introduction of the propensity score by Rosenbaum and Rubin in 1983 [RR83|, statis-
ticians developed different ideas how to incorporate it in their analysis. There are two important
branches of application — matching and weighting. In matching the idea is to pair two or more
units with different treatment status but similar propensity score and compare their outcome. The
assumption is that the propensity score eliminates imbalances and makes the paired units compara-
ble. In weighting — the method we will focus on — the idea is to re-weight the population, ideally
with the inverse propensity score, that is, 1 divided by the propensity score. Both methods share
the goal to minimize imbalances in the population and make the two groups, that is, treatment and
control (no treatment) group more comparable. Let’s introduce some notation to be more precise.

Let (Q,A,P) be a (generic) probability space. The following quantities are random variables or
random vectors defined on this probability space. Let T' € {0,1} be the indicator of treatment.
Let X € X be a vector with individual characteristics. We call this the covariate vector.
Furthermore, let (Y'(0),Y (1)) € Y x Y be the potential outcomes, that is, Y (0) is the potential



outcome under no treatment and Y (1) the potential outcome under treatment. We define the

propensity score 7w with individual characteristics x € X to be
m(z) == P[T =1|X = zx] (1.1)
We observe
either Y(0)|T=0 or Y(1)|T=1.
In Lemma we show that if treatment assignment is strongly ignorable [RR83, (1.3)]
(Y(0),Y(1)) L T|X and 0<7(X)<1, (1.2)

that is, potential outcomes are independent of treatment given covariates and every possible set of

characteristic has a chance to receive treatment, we get

T
E [W(X)Y(T)] =E[Y(1)]. (1.3)

By weighting the observed outcome under treatment with the inverse propensity score we recover
(in expectation) the potential outcome under treatment. This is relevant, because Y (¢)|T =t does
not have the same distribution as Y(¢) for t € {0,1}.

In observational studies — independent of which method is applied — the propensity score is
unknown. We can’t assign treatment and only observe the treated or untreated. It’s often the units
themselves that decide about treatment.

It used to be very popular to use estimates of the propensity score — either for matching or to
create weights or for some other purpose. In weighting, we hope to recover from the estimate.
In practice, however, estimating the propensity score is a difficult task. Researchers often compare
estimates from different models and check for covariate balance. This is not surprising, because
that’s what the weights are designed for — minimizing imbalances in the population. The poor
performance of classical propensity score estimates, such as logistic regression — and the insight
that the task is to eliminate imbalances — led to the development of methods, such as the Covariate
Balancing Propensity Score [[R14] that try to estimate the propensity score and balance covariates
simultaneously (the name is indicative).

Recently, new balancing frameworks were developed that do not rely on estimates of the propensity
score [Hail2,|Zub15|. They generate weights with a constrained convex optimization problem that

explicitly bounds imbalances by the constraints. The constraints responsible are of the form

N N
> Ti-wi- Bu(Xi) = Y Bi(X;)  forallk, (1.4)
=1 =1

where By, are basis functions of the covariates. The aim is to balance the weighted group (here the

treatment group) against the whole sample. The basis functions can be moments of the covariates
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— a natural aim. But it’s not clear which basis to choose in practice to obtain best performance.
How strictly to enforce covariate balance is another question. Very strict assumptions may render
the problem infeasible, whereas loosening may result in bias of the estimator. In [Hail2| the authors
choose the (known) moments of the covariate as basis functions and enforce strict balance, that is,
(L.4). In [WZ19] the authors consider the regression basis of sieve estimators [New97], where the
number of basis functions grows with the sample size. Also they loosen the strict constraints on the

covariate balance as to vanish only for N — oo, that is,

n N
% (Z w; By, (X;) — Z Bk(Xi)>
=1 i—1

with 0, >0 and 0, — 0 for N — .

< Ok for all k,

The publication [WZ19| also contains theoretical analysis. The authors reveal a surprising con-
nection to propensity score estimation. They show that with the regression basis of sieve estima-
tors [New97], their method (implicitly) models the inverse propensity score. They use this to obtain
asymptotic normality of a weighted mean estimate of the expectation of potential outcomes.

One novelty introduced in this thesis is to balance basis functions of partitioning estimates
[GKKWO02, §4]. We show that this simplifies the proofs of [WZ19]. Furthermore, we extend the
framework to estimate the distribution function of potential outcomes.

With the regression basis of partitioning estimates, the weighted mean is asymptotically well
behaved for estimates of the distribution function of potential outcomes. By the functional delta
method [vdV00| §20] results of this thesis immediately open access to a large class of plug-in esti-
mators. Therefore, with this thesis we contribute to one of the main purposes in causal inference

— reinforcing classical methods of statistical analysis for use in observational studies.



2 The Optimization Problem behind the Weights

There are different ways to generate weights for covariate balance. We discussed this in the intro-
duction. Now, we introduce the balancing weights framework of Wang and Zubizarreta [WZ19|. It
consists of a (generic) convex optimization problem that enforces covariate balance by constraints
on the search space. Similar to classical propensity score estimates, it extracts from the data only
information about treatment status and individual characteristics. The outcome is ignored. This
gives the additional option to balance covariates before observing outcomes or use the same set of
weights for inference on different outcomes.

The primary optimization task is to minimize an objective function over a predefined search space.
From a practical point of view, the objective function instils additional goodness in the weights, for
example, low sample variance [Zub15| Introduction]. More important, however, are the constraints
that enforce covariate balance. Both objective function and design of the constraints distinguish the
method.

After introducing the problem, we shall derive it’s dual formulation in the spirit of Theorem
By this transformation we get the chance to analyse the initial problem by a problem with simpler
constraints but more complicated objective function. It turns out that this is the right way to go.
We adopt ideas from [WZ19,/TB91| that show how to analyse the dual problem and link the results

back to the original problem.

2.1 Introduction

Let N € N be the sample size, and let (71,X3),...,(Tn,Xn) be independent and identically-
distributed copies of 7" and X . We gather them in the (random) data set

Dy = {(Tqu) iG{l,...,N}}.
Furthermore, let
n = #{ie{l,....N} : T, =1}

be the number of treated units. This is a random variable. To streamline the analysis we assume
in this chapter the order T; = 1 for all ¢ < n. We shall drop this assumption at the end of this
chapter.



2 The Optimization Problem behind the Weights

Let R:=RU{+o00} be the extended real numbers. For a
(proper) convex function 0o: R - R,
a vector of N basis functions of the covariates
B := [By,...,By]" with Bp:R! -5 R forallke{l,...,N},
and a (random) constraints vector
§ = [61,...,0n]"  with & : (Q,0(Dy),P) = R forallke{l,...,N},

we consider the following (random) convex optimization problem.

Ve

Problem 1.
n
g 2 ()
=1
subject to w; > 0 forallie {1,...,n},
1 n
owi =1,
i=1

< O forall k e {1,...,N}.

n N
v (S m) - Len)
i=1 =1

A\

What is random in Problem [1f? First, the dimension of the search space (w € R™) depends on the
random variable n. Thus, we only compute weights for the treated units (the ones with 7; = 1).

Next, we consider the objective function
n
w o Zg@(wi).
i=1

The number of summands is random (again n ). Note that sometimes we use the equivalent notation

N

i=1
where we set the weights of the untreated (the ones with 7; = 0) to some arbitrary value in the

domain of ¢. Let’s consider the constraints. There is no randomness in the first two constraints
1 n
w; > 0 foralli e {1,...,n} and NEwi—l.
1=

They only make sure that the weights (divided by N ) form a convex combination. If, for example,

the outcome space ) is convex, we make sure that a weighted mean estimate of E[Y(1)] satisfies

~ 1 &
Y(1) = Nzwi.Yi €y
=1



2.2 Objective Function

or that a weighted empirical distribution function satisfies

~

1 n
Fyay = D wi 1{Y; <z} € [0,1].
=1

Wang & Zubizarreta [WZ19] omit these constraints in their analysis. In this thesis we provide the
analysis for the full optimization problem.
We talked about the covariate balancing constraint in the introduction (we shall call them the

box constraints, because of the absolute value):

n N
3 (S sy - min)
i=1 =1

They are crucial — we shall discuss their implications as the analysis unfolds. For now, note that

< O forall k € {1,...,N} .

the number of summands in
n
> w; - Bi(X;)
i=1
is random again, and sometimes we switch to

N
Z T; - w; - Br(X;) (see also the remark in Section |5.4.1]) .
i=1

In Section [3.3] we shall specify the vector of basis functions B. Instead of sieve estimators as
in [WZ19], where the number of basis functions grows slower than N to oo and the basis functions
have fixed design, we shall choose the basis of partitioning estimates as in [GKKWO02, §4]. It depends
on the whole data set Dy and therefore has random design. In Chapter 4] we shall see that this
choice simplifies the consistency proofs expounded in [WZ19, Proof of Lemma 2|. Finally, note

that [WZ19, Algorithm 1 on page 11] is a (random) algorithm to specify § based on Dy .

Takeaways In this thesis we analyse the weights of a random constrained
convex optimization problem. Its distinguishing features are the balancing
constraints and the objective function. We shall derive and analyse a dual

problem that is linked to the initial problem.

2.2 Objective Function

The formulation of Problem [1] allows for great flexibility. To streamline the analysis, however, we

shall restrict it.



2 The Optimization Problem behind the Weights

Definition 2.1. We define ¢ in Problem [I] by

¢v: R = [0,00), z— (z—1)2.

Remark. If we plug this choice in Problem (I} we observe

N

n N L 2
le(wi) = Y T(T - wi—1)? = X;T <Tw_Nz;Tw> :
1= 1= 1=

i=1
Thus, Problem [I| minimizes the sample variance of the weights (7} - w;). This is in line with the

objective function in [Zub15|. O

Next, we derive theoretical properties of ¢ that we will use in the subsequent analysis.

Lemma 2.1. The function ¢ of Definition [2.1] satisfies

(i) @ is strictly convex and continuously differentiable on R , with derivative gol

1

(ii) The inverse of the derivative (o )~' exists and is continuously differentiable

(i4i) Both ¢ and (¢)~' are uniformly continuous

Proof. The proof is easy. We omit the details. O

The next lemma prepares a link to the assumptions of Theorem [7.4}

Ve

Lemma 2.2. The convex conjugate of ¢ (see (7.12))) is
PR o R, 2o 2t ()7 - e ((0)7HE)

Furthermore, ©* is strictly convex and continuously differentiable on R .

Proof. We define
p:RxR — R, (z,2%) —» z-2" — o(z).

Let z* € R. By Lemma (z), ¢ is continuously differentiable on R with derivative ¢ . The

same holds for ¢(-,2*) with derivative satisfying

0 )
2 (x,z%) = =% — ¢ (z) forall x € R.

By Lemma (i), it holds that
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is an extreme point of ¢(-,2*). Since ¢ is strictly convex by Lemma [2.1] (i), ¢(-,z*) is strictly

concave. Thus, z is the unique maximum point of ¢(-,2*) on R. Thus

©*(z*) = supzx-a* —@(x) = supo(z,a”)
zeR zeR

= ¢(Za$*)
= 2" (p) Haz*) — o ((go )71(56*)) for all z* € R.

Now we proof the second statement. Since (¢ )~! is continuously differentiable by Lemma (ii),
it holds

D@ = ()7 + () a) — ()70 ) )
= (@)@ + 2 (@)@ - 2 () ) (21)

= (o) M) for all z* € R.
Since ¢ is strictly convex and continuously differentiable, ¢’ is continuous and strictly non-
decreasing. Thus (¢')~! is continuous and strictly non-decreasing. It follows from (2.1)) that

" is strictly convex and continuously differentiable. O

With Lemma [2.2] we are ready to complete the link.

4 N

Lemma 2.3. The function

¢ : R"— R, [wi,...,w,]" — Z(p(wi),

satisfies Assumption [4)
S J

Proof. By Example[7.1] the convex conjugate of ® is

n
R R, AT = D 0t (M),
i=1
where ¢* is the convex conjugate of ¢. By Lemma [2.1] ¢ is strictly convex. Thus, ® is strictly
convex. By Lemma 2.2] ¢* continuously differentiable on R. Thus, ®* is continuously differen-
tiable on R™. It follows the statement of Assumption 4 for @ . O

Takeaways The choice of Definition [2.1] introduces the sample variance
to Problem [I] It has good practical and theoretical properties. Among the
theoretical are strict convexity that allows linking Problem [I| to the theory

of convex analysis.
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2.3 Dual Problem

In the previous section we have expounded our choice of ¢ — and with it the objective function of
Problem [1} Now, we want to apply Theorem to Problem (1, To this end, we provide its proper
formulation. For this we need some more notation.

Let I,, be the n-dimensional unit matrix, 0,, and 1, the n-dimensional vectors containing only

zeros or ones. Furthermore, we define the matrix of basis functions of the treated to be
B(X) i= |B(X),.... B(X,)| e RV,

Note that the size of B(X) depends on the random size n € N of the treatment group in the

sample.

Lemma 2.4. A matriz formulation of Problem|[]] is

minimize O (w)
weR™
subject to Uw > d,
Aw = a,

with objective function
¢ : R"— ﬁa [wla"'vwn]T = Z@(’wz)a

mequality matriz and vector

L,

R(n+2N) Xn d = On c ]Rn+2N
+B(X) ’

-N-§ £+ 2N B(X;)

and equality matriz and vector

A = 1) eRIX" a = NeN.

A\

Proof. Recall that the box constraints of Problem [1]| are

n N
= (Z wiBy(X) = Y Bk(Xi))
=1 =1

Put differently, it holds both

< O forall k e {1,...,N} .

n N n N
=Y wiBy(X;) = =N —» Be(X:) and Y wiBi(Xi) > —Nop+ Y Bi(X))
=1 =1 i=1 =1

for all k€ {1,..., N}. In matrix notation this is

tB(X)w > [dpy1,-- . dnson)’

10
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Proving the rest of the statements is straightforward. We omit the details. O

Remark. The inequality constraints of Lemma differ from its counterpart [WZ19, Proof of
Lemma 1]. We don’t transform the variable w, but shift to d what prevents us from keeping w .
Note that the choice of [WZ19, Proof of Lemma 1] leads to a mistake on page 21. The mistake is
most obvious in the second display, where the first implication follows from dividing by 0. I discussed
this with the authors and proposed a version of Lemma[2.4]to solve the problem. I think it’s best not
to transform variables, because the mistake comes from (wrongly) calculating the convex conjugate
of the (more complicated) transformed version of the objective function. The subsequent analysis
even simplifies with my version. I was surprised to find the (exact) same mistake in the earlier

paper [CYZ16, page 35 second display]. O

In the next lemma we apply Theorem [7.4] to Problem

Lemma 2.5. Consider the optimization problem

maximize — Z ©* (pi + Ao + (B(X;), AT — A7)

P, AT, AT>0 i
AoER =
2.2
N (2:2)
+ ) (Ao+(BX), AT =X7)) — (GAT+AT).
=1

If there exists the optimal solution (p!, )\T, AT T A1) then the unique optimal solutions to Prob-

lem[1 are

wl = (o) (pj + A+ <B(X,~),)\+’T—/\*’T>> forallie {1,...,n} .

Proof. First, note that by the strict convexity of ¢* (see Lemma , a solution to Problem
is unique (if it exists). By Lemma Problem (1| has the form required in Theorem By
Lemma the objective function ® of Problem [I] satisfies Assumption [4 Thus we can apply
Theorem [7.4] to Problem [I} Calculations yield the result. O

11
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With the next theorem we merge AT, A7 >0 to A= AT — A~ € R. Let [z]* := 0Ax be the
positive part of z € R.

Ve

Theorem 2.1. Consider the optimization problem

N
1

minimige 3" [T3- " (pi + do +{BOX). ) — do— (BOG). W] + (1),

pe RN N

X € R -

A€ RN (2.3)
subject to pi >0 for all ¢ with T; =1

and pi = [90_1(0) — (Mo + (B(X)), )\>)]+ for all ¢ with T; = 0.

If there exists the optimal solution (pT, )\Er), /\T) then the unique optimal solutions to Pmblem

are

wiT = (p)7! (pzT + )\Er] + <B(Xi),)\T>> for all i with T; = 1.

A\

Proof. Assume that (pf, )\2;, ATT A™T) is an optimal solution to Problem We write

n

G(p, Ao, AT A7) = =D 0" (i + Ao+ (B(X:), AT = A7)
=1
N
+ Y Mo+ (BX),AT=A7)) — GAT+A7).
=1

To eliminate the remaining constraints, we paraphrase [WZ19, pages 19-20]. We show for all i €
{1,...,N}

either pyall >0

or A T>o0. (2.4)
Assume towards a contradiction that
there exists ¢ € {1,..., N} such that )\;F’T >0 and )\;’T > 0. (2.5)
Consider
At = [ APT AR — TANTT, ...,)\}’T]T
and
R P YR vl O VAl P Yl ...,A;*]T .
Since

A= FTANTD) = 0,

12



2.3 Dual Problem

the perturbed vectors A*T are in the domain of the optimization problem. By Assumption (12.5)
and 6 > 0 it follows

G(pT,Ag,XH,X—vT) _ G(pT,Ag,)\J“T,)\"T) = 2.5 OPTaah) > o,

which contradicts the optimality of (pT,)\:g,)\J“T,)\_’T) (it is supposed to be a maximum in the
domain of the optimization problem) . It follows (2.4). But then )\;t’T > 0 collapses to )\}L € R for
all i €{0,...,N}, that is, we set

M= APt = a7T and ] = AT 0T

(2 K3

Thus, we can extend the domain of Problem to A € RV and update the objective function in

the following way (without changing the optimal solution).

v

@
I
—

G(p, Ao A) == =) " (pi + Xo + (B(Xi),\))

WE

+ (Mo + (B(X;),\)) — (&,|A]).

1

-
Il

Multiplying G with —1/N doesn’t change the solution either (if we search instead for a minimum).
To finish the proof, we choose the notation with T; instead of n. This extends the domain of p to
RJZVO , but the new p; are not effective because of T; = 0. Thus we may set them to an arbitrary

value. 0

Remark. The dual variables (p, Ag,\) are connected to the constraints of Problem |1}, that is,

pERJZVO to T;-w; >0 forallie {1,...,N},
L X
Ao €R to NX;ﬂ.wi—lzo,
i

AeRY to < 6, forallke{l,...,N}.

1 (& S
N (ZT"U}’ - Bp(X;) — ZBk(Xi)>

=1

Note that we shifted the complexity of the constraints of Problem [I| to the objective function of
Problem In Lemma we derive sufficient conditions for the existence of an optimal solution.
The second point of this lemma is that the solution (if it exists) is close to some oracle parameter
A*. It turns out that by this we can derive consistency of optimal (dual) solutions for the oracle
parameter (see Theorem. In the end, by the functional relationship of dual and primal solutions
(see Theorem , we can derive consistency of the optimal weights for the inverse propensity score.
This is done in Chapter [4] &

As an example for the interested reader and as transition to the next section, we show how p is

linked to the first constraint of Problem [1l

13



2 The Optimization Problem behind the Weights

Ve

Lemma 2.6. Let (p, )\:5, A1) be the optimal solution to Problem 2.5 It holds

ol = [90/(0) - (A$+ <B(Xi),)\T>)r forallie{1,...,N}.

Furthermore, the unique optimal solutions to Problem [ are

wl = [(¢’)—1 (Ag + (B(Xi),)\U)r for all i with Ty = 1.

A\

Proof. For i with T; =0 this is clear. Thus, we consider ¢ with T; = 1. By the complementary
slackness (see the proof of Theorem , if pZT > 0 it holds

wl = ()7 (ol + AL+ (B(X), D) = 0.
By Lemma [2.1] it follows
pl = ¢(0) = (A + (B(X),AD) -
If on the other hand pj- = 0, then by the complementary slackness it follows
wl = ()7 (M +BE)AY) = o0,
and

’

0 > ¢'(0)— (A + (B(X:),\D) .

Takeaways We derive a dual formulation of Problem [I] that is easier to
analyse. Theorem provides a functional relationship of optimal dual
solutions and optimal weights. The dual variables are connected to the

constraints of the primal problem.

14



3 Constructing the Weights Process

In the formulation of Theorem we encounter “If there exists the optimal solution (pT, )\T, A) .
To be able to study asymptotic properties of the weights, we shall assume that Problem is
feasible, construct a measurable dual solution, and plug it in (gol)_l . Before we formulate concrete
assumptions, we provide tools from functional analysis to obtain measurability. Afterwards, we
tailor the feasibility assumptions to the capability of this tools. Then, we interpose a section on

basis functions before we construct the weights process — the theoretical analogy of optimal weights.

3.1 Argmax Measurability Theorem

We follow [ABO7]. A correspondence v from aset S; to aset Sy assigns to each s; € S7 a subset
¥(s1) € Sa. To clarify that we map s; to a set, we use the double arrow, that is, ¢: S; — Ss.
Let (Z,Xz) be a measurable space and S a topological space. We say, that a correspondence

¥: Z — S is weakly measurable , if
{zeZ|Y()NO#£0}eXz for all open subsets O C S.
A selector from a correspondence : Z — S is a function s: Z — S that satisfies

s(z) € Y(z) forall z € Z.

Definition 3.1. Let (Z,Xz) be a measurable space, and let §; and Sy be topological space.
A function f: Z xS — Sy is a Caratheodory function if

f(s1): Z2 = S is (Xz, B(S2)) — measurable for all s; € Sy,
and

f(z,): Z2 =& is continuous for all z € Z.

Theorem 3.1. Let S be a separable metrizable space and (Z,¥z) a measurable space. Let

P Z > S be a weakly measurable correspondence with non-empty compact values, and suppose

15



3 Constructing the Weights Process

f: Z2x8 — R is a Caratheodory function. Define the value function m: Z — R by
m(z) := max f(z,s),

SEY(z)

and the correspondence pu: Z — S of mazximizers by

p(z) = {s € (2)|f(z,8) = m(z)} .

Then the value function m is measurable, the argmazx correspondence p has non-empty and

compact values, is measurable and admits a measurable selector.
S

Proof. [ABO07, Theorem 18.19] O

Takeaways Solving an optimization problem that has a Caratheodory
objective function on a weakly-measurable, non-empty and compact search

space, allows for measurable optimal solutions.

3.2 Measurable Dual Solution

Next, we formulate the feasibility assumption. The assumption is (asymptotically) justified by
Theorem Note that we assume compactness to be able to apply Theorem

Assumption 1. For all N € N there exists a non-empty, compact, and deterministic parameter
space On C Rgo x R x RN such that the optimal solution (pT,)\T,)\T> of Problem are

contained in Op .

Based on this assumption it is easy to derive measurability for the dual solutions (pT, )\T, )\T> . To

this end, we take a closer look at the objective function.

Ve

Definition 3.2. We define the (random) objective function of Problem by
G: (Q,0Dy)) x (RYy xRxRY) — R
with

G(w, (p, Ao, ) = o0 if p; £ [1(0) — (N0 + (B(Xy), /\))]+ for some i > n,

16



3.3 Basis Functions

Lemma 3.1. The function G of Definition [3.3 is Caratheodory.

A\ J

Proof. This follows from Lemma (continuity of ¢*) and the measurability of all random vari-
ables included. O

In the proof of the next lemma we gather the arguments and apply Theorem [3.1]

4 N

Lemma 3.2. Let Assumption[]] hold true. Then, for all N € N the dual solution
(,;T,Ag,ﬂ) 0 - RY) xR xRY
to Problem (2.4 is

(a (Dn),B (RJZVO x R x RN)) — measurable .

Proof. Since O is deterministic (by Assumption [I) we can define the (constant) correspondence
w +— O . Clearly, this is weakly-measurable, non-empty and compact. Next, we consider the (ran-
dom) objective function of (the maximize version of) Problem that is, —G (see Definition [3.2)).
By Lemme 3.1} —G is a Caratheodory function. Since —G is also strictly concave, it has a unique
argmax in Oy . By Assumption |1| this is (pT, )\(Jg, )\T) . By Theorem this is

(c(Dn),B (]Rjzvo x R x RN)) — measurable .

Takeaways With suitable assumptions on the feasibility of Problem
we can construct measurable dual solutions. An important tool to obtain

measurability is the argmax measurability theorem (Theorem [3.1)).

3.3 Basis Functions

Going back to the functional relationship of optimal dual solution and optimal weights (see Theo-
rem [2.1)), we see that the basis vector of the covariates plays an important role. Now, we present

our choice. To the best of our knowledge, this is a novelty in the framework of balancing weights.

17



3 Constructing the Weights Process

Let (Pyn) denote a sequence of countable, 3-measurable partitions
Pn = {ANn1, ANg, ...} C B(RY)
of R?, that is,

AniNAn; =0 ifi#j and m Ay; = R%.
ieN

We define Ay (z) to be the cell of Py containing z, that is,
Ay:R?T — R?, x — An(x),

where Apn(x) is the only cell containing = .

Ve

Lemma 3.3. The relation

T~y & x € An(y)

1s an equivalence relation.
AN

Proof. The proof is simple. We omit it. O
Before we define the basis vector, we assume uniform partition width such that

MAy) = h = 0 for N = oo.
Next, we define the (empirical) basis functions vector

[1AN(:6) (zr)] ke{l,..,N}

B:RIx RNV & R, (x,(z1,...,2N)) — , (3.1)

where we keep to the convention ”0/0 = 0”. We shall extend B to depend on the random vectors

X, Xq,...,Xn. The next lemma studies the measurability of the extensions.

Lemma 3.4. (i) B(-,(X1,...,Xn))(w) is (BR?), B(RY)) -measurable and constant on each
cell Ay € Py for all we Q.

(it) B(X,(X1,...,Xn)) is (0(X,Dn), BRY)) -measurable.

Proof. Consider, for k€ {1,...,N} and w € Q, the indicator function

]‘AN(XIc(w)) : Rd — {0,1} . (32)

18



3.3 Basis Functions

Since Ay(Xji(w)) € B(R?), thisis a (B(R?), B(R)) -measurable function. From the definition of B
(3.1) it follows the first part of (i). Since the indicator function in (3.2)) is 1 if = € Ay(Xk(w)) and

0 else, it is also constant on each cell Ay € Py . It follows (7). To prove (i), note that

Liyx )X @) = 1 J{X, Xp € Ay} (w)  forallweQ,
€N

and ey {X, X € An;i} € o(X, D). -

Now we gather some useful properties of the (empirical) basis vector.

4 N

Lemma 3.5. Let (z,1,...,zy) € RANVHD

(i) Zij\f:l Bi(x,z1,...,xn) € {0,1}. In particular, xi,...,zny ¢ An(z) is equivalent to
Zszl Bk(x,wl,...,x]v) =0

(i) Z]kvlek(ﬁvz‘,iUb---,wN) =1 forallie{1,... N}.

(i) |B(z,z1,...,2Nn)lly <1

(iv) Bg(zi,z1,...,oN) = Bij(xg,z1,...,TN) foralli,ke{l,...,N}

A\ J

Proof. Let (x,x1,...,zy) € RINV+D - We prove (i). Then (ii) is a direct consequence of (i). If
x1,...,xN ¢ Any(x), then

1 T
Bi(z,x1,...,xn) = Ax(@) (@) =0 forall k € {1,...,N} .

Zévﬂ 1ay @) (z))

On the other hand, if the sum is 0 it holds

1AN(ac)(xk) =0 for allkE{l,...,N}.
It follows the desired equivalence. If
Lay@(me) = 1 for some k € {1,...,N},

then Z;VZI 14, (z)(zj) > 1 and thus ” 0/0” doesn’t occure. It follows

al N
1A
ZBk(wal, CLIN) = 21 An( )(xk) _ 1

: N
=1 > j=1 Lay () (2))
To prove (iii), note that by (i)

N N
HB($7$17--~,$N)H§ = ZBk(x,a:l,...,a:N)Q < ZBk(x,xl,...,xN) < 1.
k=1 k=1
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3 Constructing the Weights Process

To prove (iv), note that by Lemma and by symmetry and transitivity of the equivalence relation
x € An(y) it holds

Bk(ﬂfi P xN) _ 1 {:L’k € AN(l‘i)} _ 1 {l‘@ S AN(l‘k)}
o S {aym, € An()} N 1{z; € Ay(zp)}
= Bi(xk,xl,...,wN).

O]

Now we show that the basis vector plays well with uniformly continuous functions. The result seems
simple, yet the consequence are great. It allows us later on to specify an oracle parameter instead

of assuming its existence (see [WZ19, Assumption 1.6]). This greatly clarifies the proofs.

Ve

Lemma 3.6. Let (z,x1,...,2N) € RUNTY - For all uniformly continuous functions f: RY —
R it holds

N
Z Bk(aci,xl, ey x]\[) 0 f(.%’k;) — f(afz)
k=1

< w(f,h%) forallie{l,...,N},

where w(f,-) is the uniform modulus of continuity of f .

Proof. 1t follows from Lemma [3.5] (ii)

N

Y Bulwiw,. .. an) - flay) = i)

=1 N

S ZBk(xzaxla "7$N) (f(xk)_f(xl))
1;\[:1

< ZBk(fL‘z,wb ) -z, € Ay ()} | f(2r) — f(x)]
=1

< w(rn%)

O]

Next, we apply Lemma On a high-level, the next lemma says that the basis functions estimate
both treatment (i) and outcome model (i) well. This feature is connected to double robustness,
discussed in [ZP17].

In the following, let Fy(1)(-|z) denote the distribution function of Y (1) conditionalon X =z € X
(see (5.1)).
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3.3 Basis Functions

Lemma 3.7. Let (z,1,...,xy5) € XNTL. It holds for N — oo

(i) If Assumption and Assumption[d hold true

st ()~ s+

(i) If \/NsupzeRw (Fy(l)(z|-),h§i\,) — 0, then

1 N

N

Bi(zi, 21, ..., F — F i)| — 0.
g s 3B on) r(ean) ~ By (el

A\ J

Proof. By Lemma (good approximation of uniformly continuous functions) and Lemma

(uniform continuity of ¢ o (z +— 1/z) o), it holds

N
1 / 1 / 1 /
— N Bz, 2, zN) - . < ( ,hd) =0
N <w<xk>> ? <w<xi>>' = v
for N — oo. Likewise
N
VNsup max Z‘Bk(aci,xl,..., N) - Fyay(zlee) — Fyay(zla)|

2€R 7,6{1, ,N}

<\Fsupw<Fy y(z]), b )—>0 for N — .
z€R

Remark. I want to comment on the assumption
\/Nsu]gw (Fy(l)(z|-),h‘fv) —0 for N — oo.
ze

I decided to keep this more general (and abstract) assumption, although there are many (more
concrete, yet stronger) sufficient assumptions on the regularity of Fy ( |-) and the convergence
speed of hy . If for example Fy(1)(z|-) is a-Hélder continuous with « € (0,1] for all z € R, it
suffices \/>h§‘vd — 0.

Takeaways Basis functions of non-parametric partitioning estimates are
new to the framework of balancing weights. They play well with uniformly
continuous functions and promise to simplify the analysis. This choice of

basis functions waits to be tested in practice.
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3 Constructing the Weights Process

3.4 Weights Process

Based on Theorem and Assumption we want to use the dual solution (pT, )\8, )\T) to construct

weights. To this end, we define the (empirical) weights function
wi (R xRHY) x (RY xR x RY) - RY

((x,z1,...,2N), (P, Aoy A)) — [(80,)_1 (pi+)‘0+<B(x’x1""’:EN)7>\>)]1'€{1,,..,N}'

Definition 3.3. Let (pT, )\g;, Xf) be the dual solution of Lemma We define the weights
process {w'(z)|z € R} by

wi(z) = w ((:c,Xl, XN, ), (pT, Ag,)ﬁ)) for all z € RY.

Lemma 3.8.

(i) wi(-)(w) is (BRY),B(RYN)) -measurable and constant on each cell Ay € Py for all
we.

(ii) w(X) is (o(X,Dn), B(RY)) -measurable.

J

Proof. This is a direct consequence of Lemme (measurability of the basis functions), Lemma
(measurability of the dual solution), and Lemma ( iii) (continuity of (¢')~1). O

Let < denote the lesser-or-equal-up-to-a-uniform-constant order, that is, we choose a uniform con-
stant C' > 1 that is independent of N and always large enough, such that a < b is equivalent to
a<C-b.

t Lemma 3.9. It holds w(X) € L>°(P) for all i € {1,...,N}.

Proof. By Lemma [3.5 (iii) ( B has uniformly bounded norm), it holds

p:~r+)\g—|—<B(x,ac1,...,:vN),)\T)‘ < H(pT,)\(T),)\T>H2 for alli e {1,...,N} .

Since (pT, /\T, Xf) is contained in the deterministic and compact parameter space Oy, it holds

(o' 4 A1) < 2.

By Lemma (ii) (uniform continuity of (¢ )~"), it follows wg(X) € L>(P) forall i € {1,...,N}.
O
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3.4 Weights Process

Next, we want to simplify the weights process in the spirit of Lemma In other words, we want
to become independent of the index ¢ in w;r . This will be helpful in the subsequent analysis. To

this end, we define the (empirical) simplified weights function
wo : (]Rd X ]Rd'N) x (R x RY) — [0, 00)

/ +
(@21, wn), Qo ) = ()7 Qo+ (Blasan,oen), )]

Definition 3.4. Let (pT, )\T, )\T> be the dual solution of Lemma We define the simplified
weights process {wg(a:) |z € ]Rd} by

wg(w) = wo ((a:,Xl, ey XNy, ()\;r),/\T)) for all z € R?.

A\ J
The next two lemmas extend results from w;r to wg .
' N\

Lemma 3.10.

(i) wg(-)(w) is (B(RY),B(RY)) -measurable and constant on each cell Ay € Py for all
we .

(ii) wg(X) is (o(X,Dn), B(RY)) -measurable.

A\ J

Proof. The proof is as that of Lemma [3.8 O

Lemma 3.11. It holds w(X) € L™(P).

Proof. By Lemma the monotonicity of (¢')~! and p; > 0 for i < n, it holds

W) < [@) (N + Beoan)]”

< {(90')’1 (pzT + )+ (B(X), /\T>)]+ <

1

wT(X)‘ e L=(P)

O

Then next lemma shows that ,wg; plays well with random variables that vanish in expectation

conditional on X .

Lemma 3.12. Let Z € L'(P) be a random variable that is independent of Dy = (T}, Xi)ieq1,..,N}
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3 Constructing the Weights Process

with E[Z | X] =0 almost surely. It holds

E [wj(X)-2| = 0.

Proof. By Lemma it holds

|wi(x)- 2]

oy < [Py 121y < oo (33
By B.3), Z L Dy and E[Z|X] =0 almost surely it holds
E[wg(X)-Z\DN,X} = wl(X)-E[Z| Dy, X]
= wg(X) ‘E[Z|X] =0 almost surely.
Note, that wg(X) is (0(Dn,X),B(R))-measurable by Lemma(ii). Thus

E[wg(X)-Z} - E[E [wg(X)-ZyDN,XH = 0.

We finish the section with an emphasis that wg is (still) connected to Problem

Theorem 3.2. The simplified weights process satisfies the constraints of Problem[1], that is,
(i) T;-wi(X;)) >0  forallie{l,...,N}
(i) &SN T wh(Xs) = 1

(iii) For all k € {1,...,N} it holds

< O

N N

1

N<§ T; - wi(Xi) - Be(Xi, X1,..., XN) — > Bk(Xi,Xl,...,XN))
i=1 i=1

A\

Proof. This follows from Theorem (dual relationship of optimal solutions), Lemma (simpli-

fication of the solutions), and the construction of the simplified weights process. O

To avoid notational overload, from now on we write

B(z) := B(z,X1,...,Xy) forallzeR?.

Takeaways The functional relationship of dual solutions and optimal
weights (Theorem gives us an idea how to construct weights. The
ingredients come from the objective function of Problem [I} the basis func-
tions that we balance, and the measurable dual solution. We study and

simplify the constructed weights to facilitate the subsequent analysis.
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4 Consistency of the Weights Process

The goal of this section is to establish consistency of the (simplified) weights process wg) for the
inverse propensity score (see Theorem [4.2)). To this end, we first show that asymptotically there
exists an optimal solution (pf, AT, )\:5) to Problem that converges to the oracle parameter

/ 1
(05,0,0)  where  A* = [g, <>]
(X)) | keqr,.. v

in probability (see Theorem [4.1). This result justifies Assumption [1| to some extent. Then, we will
identify the dual solution from Lemma [3.2] with the consistent dual solution to derive consistency
of the (simplified) weights process for the inverse propensity score. Before we start the analysis we

interpose a section on the inverse propensity score.

4.1 Inverse Propensity Score

We defined the propensity score in (1.1)). By assumption (|1.2]) the inverse propensity score 1/7(X)
is a well defined random variable that has good balancing properties. The next lemma shows what

effect the propensity score weights 7'/7(X) have on other functions.

4 N

Lemma 4.1. Let g;: X - R and go2: Y — R be a measurable functions such that ¢g1(X) €
L>(P) and let (1.2) hold true. It holds

()
T
B|_ma(0)] = Bla(x].

(i4)

T
E [W(X)gz(Y(T))] — BAYQ).

A\ J

Proof. 1t holds 7(X) > 0 by assumption. Thus, 1/7(X) is a well defined random variable. Since
g1(X) € L>*(P) it holds
‘ T T

E 7r(X)gl<X>' < E[w(X)] H91(X)HLOO(P) — Hgl(X)HLOO(P) < 0.
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4 Consistency of the Weights Process

Thus, by the properties of conditional expectation it holds

gfl(())(( )) ]

E [Tgl(X)] = E [E[T|X]

This proves (i). For (ii), note that

B [g2<Y<T>>W&)] — Blp(Y(1)/n(X)|T =1] - P[T = 1]

- /X Epo(Y(1)| X =2, T = 1] (P[T = 1] /n(x)) Pxr(dz| 1) (41)
- /X [02(Y (1)) X = 2] Py (dz) = Elga(Y (1)

The first, second and last equality stem from T € {0,1}, and the law of total expectation, applied
with 7" and X . The fourth equality is justified by (1.2). The density transformation is due to
Bayes’s Theorem. O

Before we go on, we make some assumptions on the inverse propensity score that we will need in
Chapter 5. To this end, let

JN:={jeN: PX € A,,] >0} for all N € N.

Note that we define the function space C§;(Z) in (5.1.2). Let clA denote the closure of a set
AcCRY.

Ve

Assumption 2. It holds
(i) #JIN < #X < oo forall NeN

(i) For all N € N there exist (Mp j)jesy Ssuch that oo > My ; > 0 for all j € Jy, and

0 € Oy, (L AN) for all (j,N) € Iy x N, with a > d/2.

A\

Remark. Assumption (z) says that the covariate space X C R? is finite. We need this to
derive bracketing numbers in Lemma Assumption [2| (i) is a regularity condition on the inverse
propensity score function restricted to the (finite) partition cells covering X . We need this to
derive bracketing numbers in Lemma Note that by the finiteness of X condition (i) is met,

for example, by a logistic regression model. &

We finish with a lemma about uniform continuity.

Lemma 4.2. Let Assumption (1.2)) and Assumption@ hold true. Then the function

gdee)
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4.2 Consistency of the Dual Solution

L is uniformly continuous on all Ay ; with j € Jy . J

Proof. That the function is well defined follows from (1.2]). The uniform continuity follows from

the continuity of 1/7 on the bounded and closed sets clAy ; and the uniform continuity of o (see
Lemma . O
4.2 Consistency of the Dual Solution

We get a grip by the following lemma. The high-level idea is that the existence of the optimal dual

solution and its proximity to the oracle parameter can be analysed by the objective function.

4 N

Lemma 4.3. Let m,N € N and let g : R]ZVO x R™ = R be a continuous and proper convex

function. Consider
S(e) = {(Ap,A) e RY X R™ ¢ ||[(Ap,A)|l, =€}  fore>0.
Then for all y € R™ and € >0
inf {g(Ap,y+2) = 9(0.3) : (8,,8) € 8(e)} = 0 (4.2)

implies the existence of a global minimum

(¥,,y") € Ry x R™  of g such that  ||(y;,y*) = (0,9)[|, <e.

Proof. We start by defining the convex set
B(e) == {(A,,A) e REy xR™ : |[(A,,A)l, < e} fore > 0.

Then the translation (0,y) + B(e) is also convex. Assume towards a contradiction that it holds

(4.2) and that there exists
(a5, 2%) € RYy x R™\ ((O,y)—i—B(e)) such that  g(z%,2%) < g(0,y). (4.3)

Since (0,y) 4+ B(e) is bounded, the line segment between (z,2*) and (0,y) crosses its boundary.

The boundary consists of two disjoint sets
So(e) ={(0,y+A) : AeR™and ||A|, <e} and S(e).

Clearly, if the line segment does not cross S (€) it leaves Rgo x R™ . But this is not possible. Thus,
there exists (A,,A) € S(¢) and 6 € (0,1) such that

0-(z,2%) + (1-0)-(0,9) = (B, y+4). (4.4)
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4 Consistency of the Weights Process

It follows
9(0,y) < g(Apy+A) = g(0-(z),2") + (1-0)-(0,y))
< (99(3?;,%*) + (1_6)9(07y) < g(O,y),

which is a contradiction. The first inequality is due to (4.2)), the equality is due to (4.4, the second
inequality is due to the convexity of g, and the strict inequality is due to assumption (4.3)). Thus,
all values outside (0,y)+ B(e) are greater or equal (0,y). Since (0,y)+ B(e) is also compact, the

continuous function g has a local minimum

(yp,y") € (0,y) + B(e).

But then it holds

9 y*) < 9(0,y) < glzpx)  forall  (zp,z) € RY) x R™\ ((O,y) +B(6))

and

9 y") < g(zp,2)  forall  (z,2) € (0,y) + B(e).

Thus, (y,y*) is also a global minimum in Rgo x R™. Since (y;,y") € (0,y) + B(e) there exists
(A,,A) € B(e) such that

(W y") = (Apy+A)  for some (A, A) € B(e).
Thus

[, 5") = 0.9)l, = 1(A, Al < €.
This finish the proof. O

Remark. I learned of the high-level idea from [WZ19| page 22]. I adapted it to the needs of the
subsequent analysis and provided the details by myself. Note that the hint in [WZ19, page 22| uses
strict inequality in the statement. I found out that this can be relaxed. It is crucial to my further
approach that this holds (only) with inequality, because I use measurability properties to obtain

convergence. O

On the basis of the (random) objective function G of Problem (see Definition we define,

for € > 0, an auxiliary function

AGI: (Q,0(Dy),P) — R
w = inf {G (w, (A, 20, N (W) + A)) = G (w, (05,0, A" (w))) = [|Ap,Ag, All, =€}
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4.2 Consistency of the Dual Solution

( Lemma 4.4. For all € >0 the function AG: is (o(Dn),B(R)) -measurable.

Proof. Let € > 0. By Lemma the function

AG:: O x (RY x (RYy x RxRY)) — R
(w, (A (ApAQA))) = G (w,(Ap, Ao, A+ A)) =G (w, (0n,0,N))

is Caratheodory. Since {[|A,A¢All, =¢} is compact in R]ZVO x R x RY | the function

AG.: OxRY -5 R
(W, \) — inf {G (w, (Ap, Mg, A+ A)) — G (w, (0n,0,X) = [[A,A0Al, =¢}

is Caratheodory. Since A\* is (o(Dy), B(RY)) - measurable it follows the statement. O

Lemma 4.5. Let Assumption (1.2)) and Assumption@ hold true. Then for all € > 0

P[AiGi:ZO]%l for N = .

Proof. Let € >0 and ||A,,Ag,All, = . We show

P[AG:Z—é} — 1 for N = oo for all € > 0.

Then the result follows from the measurability of AG? (see Lemma [4.4). To this end, note, that
G(p, Mo, A) = g(p, Ao, A) + (6,]A])  for all (p, Ao, A) € RYy x R x RV,

with

N
g = (20 N) = fv(iZlﬂ~w*<,oi+Ao+<B<X,->,A>> - Ao—<B<Xi>,A>) .

Since ¢* is continuously differentiable by Lemma (it is always convex), g is a continuously

differentiable convex function with gradient

(p, Ao, A)

=1

N
. 11V<ZTZ--<¢’>1<pi+xo+<B<Xz->,A>> L LB)T] [OT’LB(X")T]T> |
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4 Consistency of the Weights Process

Thus, by (7.9), it holds

G (Ap, Ao, A+ A) - G (ON, 0, )\*)

N Ap

> ;(Zﬂw’)l«B(Xi),A*» el LBX)T] - [ox,l,Bm)T}) Ao

i=1 A
N A=)

AP
> JlVH (ﬂ.(@')*l«B(Xi),)\*)) - 1) [6?,1,B(Xi)T]' AAO + (ei, Ap)
= (4.5)
+ (0 A"+ A= [A)
N Ap

> 5 2| (BB ) - ) [T BT &

- <57‘A|>
= —I

— L.

Note, that A, € RIZVO, and thus (e;,A,) >0 for all i € {1,...,N}, where e; is the i-the unit

vector.

Analysis of [
By the Cauchy-Schwarz inequality and Lemma (i) it holds

AP
el BT A | < 18, 80,40, < <.

Furthermore,

i=1
1 & T;
P o
1 & N 1 1
e (¢ ()¢ () )
= J;
+ Jo
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4.2 Consistency of the Dual Solution

Analysis of J;

By the properties of conditional expectation it holds

= |to) == ) -

Also

EH“%)H <14B| g = (4.6)

Thus Etemadi’s ( £1 version) strong law of large numbers (cf. [Kle20, Theorem 5.17]) applies to Ji ,
that is, Jy Po.

Analysis of Js

By Lemma (i) (good approximation property of B), Lemma (uniform continuity of (¢’ )~1),
and Lemma (uniform continuity of ¢ o (z + 1/z) o1 ) together with Assumption (T.2) and
Assumption [2] it holds

“ (Qp,)_l’ éBk(Xi) 54 (ﬂ()l(k)> e (ﬂi@) D s w ((@/)_l’w (90/ o(@r1/z)om h%))

Thus Jy — 0.

Conclusion I

It follows from the analysis of J; and Jo
P <é — 1 forall € >0.

Note, that this holds independently of the specific choice of € > 0 in the beginning of the proof.

Analysis of I,

Since § > 0, we get
(0,1A) < 5[l Al < 6]l &,
Since ||d]]; converges to 0 in probability, we get

PlI,<é — 1 for all € > 0.
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4 Consistency of the Weights Process

Conclusion

By (4.5)), and the analysis of Iy and I, we get
PG (A, Ag, "+ A) — G(ON,0,X") > —E] = 1 forall £>0.
This holds uniformly for all ||A,, Ag,All, =e. Thus

Ppﬂgz—ﬂ-ﬁl for all € > 0.

From the measurability of AG! (see Lemma it follows

P@@zﬂ%1.

But this holds independently of the choice € > 0. O

Remark. The last proof is a simplification of the similar [WZ19, Proof of Lemma 2]. There,
the authors claim to derive concrete learning rates. But their proof seems to be missing some
assumptions. To bound the quadratic term (first display of page 23) away from 0 they need an
assumption on a Hessian matrix that seems to be missing. Note that the order of the terms in the
conclusion (see [WZ19, page 25]) is not quite right. After carefully reading the proof of Wang and
Zubizarreta, I decided to aim for less, that is, only consistency instead of concrete learning rates.
This is possible, because of the choice of partitioning estimates as basis functions that allows for a
concrete oracle parameter. With this choice, a linear bound like suffices. Then I get rid of the
quadratic Taylor expansion, assumptions on eigenvalues of a Hessian matrix and an application of
matrix concentration inequalities. This greatly simplifies the proof. Later, I show that the lack of
concrete learning rates is compensated by good approximation properties of the basis functions (see
the remark of the section Analysis of Rz ). &

Theorem 4.1. Let Assumption (1.2) and Assumption @ hold true. With probability going
to 1 Problem 1s feasible. Furthermore, if the solution (pT,)\T,)\g) exists, it converges in
probability to (On,0, \*) .

Proof. By Lemma [4.3] and Lemma [4.5] it holds for all £ > 0

P {Problem 2.3]is feasible and H(pT, AT, )\5) — (0N, 0, A7)

L=<
<

ZP[LG:ZO]Hl for N - .
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4.3 Main Result

4.3 Main Result

Theorem 4.2. Let Assumption ((1.2)), Assumption and Assumption hold true. Then

max Ti.‘wg(Xi) ~ ynx)| B o.

ie{1,...,N}

Furthmore, there exists a decreasing sequence (en) C (0,1] such that ey — 0 and

wtox) — .
p Le{r{%}fN}ﬂ ‘wO(Xl) 1/m(X3)

SeN} —- 0 for N — .

Proof. For i with T; =0 this is clear. Thus, we only consider the case T; = 1. By Lemma [2.6] it
holds

wh(X0) = ()7 (o] + 2+ (BLX), ) -

Thus

< w ((90')1,

al 1
pLAN Y Bu(Xi) AL — o <7T(Xi)>‘> : (4.7)

k=1

With

N
/ 1
il T N -
ot ) BlX) N = <w<x>>‘

k=1
< ot oo, + [Sm-¢ () -+ ()
k=1
< H(pT’)\Er)’)\T) _ (ON’O’)\*)HQ +ow (cp' o(x+—1/x) ow,hjiv)

we get an upper bound that is independent of . Thus,

max

X)) — 1/n(X;
ie{l,...,n} wo(Xs) /()

< H(pT,)\B, ATy — (ON,O,)\*)H2 + w ((p/ o(x1/x)o0 w,h%)

Since

P

H(pT,)\g,)\T) —(ON,0,A")|| — 0 for N — oo by Theorem 4] ,

2

and w(p o(z +— 1/x)om, hd) — 0 by the uniform continuity of ¢ o (z = 1/z)om (see Lemma
and hy — 0, it follows the first statement. The second statement follows from the selection

lemma [SC08, A.1.4.]. O
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5 Convergence of the Weighted Mean

Is there a better estimator of the distribution function than the empirical distribution function? Yes,
a weighted empirical distribution function. Is there a worse estimator of the distribution function
than the empirical distribution function? Yes, a weighted empirical distribution function. It depends
on the weights.

In Chapter 4 we show that the optimal weights of Problem |1 are consistent estimators of the best
possible weights — the inverse propensity score weights. Now we want to use this to obtain good
asymptotic properties of a weighted mean estimator. To this end, let Yi,...,Yy be independent
and identically distributed observed outcomes. We define them on the outcome space Y C R. To do
this, we have to drop the order 7; =1 for i < n introduced in Chapter 2. Note that Y; = Y;(T;),
where (Y;(0),Y;(1)) are the potential outcomes of unit 7.

We mentioned in the introduction to Chapter 2 that the weights work for different outcomes. If
Assumption holds, by the law of large numbers and by the central limit theorem, it holds

1L T P
NZ Xi)f()g(Ti)) = E[f(Y(1))]
=1

7(
and

T‘
: ) FYi(Ty)) converges in distribution .
i

N
\/N;W(X

By the consistency of the weights, we hope to recover the good asymptotic behaviour of the propen-

sity score weights. To prove this, we could try the following error decomposition.

N
CT (X)) - F(T) — BLAY()
=1

_ lN oty L o 1 T .
= N;Tz<wo(Xz) F(Xi)>f(Yz(Tz)) + (NZW(Xi)f(Yz(TZ)) E[f(Y(l))]),

i=1
Clearly, the second term goes to 0 in probability. Since the difference in the first term goes to 0,
by the consistency of the weights, we would expect the first term also to be well behaved. It turns
out that something similar is the case for an estimate of the distribution function of Y (1) (only
the argument is much more involved). The high-level idea remains that the best possible weights,
the propensity score weights, are well behaved and the weights of Problem [l| approximate them

(reasonably) well.
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5 Convergence of the Weighted Mean

Throughout this section we use the following notation. Let Fy ;) denote the distribution function
of Y (1), that is,
Fy@qy : R — [0,1], z = P[Y(1) <z].
Let Fy(1)(-|x) denote the distribution function of Y (1) conditional on X =z € &', that is,
Fymy(zlz) = PlY(1) < 2| X = 2] for all (z,z) e R x X. (5.1)

We illustrate the flexibility of the weighted mean estimator by extending the method of [WZ19|
to estimates of the distribution function of Y (1), that is, Fy (). For the asymptotic analysis of
estimating the mean E[Y'(1)] see [WZ19, Proof of Theorem 3|. To make this extension, the central
observation is that we can adapt the error decomposition in [WZ19, page 27] to estimates of the
distribution function Fy(;y of Y(1). We do this in Lemma [5.10, With this modification, we aim

at proving the convergence of

VN (;Zw(kxi)l{mm <z} - Fy(1)<z>>
i=1

zeR

in [*°(R) to a Gaussian process with mean 0 and covariance specified in Theorem

5.1 Tools

For the subsequent analysis we need the theory of empirical processes. For an introduction to

empirical processes see [vdV00, §19]. For a thorough treatment see [vdVW13, §2].

5.1.1 Empirical Processes - Definition
Let (Q2,.A,P) be a probability space, (Z,%) a measurable space, and
&, &n (2, A P) — (2,%) independent and identically-distributed

random variables with probability distribution P¢. Let F be a class of measurable functions
f:(2,2) = (R,B(R)), where B(R) is the Borel- o -algebra on R. Then F induces a stochastic

process by

N
S o Guf = ;ﬁ;u@i)—Egm), (5.2)

where E¢[f] := [ fdP¢. We call Gy the empirical process indexed by F . The purpose of this
construction is to study the behaviour of a centered, scaled arithmetic mean uniformly over F. To

this end, we define the (random) norm

|Gpll 7 := sup |GN f]. (5.3)
feF
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5.1 Tools

We stress that |G, || often ceases to be measurable, even in simple situations [vdVW13, page 3].

To deal with this, we introduce the notion of outer expectation E* (see [vdVW13, page 6]):
E*[Z] := nf{E[U] |U > Z, U: (2, A,P) — (R, B(R)) measurable and E[U] < oo}

In our application the technical difficulties halt at this point, because we only consider Z with
E*[Z] < oo. Then there exists a smallest measurable function Z* dominating Z with E*[Z] =
E[Z*] (see [vdVW13| Lemma 1.2.1]).

An envelope function F' of a class F satisfies

1f(2)] < F(2) < forall fe Fandall z € Z.

5.1.2 Bracketing Numbers and Integral

To control empirical processes — apart from strong theorems — we need the notion of bracketing

number and integral (see [vdV00, page 270]). Given two functions f < f,

the bracket [f, f] is the set of all functions f with f < f < f.

For € > 0 we define a

(e, L"(P)) -bracket to be a bracket  [f, f] with |[f— f|

ey < €

The bracketing number Nj(e, F,L"(P)) is the minimum number of (¢, L"(P)) -brackets needed
to cover F.
For most classes F the bracketing number grows to infinity for ¢ — 0. To measure the speed of

growth we introduce for § > 0 the bracketing integral

4
Jy(6, F, L (P)) = /0 \/logNH (e, Fn, L"(P)) de .

Next, we give a technical lemma to bound the bracketing numbers of products of two function

classes, that is,

F-G = {fg fEf,gEg}‘

Lemma 5.1. Let F and G be two function classes with envelope functions F and G satisfying
| Fllo , IGllo < 1. Forall e >0 and all v € [1,00) it holds

Njy(26, F-G,L.(P)) < Nj(e, F,L(P)) - Nyj(e,G,L(P)).

Proof. The proof is simple. We omit the details. O
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5 Convergence of the Weighted Mean

The following has the advantage of being both example (for the interested reader) and helpful for
the subsequent analysis.

For z € R we define the function
f: {0,1} x X xY — R
(tz,y) — t(Lyy< — Fyra(zlr)) .
We define the function classes

F =A{f:12z€R},

£ (5.4)
g = 0 + Fyay(z]') — Fyay(2) + 2€R ¢,
and provide bracketing numbers for these classes.
Lemma 5.2. The function class F and G defined in (5.4) are measurable. Furthermore,
1\2
Ny(e, F,L*(P)) < <6> for alle > 0.
If 1/n(X) € L3(P), it also holds
4
L+ |11/7 (X))l 2 p
NH(E,Q,LQ(P)) S ( 8 ®) foralle > 0.
Proof. As in [vdV00, Example 19.6] we choose for ¢ >0 and m € N
—00=2) < z1 < - < Zm—1 < Zypm =00
such that
PY(1) € [z-1,2]] < ¢ foralll € {1,...,m} (5.5)

and m < 2/e. Next, we define m brackets by

fltzy) =t (Ly <y — Fray(a-le))
filt,z,y) =t (Ly<zy — Fray(alo)

for I € {1,...,m}. These brackets cover F . Indeed,
for all z € R there exists [ € {1,...,m} such that zio1 <z < z.
By the monotonicity of 1;,< )y and Fy(;)(-|x) and the non-negativity of T it follows

for all z € R there exists [ € {1,...,m} such that i < f: <R

38



5.1 Tools

Thus, the m brackets [ﬂ,ﬁ] cover F .
Let’s calculate the size of the brackets. It holds

E[T - (1ym<ay —Fro(a-1X) — Lymy<a iy + Froy(alX)) ]
= BT (Lymyefpay + PIYQ) € [, 2] | X]) ]
E(n(X)-P[Y(1)€[z—1,2]| X]] + €

2¢.

IN

IN

We used (5.5), 0 <T,m(X) <1 and Lemma [4.1] It follows

1(e = 1) (T, X Y (D)| o

S E[T' (Lyyepovapy + PV € [, 2] | X)) ]2 S €2,

Since m < 2/e it holds

1
N (1/2,f,L2 ) < -
i (P) 6
and thus
1\ 2
Ny re) £ (1) -
Next, we look at G. To this end, we define m brackets by
t
qit,z,y) = ) (H{y < 2} — Fyay(zi1le)) + Fyay(zale) — Fyay(z-1),
t
q(t,z,y) = @(Hy <z} — Fyoy(zle) + Fya)(zimilz) — Fyay(z),
for 1 € {1,...,m}. With the same arguments as before, we see that these brackets cover G. Let’s

calculate the size. It holds

H T Ay (T) € [zrs, 2]} + PIY(L) € o1 2] | X))
12(P)
1/2
< [ o (Y () €l + V(D) € ) X])])
1/2
< [ Y(1) € [z1-1, 21 'X]D
< (I/=(x ||L2(p>f) = &4 1/m(X) | e

and

[P[Y(1) € [, 2] | X] + PY(1) € fors, 2]l oy S €72

~
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5 Convergence of the Weighted Mean

Thus

(@~ ) @ XY Dl S (141170 )

/4 <1 + H1/7r(X)HL2<P)> '

AN

As before, it follows

N[](Ev g, L2(P))

AN

€

(1 + |1/w<X>||L2(p)>4 |

Before we give another example, we fix some useful properties of f, .

Lemma 5.3. It holds f.(T,X,Y(T)) € L*(P) and f.(T,X,Y(T)) L Dy for all z € R. If
(1.2) also holds, then for all z € R

E[f.(T,X,Y(T)) |X] =0 almost surely.

A\

Proof. Since f, is bounded by 1, it holds f,(T, X,Y(T)) € L*(P). Since
(T7 X7Y(T)) L Dy = (E,Xi)’ie{l,...,N}
it holds f,(T,X,Y(T)) L Dy for all z € R. For the third statement, note that

E[f.(T.X,Y(D])) |X] = E[T 1y < — Fyay(z1X)) | X]
= E[lyay<g — FroEX) X, T =1] n(X)
= (Elyay<alX] = FyrX)) n(X)

=0 almost surely.
The third equality is due to (1.2]). O

We now consider the stochastic process (indexed over z € RY)

1 sup
yEAN ()

where (ey) is the learning rate of Theorem We show, that under mild regularity conditions on

) - | < en b (ui - ) AU e = .
j) - =15 < }(om ) 1Ut=x. (5:6)

the inverse propensity score function all paths of are contained in shrinking function classes
(Fn) — and provide bracketing numbers. To be more precise, we need theory from [vdVW13,
§2.7.1].

Let for any vector k € Ng (d € R)

BllEl,

Db = -
OFigy .- Okagy’

40



5.1 Tools

and let |a] be the greatest integer smaller than a > 0. For a > 0, a bounded set Z C R? (d € N)
and M > 0, we define Cf;(Z) to be the space of all continuous functions f: Z — R with

k k
max sup‘Dkf(a: ‘ + max ‘D f@) =D f( )‘

sup S Ma
k], <o zez Iklh=lo) zy || sz

where the suprema in the second term are taken over all x,y in the interior of Z with = # y.

Furthermore, let

zl._ {ye]Rd: |z —ylly <1 for somexGZ} .

Lemma 5.4. Let P = {A}, As,...} be a partition of R? into bounded, convex sets with non-
empty interior, and let F be a class of functions f:R% — R such that the restrictions Fla,

belong to C]‘\)‘/[j (Aj) for all j € N. Then there exists a constant K , depending only on o, V,
r and d such that

(V4r)/r
v
log Njj(e, F, L'(Q)) < K <1> ZA (A VA ATV QA VI V) (5.7)
€
7=1
for every € >0, V >d/a, and probability measure Q .
Proof. [vdVW13, Corollary 2.7.4] O

We derive sufficient conditions on the regularity of the inverse propensity score function.

Lemma 5.5. Let (Pn) denote a sequence of partitions Pny = {An1,Anz2,...} of R with
decreasing width (hy) C (0,1] such that hy — 0 for N — oo. Furthermore, assume that
there exists a > d/2, where X C R®, such that for V := d/a and for all (j,N) € N? there
exists My ; > 1 such that

1

€ Chix,(An;) and ZMW/ VIIPIX € An ]V < 1. (5.8)

~

Then for any decreasing sequence (en) with exy — 0 for N — oo, there exists a sequence of

(measurable) function classes (Fn) with envelope functions (Fn), satisfying for some k < 2

N\
IENllz2@) < env and  log Njj(e, Fn,L2(Px)) < <£> for all N € N,

such that for all N € N the paths of the stochastic process (5.6)) are contained in Fy .
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5 Convergence of the Weighted Mean

Proof. We want to employ Lemmal5.4 To do this, the crucial observation is that by Lemma (i)
the paths wg(-)(w) are constant on each cell Ay € Py for all w € Q.

Thus, the regularity of a path of (5.6 on each cell Ay € Py is decided by 1/7(-). Indeed, a path of
(5.6) is either 0 if the threshold of ey is exceeded somewhere in the cell, or has the form constant-

minus-smooth-function. In any case, it is continuous and bounded by ep . All its derivatives are 0
(if the threshold is exceeded) or are governed by 1/m(-). Thus, it follows from ([5.8])

[B-6)()(w) € Cfi,, (An;) and ZMW/ VIIP[X € Ay, ]V < 1. (5.9)

To bound the right-hand-side in (5.7) we note that A(Ay ;) = k% and thus )\(A}ij) < 1 for all
(4, N) € N2. Thus

~

oo

Z)‘ 2/ V+2)M]2\[\;/(V+2) X € Ay ]V/(V+2) < 1.

7j=1
Then it holds (5.6)(-)(w) € Fn, where Fy restricted to Ay, is C]‘f‘/[Nj(AN,j) and satisfies the
requirements of Lemma Since V =d/a € (0,2), by a > d/2, applying Lemmaﬁnishes the
proof. O

Remark. Note that we only get L?(Py) bracketing numbers in this way. If we assume that all
functions in Fy are independent of (7,Y), we readily obtain L?(P) bracketing numbers. Note
that wg(X) and 1/m(X) are independent of (7,Y). &

A finite covariate space always meets the requirements of Lemma — and that a continuous

distribution of X never does so.

Ve

Lemma 5.6. Consider the covariate space X .

(i) If #X < 0o, that is, X can take only finitely many values with positive probability, then

ZMQV/ V+2 X e A ]V/(V+2) s 1.

(ii) If X is continuously distributed, then

ZPXGA V/(V+2) — 00 for N — .
=il

Proof. Assume #X < co. We write

JN = {jENZ P[XEANJ'] >0} .
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5.1 Tools

It holds #Jy < #X < oo. Thus, the following maximum is attained

max My ; =: My .
JEJIN

But the partitions increasingly better fit the support of X . Thus M}, is decreasing in IV, that is,
oo > M > My, . It follows

~

ZM2V/ (V+2)p PIX € Ay ]V/(V+2) < (M*)2V/(V+2) Iy < 1.

Now let fx be the probability density of X . Then there exists a compact set K C X C R?, such
that infyex fx(z) > 0. It holds for

Iy = {iEN:AN,iCK} that U ANJ'/‘K.

ieln
Thus
ZPX €A V/(V+2) > Z PX EA V/(V+2)
lEIN
> mf fX( )V/ V+2) h‘]j\'](v/(v""Q)_l) Z A(AN,i)
i€ln
— 0.

This follows from > . ; A(An;) — AMK) > 0, infeer fx(z) > 0, V/(V +2) -1 < 0 and
hN — 0. ]

Takeaways Bracketing numbers measure the complexity of a class of
functions. We can construct function classes that contain all paths of a
stochastic process. By Donsker’s Theorem or maximal inequalities we can
employ bracketing numbers (via bracketing integral) to derive probabilistic

properties of empirical processes indexed over function classes.

5.1.3 Maximal Inequality

In our application we need concentration inequalities for ||G,||%. One easy way to obtain this is
to use a maximal inequality (see Theorem [5.1)) to control the expectation, together with Markov’s

inequality. There are also Bernstein-like inequalities for empirical processes (see [vdVW13, §2.14.2]).
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5 Convergence of the Weighted Mean

Ve

Theorem 5.1. (Maximal inequality) For any class F of measurable functions with envelope

function F,

E' |Gulz S JyUIF N2y, F L (P)).

Proof. [vdV00, Corollary 19.35] O

Lemma 5.7. Let (Hy) be a sequence of measurable function classes with envelope functions

(Hn) - If

Iy (1N 2oy - H, I(B)) = 0 for N = o0,

it holds |Gy |3, = 0.

A\

Proof. By Markov’s inequality and Theorem [5.1] it holds for all € > 0

Pl|Gnll3y > €] < e 'E[Gnly,] = e "E*IGn]y,]
S e 'y <HHNHL2(P)aHN7L2(P)>

— 0 for N — oc0.

Lemma 5.8. Let (en) C (0,1] be a decreasing sequence with ey — 0 for N — oo and (Fn)
a sequence of (measurable) function classes with envelope functions (Fy), satisfying for some
k<2

1\ F
[Fnll2py < en and log Nyj(e, v, L2(Px)) < <E> for all N € N.

Then

J(IFNl 2y Fr - FoLa(P) = 0 and |G|,z 20 for N — o,

where F is defined in (5.4)).

Proof. By assumption and Lemma [5.2) it holds for some k < 2

1 k
IFnllp2py < en and  log Nj(e, Fn, La(P)) < (8) for all N € N,

~
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5.1 Tools

and

1 2
Ny(e, F, L*(P)) < <8> for all e > 0.

Since Fy and F have envelope functions smaller 1, we can apply Lemma [5.1] to get

1\" 1\"
log Njj(e, Fn - F,La(P)) < <E> +log(l/e) S <E> for alle > 0.

Since k/2 € (0,1) it holds

HFN”LZ(p)
JUEN 2y » Fv - F, L2(P)) = /O \/10g Ny (e, Fn - F,La(P)) de

N /1 k/2
<) -
0 13
RELE
N
= —0 for N — oco.
-5/ or 00
The second statement follows from Lemma for Hy := Fn-F and Hy = Fy . O
5.1.4 Donsker’s Theorem
There is a powerful theorem — a central limit theorem for Gy uniform in F — that we now
introduce.

Definition 5.1. We call a class F of measurable functions P -Donsker if the sequence of

processes {Gyf: f € F} converges in [*°(F) to a tight limit process.

Theorem 5.2. Fvery class F of measurable functions with
J[](l,f, LQ(P)) < o0

is P -Donsker. Furthermore, the sequence of processes {Gnf: f € F} converges in [°°(F) to

a Gaussian process with mean 0 and covariance function given by

Cov(f,9) = E[fg] — E[f]E[g].

Proof. [vdV00, Theorem 19.5] O

Lemma 5.9. Let Assumption (1.2) and Assumption @ hold true. Then the function class G
defined in (5.4) is P -Donsker.
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5 Convergence of the Weighted Mean

Proof. By Theorem it suffices to show that the bracketing integral is finite. Note that by
Assumption [2| ( X is finite) and Assumption (1.2) (7(X) > 0) it holds 1/7(X) € L?(P). Thus, by
Lemma [5.2 it holds

log Njj(,G, L*(P))

1 1/m(X 1 1/m(X
< 10g< + [11/7( )HL2(P)> < + [11/7(X) | L2 oy
€ £

for all e € (0,1).

Thus

L1+ 1/=(X)]
nineswy < [N ¢y, < .
0

But then G is P -Donsker.

5.2 Main Result

Before we state the main result we collect all assumptions. Note that in the proofs we refer to the

assumptions by their initial location, for example, Assumption 3| (iv) is Assumption

Ve

Assumption 3. (i) VN |d]|; 5o for N = co.
(i)

VN supw (Fy(l)(25|'), hﬁl\,) — 0 for N = .
R

zE
(iii)
(Y(0),Y(1) L T|X and 0<m(X)<1,
(iv) For all N € N there exists a non-empty, compact, and deterministic parameter space

On C R]ZVO x R x RN such that the optimal solution (pT,/\(T),)\T> of Problem are

contained in O .
(v) #JIv < #X < oo forall N e N, where Jy :={j e N: P[X € A, ;] >0}

(vi) For all N € N there exist (Myj)jesy such that oo > My; > 0 for all j € J,, and
0 € Oy, (LAN) for all (j,N) € Iy x N, with a > d/2.
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5.3 Error Decomposition

4 N

Theorem 5.3. Let Assumption[3 hold true. Then the stochastic process

N
VN <]1[ZT¢'IU(T)(XO 1{Y; <z} - FY(I)(Z)> (5.10)
=1

z€R

converges in [>°(R) to a Gaussian process with mean 0 and covariance function satisfying for

all 21,20 €R
Cov(z1, 22)
Fro(ahzn|X)  1-n(X)
=B [ m(X)  w(X) Fyqy(z1]X) - FY(1)(22|X)] (5.11)
= Fy)(z1) - Fy)(22).

In the introduction to Chapter 5 we talked about proof strategies. The next section gives an error
decomposition that is central to the proof of Theorem [5.3] It consists of four terms that we shall

bound consecutively.

5.3 Error Decomposition

4 N

Lemma 5.10. It holds

N
with
N 1 N N
Ry == VN [N (ZTi’wg(Xi)'Bk(Xi) - ZBk(Xz’)> 'FY(l)(Z|Xk)] ;
k=1 =1 =1 zeR
N N
Ry = \/]VZ% (Ti’wg)(Xi) - 1) (FY(I)(Z|XZ') - ZBk(Xi)'FYu)(ZXk))] )
i=1 k=1 z€R
1Y 1
Rs = W(N; |:T’7, (wg(Xi) - W) (H{Yi <2} — FY(l)(Z|Xi))]>Z€R’
N .
Ry == VN (&Z WZ;Z(,) (1{Y: < 2} = Py (21X0) + (Fyry(elXa) — FY(D(Z)))
i=1 ! z€R
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5 Convergence of the Weighted Mean

Proof. We fix z € R. It holds

| X
NZU’(T)(X) T; - 1{Y; < 2}
=1
1 & 1
- szl <w0(Xz) - 7T(XZ-)>T 1{Y; < z}
N .
+ jifzﬁ(g)l{)/z < 2’}
i=1 i
1 & 1
= N;<w$( i) 7T(Xz)> (l{Y < z}—Fyq (Z|X))

N
LS T (000 < ) R (0) + ()~ B 2)

N N
+ %Z (wg(X@-) -T; — 1) (Fy(l)(Z|Xi) - ZBk(Xz') 'FY(l)(Z‘Xk))
k=1

1 N N
+ N;<w0 T - 1)ZBk (2] X5)

=1 k=1
+ Fy)(2)

Il
S
w
X
_|_
=
B
™
<
3

N N

= (Rg(z) + R4(Z) + RQ(Z) + Rl(z)) /\/N + Fy(1)<z)
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5.4 Analysis of the Error Terms

5.4 Analysis of the Error Terms

5.4.1 Analysis of R,

The convergence of this term is closely related to the box constraints of Problem

Lemma 5.11. Let VN |||, B0. Then it holds sup,cr |R1(2)] 5o. J

Proof. By Theorem (wg (X;)) satisfy the box constraints of Problem |1} Thus

N N N
sup|Ri(2)] = VNsup ) [fv (ZTi-w(ﬁ(Xi)-Bk(Xi) - ZBk(Xz-)) -Fym(zlxk)]
=1

z€R z€R =1 i—1

N N 5.13
% (ZTi'w(T)(Xi) - Brp(Xi) — ZBk’(Xi)> (513
; =1

S
(]

-sup Fy (1) (2| Xk)
z€R
< VNl

The last inequality is due to Fy(1) € [0,1]. Since we assume V'N |6l 5o , it follows sup,cp |R1(2)| L

0 from (5.13). O

Remark. We want to comment on the box constraints of Problem [I} that is,

n N
i=1

=1

< O forall k € {1,...,N}.

Note that the first sum goes over {1,...,n} while the second sum goes over {1,...,N}. A second,

equivalent version of the constraints is

1 N N
N (Z T (Xi)Bu(X;) = > Bk(Xi)>
=1

=1

< O forall k€ {1,...,N}.

Now both sums go over {1,...,N} and the indicator of treatment 7; takes care that in the first
sum only the terms with ¢ < n are effective. Having this flexibility with the versions helps. I regard
the first version as suitable for non-probabilistic computations as in Chapter 2, although n is of
course a random variable. On the other hand, the second version is more honest, exactly telling the
dependence on the indicator of treatment. This version is useful in probabilistic computations.

Also we want to comment on the assumption on |[|d]|. Playing around with norm equivalences
we discover that /N ||| B0 for N — oo is the weakest (natural) assumption to control R; .
Indeed, other ways to continue the second row in are

1/2

N 2
() < VNJall, (Z (SugFY(l)@‘Xk)) > < NIl

k=1 FAS
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5 Convergence of the Weighted Mean

by the Cauchy-Schwarz inequality and Fy (1) € [0, 1], or
N
() < \/Nllfs!\oozsungu)(z\Xk) < N3]l -
k=1 ze

Since 6 € RN, however, it holds

VN8l < NIy < N2 )]l -

With hindsight, the assumption VN ||6]|; B0 for N — 0o also suffices to control the second (or
first) occurrence of a term, that we control by assumptions on ||§||. This is the term Iy in (4.5)),
where we estimate

N
P
(6. 1a) = > aklakl < ol 1A < N8l 1Al < 6le = 0 for N — co.
k=1

5.4.2 Analysis of R,

The convergence of this term is closely related to good approximation properties of B (see Lemme (ii)).

Lemma 5.12. Assume

VN supw (Fy(l)(z\~), h‘fv> — 0 for N = .
R

A

Then sup,cg |R2(2)] 5o.

A\

Proof.

N N
sup|Ra(z)| = VNsup — (Ti-w(T)(Xi) - 1) <FY(1)(Z|X1') - ZBk(Xi)'FY(l)(Z’Xk)>”
z€R z€R i—1 h—1

IN

N
VNSH]E E{I{laXN} Z |Be(Xi, X1,..., Xn) - Fy 1y (2| Xx) — Fy(l)(Z|Xi)|
ZE 7 A k:l

T; - wi(Xi) — 1‘

L

iy

i=1

Note that by Theorem [3.2] (i)-(ii) it holds

1 N
v 2

N
1
> T wh(X;) — 1‘ <145 1T¢~w8(Xi) — 2.
1= 1=

The statement follows from Lemma (ii) O
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5.4 Analysis of the Error Terms

Remark. In the original paper [WZ19| the authors derive concrete learning rates for the weights
and employ them in bounding this term. They obtain a multiplied learning rate that is sufficiently
fast. Their approach, however, calls for concrete learning rates of the weights. Arguably, the process
of deriving such rates is the most complicated part of the paper. I found out that with the basis
functions of partitioning estimates (or similar basis functions) we don’t need concrete rates for
the weights. Consistency of the weights is enough and gives us an (arbitrarily slow but sufficient)
learning rate to establish the results. We don’t even need rates for the weights to control Rs. They

only play a role in bounding Rs. &

5.4.3 Analysis of R3

Lemma 5.13. Let Assumption (1.2), Assumption and Assumption@ hold true. Then

sup |R3(2)] = 0
z€R

Proof. Let z € R and let Assumption hold true. By Lemma it holds
£(T,X,Y/(T)) € LY(P),
(T, X,Y(T)) L Dy,
E[f.(T, X, Y(T))|X] = 0.
Thus, it follows from Lemma [3.12]
E [u}(X)- (T, X,y ()] = 0.

Since
1 T
E [W(X)fZ(T’ X’Y(T))} = E L(X) (Lpyery<zp — FY<1>(Z|X))]

= E[lym<a] —Fraz) =0

by Lemma it follows

But then
Ro(z) — jﬁﬁ (w00 - 55 ) B v < 2 - el = 6w ((wh-1) 12

Let g' denote the stochastic process (5.6)), that is,

g'(x) = 1{ sup  |wi(y) — 1' < 5N} (wé(w) - 1) 1 CJ {z = X}

yEAN ()
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5 Convergence of the Weighted Mean

for all x € RY. If

T; - |wh(Xs) — < en forallie {1,...,N}, (5.14)

it holds for all i € {1,...,N}

g1(X0) - £.(T0 X0, Yi(T))) = (wé(Xn— )fzm,xi,m:n». (5.15)

m(Xi)
Thus, if (5.14]) holds it follows
R3(z) = Gnl(g'- f2).

It follows

IN

P |sup|R3(z)| > ¢ and T; - \wg(Xi) —1/7(X;)| < ey forallie {1,...,N}]

P [sup IRy (2)] > }
LzeR

z€R
+ P [E . \wg(Xi) —1/7(X;)| > en for some i€ {1,... ,N}}

< PIGulsr 2e] + P max T lul(X) - 1/7()] > e
L ic{l,...,

— 0.

The convergence of the first term follows from Assumption 2] Lemma[5.5, Lemmal5.6] and Lemmal5.§]
The convergence of the second term follows from Assumption [I| and Theorem O

Remark. There is a similar section [WZ19, page 27-28]. It contains interesting ideas. But one has

to be careful to understand the notation. Statements like
A S E[A] by Markov’s inequality

would be better expressed as

E[A]

P[A>¢] <
5

Wang and Zubizarretas argument why a bound on the bracketing numbers of the difference w—1/x
exist is incomplete. The point is that we should also consider the weights in the difference w—1/7.
We do this in Section 5.1.2., where we profit from the rigorous construction of the weights in
Chapter 3. &
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5.4 Analysis of the Error Terms

5.4.4 Analysis of R,

Lemma 5.14. Let Assumption (1.2) and Assumption @ hold true. Then R4 converges in

[*°(R) to a Gaussian process with mean 0 and covariance

Cov(z, 22)

SR 21Nz X 1—m(X
— E[ Y(l)(ﬂl(X)Zf ) _ ﬂ()ﬁ) )Fy y(21]X) - FY(l)(ZQ’X)] — Fyy(21) - Fyy(22)

A\ J

Proof. By Lemma it holds

£.(T, X, Y/(T)
E[ ()

+Fyy 1) - Froy )| = B ElR@xy@ix] = o.

1
m(X)
Thus

Ry(z) =

ﬁ 2 1) (2| X; )) (Fy(1)(Z|Xi) - FY(I)(Z))

1 L £(T X, Y
- VN Z; : (W(Xi) L (B a1 — Fr (2)

2
ZGN<U+HmM)FmW)-
By Assumption ([1.2] , ), Assumption 2, 2| and Lemma the function class

G = {5+ By (e) ~ Frp(a) s e R |

is P -Donsker Thus, by Theorem the process Ry converges in [*°(R) to a Gaussian process

with mean 0. It remains to calculate the covariance of the limiting process. We write
EW?+@»@W> Fry(21)) (7, + Froy(z21X) = Fray(22))]
= B |5, /i3]
+ B (£ (Fry(2lX) = Froy(2)| + B[£3, (Fr(alX) = Fr (1)
+ E [(Fy)(21lX) = Fyy(21)) (Fyy(22]X) = Fya(22))]
= C + Ci+Cy + Cs.
It holds by Assumption and Lemma

Co =E f1/7r fl/w]
ﬁ&m&ﬂunn<a}R/@MDMNHS@*RW@WW

= E 77(1)() (H{Y (1) < 21} — Fy)(z1]X)) (1{Y (1) < 2} — Fyq (22’X)):|
(1

[T (X)

=E

(Fyay(z1 A 2| X) — FY(1)<Z1|X)'FY(l)(Z?’X))} ;
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5 Convergence of the Weighted Mean

and

Ci = E [ff}ﬂ (Fy()(z2lX) —FY(l)(ZQ))]

- E L&) ({Y(T) < 21} = Fy1)(211X)) (Fy 1y (22| X) — Fy1y(22))

= E[(1{Y(1) < 21} — Fyy(a1]X)) (Fy(22|X) = Fy)(22))]
0.

In the same way we see Co = 0. Finally,

Cs = E[(Fy)(alX) = Fra)(21) (Fr (22 X) = Fra)(22)]
= E [Fyq)(21]X) - Fyy(221X)] — Fyay(z1) - Fra(z2).

Adding up the results gives us ((5.11]). O]

5.4.5 Proof of Theorem

We have gathered all the results to prove Theorem

Proof. (Theorem We connect the statement of the theorem to the error decomposition by

Lemma By Lemma Lemma Lemmait follows sup,cp |Ri(2)] Bofori= 1,2,3.

Thus, by Slutzky’s theorem (cf. [Kle20, Theorem 13.18]) the behaviour of the limiting process is the
one of Lemma 514 S.D.G.
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6 Outlook

In this chapter, I want to share my views and ideas on possible further research.

6.1 Matching

Motivation

The papers |WZ19, WZ23| are closely related. In [WZ19] — the paper this thesis is based on —
the authors study weighting methods. In [WZ23] the authors propose (in similar style) a matching

framework based a constrained convex optimization.

Conjecture

The extensions proposed in this thesis (or parts) can be applied to the matching framework of
[WZ23].

Ideas/Brainstorming

The constraints in the problem [WZ23, (2.1)] are more complicated. Nevertheless, they rely on the
notion of basis function. While in [WZ19] the estimation objective is the expectation of potential
outcomes, in [WZ23| it is the average treatment effect. The structure of the proofs is similar — first
revealing the connection to the inverse propensity score and then employ it in the error analysis of

the estimator.

6.2 Application of the Functional Delta Method

Motivation

Theorem |5.3|immediately allows to apply the functional delta method [vdVW13| §3.9], [vdV00, §20].
This readily generates theoretic results for a large class of plug-in estimators. The plug-in estimators
have not been tested before in practice.

Conjecture

A large class of plug-in estimators converges in distribution to a nice limiting process. The estimators

work well in practice.
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6 Outlook

Ideas/Brainstorming

A plethora of applications of the delta method to estimates of the distribution function are to
be found in [vdV00] and [vdVW13|. This includes Quantile estimation [vdV00, §21] [vdVW13|
§3.9.21/24], survival analysis via Nelson-Aalen and Kaplan-Meier estimator [vdVW13| §3.9.19/31],
Wilcoxon Test [vdVW13, §3.9.4.1], and much more. A simulation study of the different methods
would provide insight in the practical value of the method. We give an example.

We follow [vdVW13| Example 3.9.19]. Let Z1,...,Zy and C4,...,Cx be independent and iden-
tically distributed failure and censoring times. Failure and censoring times are assumed independent,

that is,
Z; L C; forallie{l,...,N}.
We only observe the outcome
Y = (Zi NCi Ay) forallie {1,...,N},

where A; := 1{Z; < C;} indicates whether a failure time is censored. We consider the weighted

Nelson-Aalen estimator for the treated.

g: T wh(X) - 1{Y;i <t} - A

AN(t) = .
i=1 ZjV:ITJ 'wg(Xj) -1{Y; 2 Y3}

Likewise, we can compute weights for the untreated (just switch the treatment status) and get the
weighted Nelson-Aalen estimator of the untreated. This procedure allows to compare treatment
and control group while adjusting for imbalances. This may be an appealing alternative to semi-
parametric adjusted survival analysis methods, such as conditional cox regression. The theoretical
properties of the Nelson-Aalen estimator as a plug-in estimator are studied in [vdVW13, Exam-
ple 3.9.19].

6.3 Bootstrap

Motivation

A very natural idea is to bootstrap from the weighted distribution (w; - X;). I discussed this with
Jose Zubizaretta, one of the authors of [WZ19,WZ23]. He told me that testing in practice showed
promising results. To the best of my knowledge the theoretical properties of this particular weighted

bootstrap wait to be studied.

Conjecture

Results similar to [vdV00, Theorem 23.5] holds for the weighted bootstrap.
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6.4 Non-binary Treatment

Ideas/Brainstorming

A good starting point to become familiar with the asymptotic theory of bootstrap is [vdVW13, §3.6]
and [vdV00, §23]. For more details, a good starting point could be [BB95|. The project seems to
be challenging - maybe at PHD level. One could get acquainted with the method of bootstrap by

reading the (non-mathematical) introduction [ET94].

6.4 Non-binary Treatment

Motivation

In practice, there often exists multiple treatments. For example, T' € {0,1,2}, T € I C N or
even T € R. There exists a general notion of propensity score [HI0O5]. There is a need for methods

covering this scenarios.

Conjecture

The framework of [WZ19| can be extended to for non-binary treatment.

Ideas/Brainstorming

There are already ideas [Tiib20,[VGC T 20]. They try to estimate one set of weights to cover all
possible treatments. Jose Zubizarreta, one of the authors of [WZ19], told me, that he works on a
similar (practical) project. I think it’s better to compute weights for one treatment at a time. My
idea is: For fixed t € T this could be

minimize Z dn(t, T;)p(w;)

W ,...,wn ER

subject to the constraints

N
(Zwl- (t,T;) Bp(X;) — ZBk(XZ-)> < O, k=1,...,N,
i=1
where dp,(t,s) = Leen,)/A[NVa(t)] and N,(t) is a neighbourhood of t with A[N,(t)] — 0 for

n — oo . In a consistency proof, such as that of Lemma we have to control a term like

N
N Z
where hp|x is the generalized propensity score of [HIO5]. We need a result such as

do(t,T})
hT‘XtX)

B [ dn(t,T;) ] _ [P[Tz‘ € Nu(t)|Xi] }
hyx (t, Xi) ANy (1)] hrx (t, Xi)
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6 Outlook

A possible error decomposition could be derived from

% Zn: dn(t, Ti)w;Y; — E[Y ()]
i=1

i=1

+

n-

: > (widy (,T;) = 1) (BIY ()| Xi] - <B(X¢)),Y(t)>)‘
=1

2 S, T - (i~ 1y (1, X0)) (2~ BIY (5)]X1)
=1

n % Z hr(t)/hr x (8, Xi) (Zi — BIY ()| Xi])

12T () = (b, T) [y (1, X) (22— BIY (1) X0)
=1

+ % > (EBY ()X - E[Y(t)D‘
i=1

9

1 n
= widn(t,T) (i — Z
+ |2 w6 T) (%= 2)

where Z; ~ Y (t)|T; .

6.5 Different Basis Functions

Motivation

The introduction of partitioning estimates |[GKKWO02, §4] — as done in this thesis — was suc-
cessful. Thus the implementation of other local averaging regression techniques, such as kernel

estimates [GKKWO02, §5] is promising.

Conjecture

Similar results as of this thesis hold for basis functions of (boxed) kernel estimates [GKKWO02, §5].

They have good practical performance.

Ideas/Brainstorming

For boxed kernels it is likely easy to prove a lemma similar to Lemma[3.7] For kernels with unbounded
support, such as gaussian kernels, this might be more difficult. Generally, the basis functions should
approximate treatment and outcome model well (see [WZ19, Assumptions 1.6 & 2.3]). Partitioning
estimates work well in this thesis, because we can define concrete oracle parameters. If concrete

oracle parameters are not readily available, there might be theoretic results to rely on.
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7 Convex Analysis

In our application we want to analyse a convex optimization problem by its dual problem. In
particular we want to obtain primal optimal solutions from dual solutions. To accomplish the task
we need technical tools from convex analysis, mainly conjugate calculus and some Karush-Kuhn-
Tucker related results.

Our starting point is the support function intersection rule [MMN22, Theorem 4.23]. We give the
details in the case of finite dimensions and refer for the rest of the proof to the book. The support
function intersection rule is applied to give first conjugate sum and then chain rule, which are vital
to calculating convex conjugates. The proofs are omited, since the book is thorough enough. The
material we present is very well known. As an introduction, we recommend the recent book [MMN22]
and the classical reference [Roc70]. We finish the chapter with ideas from [TB91]. They provide the
high-level ideas to obtain for strictly convex functions a dual relationship between optimal solutions.

We will deliver the details that are omited in the paper.

7.1 A Convex Analysis Primer

My Contribution

I present the relevant facts from Convex analysis. I prove some results that I did not find in the
literature, but likely are folklore.

Throughout this section let n € N.

Sets

A subset C' C R" is called convex set, if for all z,y € C' and all § € [0,1], we have fz+(1—0)y €
C'. Many set operations preserve convexity. Among them forming the Cartesian product of two
convex sets, intersection of a collection of convex sets and taking the inverse image under linear
functions.

The classical theory evolves around the question if convex sets can be separated.

Definition. Let Cy and Cs be two non-empty convex sets in R™. A hyperplane H is said to
separate C1 and Co if C1 is contained in one of the closed half-spaces associated with H and
Cy lies in the opposite closed half-space. It is said to separate C1 and Cs properly if Cy and Co

are not both contained in H .

59



7 Convex Analysis

We need a refined concept of interiors, since some convex sets have empty interior. To this end,
we call a set A CR" affine set, if ar+ (1 —a)ye A forall z,y € A and all @ € R. The affine
hull aff(©2) of a set @ C R™ is the smallest affine set that includes 2. We define the relative

interior riQ2 of a set 2 C R™ to be the interior relative to the affine hull, that is,

ri(2) == {x€Q|Je>0:(x+eBprn)Naff(Q) C Q}. (7.1)

Theorem 7.1. (Convex separation in finite dimension) Let Cy and Cy be two non-empty

convez sets in R™ . Then Cy and Cy can be properly separated if and only if ri(Cy)Nri(Cq) = 0.

Proof. [Roc70, Theorem 11.3] O

We collect some useful properties of relative interiors before we get on to convex functions.
Proposition 7.1. Let C' be a non-empty convex set in R™. The following holds:
(i) 1i(C) # 0 if and only if C # 0
(i) cl(riC) = clC and ri(clC) = ri(C)
(i1i) ri(C) = {z€ C: for all x € C there exists t > 0 such that z +t(z —x) € C'}
(iv) Suppose (N;c; Ci # O for a finite index set I. Then 1i((;c;Ci) = Niesri(Ci) .
(v) Let L : R"™ — R™ be a linear function. Then riL(C) = L(riC). If it also holds
LxiC) # 0, we have 1i L7Y(C) = L71(xiC).
(vi) 1i(C1x Ca) = 110y x 11 Ch
Proof. For a proof of (i)-(v) we refer to [Roc70, Theorem 6.2 - 6.7].
To prove (vi) we use (iii). Let (z1,22) € ri(Cy x Cq). Then for all (z1,z2) € C1x Cy there exists
t > 0 such that
zi +t(zi —x;) € C; for all i+ € {1,2}. (7.2)
Using (iii) again, we get ri(Cy x C3) C riCy x riCy. Suppose (z1,292) € riCy x riCy. By (iii), for
all (z1,x2) € C1 x Cy there exist (t1,t2) > 0 such that
zi +ti(zi — x;) € Cy for all 7 € {1,2}. (7.3)
If t; = t9 we recover from . By (iii) it holds (z1,22) € ri(Cy x C2) . If t; < ty we define

0= % € (0,1). Consider (7.3) with ¢ = 2, together with 2o € Cy and the convexity of Cy. It

follows
2o + tl(ZQ — xg) = 0- (2’2 + tQ(ZQ — xg)) + (1 — 9) cz29 € (Cy. (7.4)
Now we consider ([7.4) and (7.3)) with ¢ = 1. This gives (7.2) with ¢ = ¢;. As before, it follows

(z1,22) € ri(Cy x Co). If t; > to similar arguments lead to the same result. We have proven
ri(Cy x C3) 2D riCy x riCy and equality. O
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7.1 A Convex Analysis Primer

Functions

A function f: R® — R is called convex function, if the area above its graph, that is, its epi-
graph(cf. [MMN22, §2.4.1]), is convex. We shall often use an equivalent definition. To this end, a

function f is convex if and only if
flx+1—0)y) < 0f(x)+(1—0)f(y) forall z,y € R" and all § € [0,1]. (7.5)

This definition extends to convex cominbinations 61,...,0,, € [0,1] with > 7" 6; = 1, that is, a

function f is convex if and only if

f <Z Oixi> < Zezf(xz) for all z1,...,z;m € R™. (7.6)
i=1 i=1

We call a function strictly convex if the inequality in ((7.5) is strict.
We define the domain dom f of a convex function f to be the set where f is finite, that is,

dom f = {z e R": f(z) < o0} . (7.7)

The domain of a convex function is convex. We say that f is a proper function if dom f # ().

For any T € dom f we call z* € R" a subgradient of f at T if for all z € R™ it holds

(¥, x—7) < f(z) — f(T). (7.8)

We denote the collection of all subgradients at T , that is, the subdifferential of f at =, as Jf().
If f is differentiable at Z it holds df(Z) = {Vf(Z)} and thus

(Vf(@),z—7) < f(x) - f(Z). (7.9)

Definition 7.1. Given a nonempty subset {2 C R", we define the support function of
to be

oq : R" = R, ¥ — sup (% x).
zeQ
S J
4 A\
Definition 7.2. Given functions f; : R® — R for 4 = 1,...,m, we define the infimal

convolution of these functions to be

fi0---Ofm : R R, 2 — inf{Zfi(a:i) : z; € R" and Zx:$}
=1 =1

The next result establishes a connection between the support function of the intersection of two
convex sets and the infimal convolution of the support functions of the sets taken by themselves.

The proof translates the geometric concept of convex separation to the world of convex functions.
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Lemma 7.1. Let C; and Cy be two non-empty convex sets in R™ . For any z* € domoc,nc,
the sets

@1 = Cl X [0,00),
O2(z*) = {(z,\) eR" : z€Cy and A < (z2) — ooync, (%)}

can by properly separated.

J

Proof. We fix z* € domoc,nc, and write o := oc,nc,(2*) . In order to apply convex separation
in finite dimension (Theorem [7.1)) to the sets ©; and ©2(z*), it suffics to show their convexity and
I“i@l Nri @g(x*) = @ .

Convexity of ©; and O3(z*)

Clearly, ©; is convex by the convexity of C; and [0,00). To see that ©2(z*) is convex consider

the linear function
L:R"xR — R, (x,\) — (2% z)— \.
From the definitions of L and ©2(z*) we get
Oa(z*) = (CaxR) N L 'a,00).
Thus, by Proposition (v) and the convexity of Cy we get the convexity of L™ ![«a,00) and with
it that of ©y(z*).
Relative interiors of ©; and Oy(z*) are disjoint

We start by calculating the relative interiors. It holds

ri®; = ri(Cy x [0,00)) = riCyxri[0,00) = riCyx (0,00),
1i0@y(z*) = 1i(L a,00)) = L l(ri[a,o0)) = L a,00).

Suppose there exists (A, z) € ri©1 N 1riOy(z*). Then it holds x € C;x Cy and A > 0. We also
note, that

a = oone, () = sup (2¥,z) > (z¥,z).
zeC1NCy
Then it follows

a < (@ z)—- X < a,

a contradiction. Thus, the relative interiors of ©1 and Oy(z*) are disjoint.
Applying Theorem finishes the proof. O
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Theorem. Let Cy and Cy be two non-empty convex sets in R™ with riCy NriCy # (. Then the

support function of the intersection C1N Cy is represented as
(ccyney)(x¥) = (00,00, (x¥) for all x* € R™. (7.10)

Furthermore, for any x* € dom(oc,nc,) there exist dual elements x3,x5 € R™ such that z* =
x] +x5. and

(0cin ;) (&%) = 00y (1) + 00, (23)- (7.11)
Proof. Using Lemma [7.1] the rest of the proof is as that of [MMN22, Theorem 4.23(b)]. O

One important application of convex functions is in optimization. There we often analyse a dual

problem instead, which relies on the notion of convex conjugate f*:R"™ — R of f defined by

fr@) = sup (o) = Fla). (7.12)

Even for arbitrary functions, the convex conjugate is convex(cf. [MMN22, Proposition 4.2] ). Like

in differential calculus, there exist sum and chain rule for computing the convex conjugate.

4 N

Theorem 7.2. Let f,g:R" — (—o0,00| be proper convez functions and
ri(dom(f)) N ri(dom(g)) # 0.
Then we have the conjugate sum rule
(f +9)" (%) = (f"Og")(z") (7.13)

for all x* € R™. Moreover, the infimum in (f*Og*)(z*) is attained, i.e., for any x* €

dom(f + g)* there exists vectors xz7i,x% for which

(f +9)" (&%) = f*(a1) + g"(23), 2" =27+ a5 (7.14)

Proof. [MMN22, Theorem 4.27(c)] O

Theorem 7.3. Let A:R™ — R" be a linear map (matriz) and g : R™ — (—o0, 0] a proper
convex function. If Im(A) N ri(dom(g)) # 0 it follows the conjugate chain rule

o A)*(z*) = inf *(y*). 7.15
(g0 A)*(z7) i ? (y*) (7.15)

Furthermore, for any x* € dom(go A)* there exists y* € (A*)~1(z*) such that (go A)*(z*) =
9* () -
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N J
Proof. [MMN22, Theorem 4.28(c)] O

Example 7.1. Let f:R — R be a proper convex function, that is, dom f # () and f is convex.
In steps we apply the conjugate chain and sum rule, together with mathematical induction, to prove

the conjugate relationship

Stn R = R, (xl,...,xn)HZf(xi),
=1

n
Sin RP=R, (@}, 20 = > @)
i=1

This relationship is very natural and the ensuing calculations serve to confirm our intuition.
First, we work in the projections on the coordinates. For the 7-th coordinate, where ¢ =1,...,n,

this is
pi R" =R, (x1,...,2,) — ;. (7.16)

T

All projections p; are linear function with matrix representation e; , where e; is i-the coordinate

vector. The adjoint of p; is therefore
pi :R—=R" zw—e-x. (7.17)
For the inverse image of the adjoint of p; it holds

o . . {z}}, if xf =0 forall j #1,
(pz) 1{(:’617'-‘7‘7:71,)} = / (718)
) else.

Throughout this example we use the asterisk character *

somewhat inconsistently. Note that f* is
the convex conjugate of the function f and p] is the adjoint linear function of the projection on the
1-th coordinate. Likewise, we denote dual variables, that is, the arguments of convex conjugates, as
x*.

Next, we employ the conjugate chain rule to establish the conjugate relationship

fi:R" =R, (z1,...,20) = 23— f(x;),
_ *(xf), if £¥ =0 for all j #£ 1,
iR SR, (2f,...,25) - (@) j i

00 else.

Note, that f; = (fop;) and ff = (fop;)*. Since Imp; = R and dom f # @, it holds Imp; N
ri(dom f) # (. Then f and p; conform with the demands of the conjugate chain rule. It follows

fiat, o) = (fop)'(af,... zp) = imf {f*(y) [y € (p)) " {(af,...,27)}}
f*(z)), if 27 =0forall j #1,

o0 else,
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where we keep to the convention inf () = co. In the same way it follows

rn

Sta(x], .. 2n) ifzy, =0,

(Sfﬂl Op{l,...,n})* (Jffa oo 71";-1—1) = (719)

00 else,
Next, note that for n =1 we arrive at the result. Thus, for some n € N it holds (Sy,)" = St -

In order to apply the conjugate sum rule to Sy, and f,41 we note that

dom f; = {(z1,...,2n41) ER" 2y €dom f} # 0 foralli=1,...,n+1,
n+1
ﬂdomfi = {(xl,...,an)ER”+1:xiGdomfforallizl,...,n+1} # 0,
=1

and
ri (dom (Sfyn Op{l,...,n})) N ri(dom fr41)

n+1
=1 (dom (Sf,n op{lw.’n}) N dom fn+1) =i (ﬂ dom fi) # 0.

=1

By the conjugate sum rule it follows

(Sf,n-l—l)* = (Sf,n o p{l,...,n} + fn+1)* = (Sf,n Op{l,...,n})*Dfn*+1
=St nop(,.ny T fat1 = Stnt1-

7.2 Duality of Optimal Solutions

My Contribution

I adapt ideas from [TB91| to take also equality constraints. For this, I had to understand the
connection to my version of the primal optimization problem. I filled in many details that were
omitted in the paper: I derived the Karush-Kuhn-Tucker conditions for the problem from the
general result [Roc70, Theorem 28.3]. I prove in detail, that they hold for the adapted problem.
We consider a general convex optimization problem with matrix equality and inequality con-
straints. For this problem there exists a related problem, which we call its dual. With ideas
from [TB91] we establish a functional relationship between the optimal solution of the original
problem and optimal solutions of the dual. The main assumption is that in the original problem we

have a strictly convex objective function with continuously differentiable convex conjugate.

Assumption 4. The objective function f: R™ — R is strictly convex and its convex conjugate

f* s continuously differentiable.
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Theorem 7.4. Consider the optimization problem

inimi 7.20
minimize fw) (7.20)
subject to Uw > d

Aw = a,

and its dual problem

imi d na) — UG+ ATN, 21
R (Aa,d) + (Aasa) — f ( d+ A) (7.21)
subject to A > 0.

Let (AL,AZ) be an optimal solution to (7.21)). If the objective function f of (7.20) is strictly
convex and its convex conjugate f* is continuously differentiable, then the unique optimal so-

lution to (7.20) is given by

wh = v (UTA; + ATA;) . (7.22)

Plan of Proof

We show that w! and ()\L,)\Jfl) meet the Karush-Kuhn-Tucker conditions for that is, com-

plementary slackness

AL d—uwh)y = o0, (7.23)
primal and dual feasibility
Uw! > d, (7.24)
Avw' = a,
A >0, (7.25)
and stationarity
0n € [0f(wh) + d(ws d—Uw) (wh) - AL + 9(w—a— Aw) (wh) - N]. (7.26)

Applying the well know result [Roc70, Theorem 28.3] finishes the proof. Apart from elementary

calculations, our main tools are the strict convexity of f, the smoothness of f* and

Proposition 7.2. |Roc70, Theorem 23.5(a)-(b)].  For any proper convex function g and any
vector w , it holds t € Of(w) if and only if © — (x,t) — f(x) achieves its supremum at w .

Proof. Let ()\L, )\E) be an optimal solution to (|7.21]).
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Complementary Slackness

We fix )\Z and work with the objective function G of the dual problem, that is,
Ga) = Oard) + (ALa) — f° (UTAd+ATA3) .
Since f* is continuously differentiable, so is G'. Thus
VG = d - U.Vf*(UTALJrATAL) = d - Uu.

Let )\Lﬂ. be the ¢ -th coordinate of )\L and VGi()\Il) be the ¢ -th coordinate of VG()\L) . To establish
(7.23]) we will show for all coordinates

cither A}, =0 and VG;(\) <0
or A}, >0 and VGi(A\})=0.
It is well know that a concave functions ¢ satisfies
g9(z) —g(y) 2 Vg(a) (z —y)  forallz,y. (7.27)
But G is concave by the convexity of f*.
First, we show
VG(A) <0 forallie{l,...,s}. (7.28)

Assume towards a contradiction that VGi()\L) > 0 for some i € {1,...,s}. By the continuity of
VG there exists € > 0 such that VGi()\Il +e;-¢)> 0. It follows from (7.27)

G\ +ei-e) — GO = VGi(Ni+ei-e)-e > 0,

which contradicts the optimality of )\2 for (7.21). It follows (7.28)).
Next, we assume that )\Li > 0 and VGZ'()\L) < 0 for some i € {1,...,s}. Again, by the
continuity of VG there exists € > 0 such that VGi()\L —e;-€) <0 and € — )\I“- < 0. Thus

G\ —ei-e) =GO > VG — ;- ¢) - (—¢) > 0,
which contradicts the optimality of /\Il . Tt follows ([7.23]), that is, we proved complementary slackness.
Primal Feasibility

Since f* is continuously differentiable it holds

VGO = d - U9 (U +ATA) = d- Ul
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Thus, by (7.28), w' satisfies the inequality constraints in (7.20). To prove this for the equality

constraints, we view G from a different angel. Let for fixed )‘Zl
Ga) == Oaya) — <f* (UTAL—l—ATAa) —<)\L,d>) = D) — g0h).

The function ¢ inherits convexity and differentiability from f*. From the optimality of )\jl we
know that G takes its maximum there. But then by Proposition and the differentiability of ¢
it holds

a € dg(\) = {A Y (UTAL + ATAL)} - {AwT} . (7.29)
Thus a = Aw'. But then w! satisfies also the equality constraints. We proved .
Stationarity
First we show
UM+ AT e afh). (7.30)
By Proposition [7.2] it suffices to show that
w = (w,UTAL+ ATADY — f(w)

achieves its supremum at w' . Since f is strictly convex there exists a unique vector z where the

above expression achieves its maximum. Since f* is differentiable it holds
wh = v (UTA; +ATN) =V ()\ () — f(:UT)) (UTA; +ATA) = ol
It follows . Next we show
—U'e d(w—d-Uw)(w') and —ATec d(w—d—Aw)(w'). (7.31)
To this end, note that
(~U'ej,w —w') = (d—Uw); — (d— Uwl), forallie {1,...,7}.

Thus —U' € 9 (w+ d— Uw) (w'). In the same way it follows —AT € 9 (w — d — Aw) (w').

From ([7.30)) and (7.31]) we conclude
0 = (UTAL + ATA) ~UTA, — AT
e [0f(wh) + d(w—d—Uw) (wh)- N, + 0w a— Aw) (wh)-A[].

a

We have proved ([7.26)), that is, stationarity.
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Dual Feasibility and Conclusion

Dual feasibility ([7.25]) follows immediately from the optimality of )\Il for (7.21). Thus, ()\L, )\L) and
w' satisfy the Karush-Kuhn-Tucker conditions for (7.20)). Applying [Roc70, Theorem 28.3] finishes
the proof. O

Takeaways For strictly convexity objective functions with continuously
differentiable convex conjugate we get a functional relationship of primal

and dual solutions via the Karush-Kuhn-Tucker conditions.
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Index

E*[Z], outer expectation, 37 Py, partition of R%, 18

(Q, A, P), generic probability space, 2 X, covariate space, 2, 26

Ap, cell of the partition Py, 18 Y, outcome space, 35

B, vector of basis functions of the covariates, 6, aff(-), affine hull, 60
17 cl(-), closure of a set, 26

Dy, (random) data set without observed out- dom f, domain of a convex function, 61
come, 5 ri(+), relative interior, 60

Fy (1, distribution function of the potential out- R, extended real numbers, 6
come under treatment, 36 m, propensity score, 3

Fy(1)(|z), conditional distribution function of ¢, support function, 61

the potential outcome under treatment, ¢, objective function of Problem [1} 6

36 e;, t-the unit vector, 30
Jj) , bracketing integral, 37 fOg, infimal convolution of f and g, 61
N, sample size, 5 f*, convex conjugate of f, 63
N[} , bracketing number, 37 n, (random) number of treated units, 5
T, indicator of treatment, 2 O0f(x), subdifferential of f at z , 61

X , covariates vector, 2

Y (0),Y (1), potential outcomes, 3

|Gyl , (measurable version of the) uniform norm

of an empirical process, 37

+ o, .
[z]™, positive part of z € R, 12 Oy and 1p, the N -dimensional vectors con-

G , empirical process, 36 taining only zeros or ones. , 10
P, , probability distribution of the random vari- C%(Z2), certain space of continuous functions
able ¢, 36 41

d, (random) constraints vector , 6

<, lesser-or-equal-up-to-a-uniform-constant or- affine set, 60
der , 22 conjugate chain rule, 63
14, indicator function of the set A, 18 conjugate sum rule, 63

B(X), matrix of basis functions of the treated, convex function, 61
10 convex set, 59

Iy, the N -dimensional unit matrix, 10

B(-) , Borel- o -algebra, 36

F , class of measurable functions, 36 proper (convex) function, 61

envelope function, 37
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