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Abstract

This thesis studies extreme value theory (EVT) for stochastic processes, with
a particular focus on the asymptotic analysis and construction of stationary
processes with nonstandard dependence structures. The research presented in
this thesis focuses on two different types of stochastic processes: long memory
linear time series, for which we develop central limit theory for threshold-based tail
estimators, and maxima of time-changed Markovian particle systems, which we use
to construct a new class of stationary max-infinitely divisible processes. Together,
these address both the Peaks-over-Threshold and Block Maxima approaches to
EVT.

For long memory linear time series, the main challenge is that these processes
generally do not satisfy the mixing and anti-clustering conditions commonly
imposed in EVT. Moreover, existing reduction principles for long memory pro-
cesses are not designed for transformations that depend on increasing thresholds.
In Chapter 5, we establish a reduction principle for such threshold-dependent
transformations and use it to derive central limit theorems for exceedance-based
statistics such as the Hill estimator. In Chapter 6, we extend the theory to
the multivariate setting by means of a uniform reduction principle for serial tail
dependence estimators. This yields central limit theory for extremogram-type
estimators and allows for heavy-tailed innovations with possibly infinite variance,
as well as for sample quantiles as thresholds.

Turning to the second class of processes, we consider in Chapter 7 maxima of
stationary systems of randomly time-changed Lévy particles. Starting from an
invariant process—measure pair underlying a Lévy—Brown—Resnick construction,
we use a state-dependent random time change to generate an infinite-dimensional
class of stationary max-infinitely divisible processes. The construction changes the
dependence structure while preserving stationarity. The resulting processes are
shown to lie in the max-domain of attraction of the original Lévy—Brown—Resnick
process.

Overall, the thesis develops new methods for the asymptotic analysis of ex-
tremes and the construction of stationary processes with nonstandard dependence
structures, combining techniques from long memory time series, Poisson particle
systems, Markov processes, and EVT.
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Zusammenfassung

Diese Dissertation untersucht die Extremwerttheorie (EVT) stationérer stochastis-
cher Prozesse, mit besonderem Schwerpunkt auf der asymptotischen Analyse und
Konstruktion stationirer Prozesse mit nichtstandardméafigen Abhingigkeitsstruk-
turen. Die in dieser Dissertation vorgestellte Forschung konzentriert sich auf zwei
verschiedene Arten stochastischer Prozesse: langzeitabhéngige lineare Zeitrei-
hen, fiir die wir zentrale Grenzwertséatze fiir schwellenwertbasierte Tail-Schétzer
entwickeln, und Maxima zeitveranderter Markovscher Partikelsysteme, die wir
verwenden, um eine neue Klasse stationdrer max-unendlich-oft teilbarer Prozesse
zu konstruieren. Zusammen decken diese Schwerpunkte sowohl die Peaks-over-
Threshold- als auch die Block-Maxima-Ansétze der EVT ab.

Fiir lineare Zeitreihen mit Langzeitabhangigkeiten besteht die zentrale Her-
ausforderung darin, dass diese Prozesse im Allgemeinen nicht die Mischungs- und
Anti-Clustering-Bedingungen erfiillen, die in der EVT iiblicherweise vorausge-
setzt werden. Auflerdem sind bestehende Reduktionsprinzipien fiir Prozesse mit
Langzeitabhangigkeiten nicht fiir Transformationen ausgelegt, die von wachsenden
Schwellenwerten abhingen. In Kapitel 5 entwickeln wir ein Reduktionsprinzip fiir
solche schwellenwertabhéngigen Transformationen und verwenden es, um zentrale
Grenzwertséatze fiir Schwellenwertiiberschreitungs-basierte Statistiken wie den
Hill-Schatzer herzuleiten. In Kapitel 6 erweitern wir die Theorie mittels eines
uniformen Reduktionsprinzips fiir serielle Tail-Dependence-Schéatzer auf den multi-
variaten Fall. Dies liefert eine zentrale Grenzwerttheorie fiir extremogrammartige
Schétzer und erlaubt heavy-tailed Innovationen mit moglicherweise unendlicher
Varianz sowie Stichprobenquantile als Schwellenwerte.

In Kapitel 7 wenden wir uns der zweiten Klasse von Prozessen zu und be-
trachten Maxima stationérer Systeme zufallig zeitverinderter Lévy-Partikel.
Ausgehend von einem invarianten Prozess-Mafl-Paar, das einer Lévy-Brown-
Resnick-Konstruktion zugrunde liegt, verwenden wir eine zustandsabhangige
zufallige Zeitdnderung, um eine unendlichdimensionale Klasse stationdrer max-
unendlich-oft teilbarer Prozesse zu erzeugen. Die Konstruktion verandert die
Abhangigkeitsstruktur, wahrend sie die Stationaritiat bewahrt. Es wird gezeigt,
dass die resultierenden Prozesse im Max-Anziehungsbereich des urspriinglichen
Lévy-Brown-Resnick-Prozesses liegen.

Insgesamt entwickelt die Dissertation neue Methoden fiur die asymptotis-
che Analyse von Extremen und die Konstruktion stationdrer Prozesse mit
nichtstandardméfiigen Abhéngigkeitsstrukturen, wobei Techniken aus der The-
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orie langzeitabhangiger Zeitreihen, von Poisson-Partikelsystemen und Markov-
Prozessen sowie aus der EVT kombiniert werden.



Part 1

Introduction






De particularibus enim etiam philosophia esse non poterit.

For there cannot be philosophy concerning particulars.

Albertus Magnus, De vegetabilibus et plantis,
lib. VI, tract. I, cap. 1

Chapter 1

Introduction and Contribution
of this Thesis

1.1 Introduction and Motivation

While, for most of history, rare phenomena were seen as marking the boundary of
knowledge [Daston and Park, 1998], extreme value theory (EVT) tries to extend
knowledge beyond the range of empirical observations. A first extrapolation
approach was developed through the work of Fréchet [1927] and Fisher and Tippett
[1928] on limiting laws for maxima of independent and identically distributed
observations, and was then generalized by Gnedenko [1943]. Since then, EVT has
become a standard framework for the statistical analysis and modeling of extreme
events [Coles, 2001, Reiss and Thomas, 2007], with applications in engineering
and environmental science [Castillo et al., 2005], insurance and finance [Embrechts
et al., 1997], and telecommunications [Resnick, 2007].

The extension of EVT from independent to dependent observations began in
the 1950s with the work of Watson [1954] on m-dependent stationary stochastic
processes. Further developments were made by Berman [1964], Loynes [1965], and
Cramér [1966], followed by the work of Leadbetter [1974], Leadbetter et al. [1983].
In these works, stationarity was the baseline to move beyond the theory of Fréchet,
Fisher—Tippett, and Gnedenko, and has since remained the standard reference
framework in dependent EVT, even as theory has expanded to nonstationary
models.

Stationarity assumptions affect both model specification and the validity of
statistical analysis [Brockwell and Davis, 1991, Leadbetter et al., 1983]. As a
modeling principle, stationarity means that the random mechanism generating
a stochastic process is stable over time. Variation in time is seen as random
fluctuation rather than as evidence that the random mechanism itself is changing;
see Figure 1.1 for an illustration. Hence, as a condition for statistical analysis,
stationarity makes it meaningful to pool observations across time to estimate a
common feature.
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Figure 1.1: Visual comparison of a stationary autoregressive time series and a
nonstationary random walk with drift. The stationary series fluctuates around a
stable level, while the nonstationary series changes its level over time.

Among the simplest stationary models are linear time series of the form

o

X = Zaﬁtﬂ', teZ,
=0

where (a;) is a deterministic sequence satisfying suitable convergence conditions
and (g;) is a sequence of independent and identically distributed innovations
[Brockwell and Davis, 1991]. In some stationary time series, observations sepa-
rated by long time spans remain substantially dependent, a phenomenon that
is called long-range dependence, or long memory [Beran, 1994]. In linear time
series, the strength of dependence is governed by the decay of the coefficients
(a;). In standard long memory models these coefficients decay so slowly that
Y20 lail = co. Consequently, many classical results based on short memory
summability conditions no longer apply, and both the appropriate normalizations
and the limiting distributions may change [Beran et al., 2013, Giraitis et al.,
2012]. For extremes, the persistence and clustering of large observations introduce
additional difficulties in the analysis of tail-based statistics [Davis and Mikosch,
2009, Kulik and Soulier, 2011].

While in a light-tailed setting with normally distributed innovations, high
exceedances often appear relatively isolated, in a heavy-tailed setting, a large
shock may produce several exceedances close to one another, leading to visible
extremal clusters; see Figure 1.2 for an illustration.
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Figure 1.2: Peaks-over-Threshold comparison for a Gaussian ARFIMA path
and an ARFIMA path with ¢-distributed innovations (v = 3). The dashed line
indicates a common threshold on the standardized scale. Exceedances in the
heavy-tailed case tend to occur in more pronounced clusters. In the heavy-tailed
panel, shaded bands mark clusters of consecutive exceedances.

Although extremal clustering is well studied, much of the existing limit theory
for stationary time series relies on anti-clustering conditions, which ensure that
extremal dependence is asymptotically local and that extreme clusters do not
persist over arbitrarily long time spans [Davis and Hsing, 1995, Basrak and
Segers, 2009]. These conditions fail for the models considered in this thesis.
Developing theoretical methods for the asymptotic analysis of this persistent
extremal regime is therefore one of the central objectives of this thesis. Thus, this
thesis lies at the intersection of EVT, which provides a framework for extrapolating
beyond observed extremes, and stationarity, which offers a parsimonious model
for dependent data. In addition to asymptotic theory for long memory linear time
series, this thesis also includes work on continuous-time processes, in particular,
maximum processes with a latent Markovian structure [Brown and Resnick, 1977].

Taken together, these settings allow us to address the two principal paradigms
of EVT: the Block Maxima and Peaks-over-Threshold (PoT) approaches [Coles,
2001, Biicher and Zhou, 2021]. As a visual guide, the Block Maxima approach
may be viewed as a horizontal reduction of the data: the observation period is
divided into blocks, and only the maximum within each block is retained. The
PoT approach may instead be viewed as a vertical reduction, retaining only
observations that exceed a sufficiently high threshold. In asymptotic analysis,
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both approaches retain only a vanishing fraction of the available observations
and therefore present related analytical difficulties. They are discussed in greater
detail in the methodology section.

1.2 Contribution of this Thesis

In the first paper [Scheffel et al., 2026a], we study PoT statistics for long memory
linear time series. Such statistics depend on high thresholds that grow with the
sample size. This puts them outside the standard central limit theory for subor-
dinated long memory linear processes, which usually treats fixed transformations
of the data. It also puts them outside much of the existing EVT, since long
memory linear processes do not satisfy the usual mixing assumptions. We prove
a reduction principle for sample-size-dependent transformations of long memory
linear time series. This shows that, under suitable assumptions, threshold-based
partial sums have the same asymptotic behavior as the linear part of the under-
lying process, after a different normalization. As applications, we derive central
limit theorems for exceedance counts and Hill-type estimators with deterministic
and random thresholds. We treat heavy-tailed and light-tailed cases. Our results
show that long memory changes the convergence rates and asymptotic scales
of PoT estimators in various ways that do not occur for independent or short
memory data.

In the second paper [Scheffel et al., 2026b], we study tail-dependence estimators
for long memory linear time series with possibly infinite variance. For this, the
available theory for long memory linear time series does not provide the required
tools, since it is essentially based on one-dimensional reduction principles and
does not cover the multivariate nature of dependence estimators. Conversely,
the existing asymptotic theory for such dependence estimators is derived under
mixing and anti-clustering assumptions. These assumptions fail for the long
memory linear processes considered here. We close this gap by developing
a multivariate uniform reduction principle for threshold-dependent indicator
functions. This is not a routine extension of the univariate setting of the first
paper, because the multivariate setting creates dependence between several
overlapping linear processes, and the estimates needed to handle this dependence
have to be developed separately. Using this reduction principle, we prove uniform
central limit theorems for extremogram-type tail dependence estimators of long
memory linear time series. While in Scheffel et al. [2026a] we made the transition
from deterministic to random thresholds by proving a separate derandomization
device, in this work the uniformity of the reduction principle makes this transition
straightforward.

In the third paper [Scheffel, 2026], we study maxima of systems of randomly
time-changed Lévy particles. Classical Brown-Resnick constructions show how
stationary max-stable processes can arise even from nonstationary particle systems.
Known examples of this type, however, give little flexibility beyond the max-stable
setting, and the max-domains of attraction of such processes are still poorly
understood. The main contribution is a construction principle for stationary
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max-infinitely divisible processes beyond max-stability. Starting from a Lévy-
Brown-Resnick process, we perturb the underlying invariant process-measure pair
by a state-dependent random time change. The perturbation is governed by an
admissible mass function. Varying this function gives an infinite-dimensional
class of stationary max-infinitely divisible processes and changes the dependence
structure while preserving stationarity. We then prove that the constructed
processes lie in the max-domain of attraction of the original Lévy-Brown-Resnick
process. The paper therefore gives both new classes of stationary max-infinitely
divisible processes and a concrete description of part of the domain of attraction
of a given max-stable process. The argument combines potential theory for
Markov processes, Poisson particle systems, and extreme value theory.

1.3 Structure of this Thesis

The remainder of this thesis is structured as follows: We provide theoretical and
methodological background for the rest of the thesis in Chapter 2. We then
discuss the main results of this thesis in more detail in Chapter 3. In Chapter 4,
we clarify the contributions of the author of this thesis to the results. Chapter 5
contains the first paper on central limit theory for PoT estimators in long memory
linear time series. Chapter 6 contains the second paper on central limit theory for
serial tail dependence estimators in heavy-tailed long memory linear time series.
Finally, Chapter 7 contains the third paper on maxima of systems of randomly
time-changed Lévy particles.






Chapter 2

Theoretical and Methodological
Background

2.1 Stochastic Processes

Throughout, (2,4, P) denotes a probability space rich enough to support all
random variables under consideration. For p > 1, we write LP(P) for the space of
random variables with finite p-th moment. For a generic, absolutely continuous
random variable Z, we let Fz (resp. fz, qz) denote its cumulative distribution
function (resp. probability density function, quantile function). We say that a
stochastic process (X;)ier is stationary if, for every n € N, ¢1,...,t, € T, and
every h such that ¢ty +h,...,t, +heT,

(Xeyy ooy X)) has the same distribution as (Xtyths s Xty th) -

2.1.1 Long memory linear time series

We consider linear processes

X, = Zajft_j, teZ,
JEZL

where (a;)jez is a real-valued coefficient sequence and (¢;);cz are i.i.d. copies
of a random variable e. We call (a;);cz the coefficient sequence and (g;);ez the
innovation sequence of the linear time series (X¢)icz. If a—; = 0 for all j € N,
we say that the linear time series is causal. A linear time series is well-defined
whenever the random series on the right-hand side converges in some sense, for
example, P-almost surely. In the long memory setting considered below, the time
series are always causal and the assumptions on the innovations and the decay of
the coefficients ensure almost sure convergence [Durrett, 2019, Exercise 2.5.7].
Note that, if the linear process (X;) exists, then

(th, .. .,th) = Zaj(éftl_j, e 75tn—j)
JEZ
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has, for h € Z, the same distribution as

(thJrh’ e 7th+h) = Z aj(5t1+h,j, e 7€tn+hfj) s
JEZ.
by the i.i.d. assumption on the innovations, so that (X;) is stationary.
We now make the long memory setting that we are going to consider more
precise. Set
v =ve = sup{p > 1| [lel|nqe) < o0}

We have v = oo, for example, if ¢ is standard Gaussian. If the innovations are
regularly varying (see Section 2.2.1.1 for a definition), then —v is the index of
regular variation. Next we state long memory assumptions on the coefficients
(a;) of the linear time series.

Assumption 1 (Long memory). It holds that v > 1, and that the sequence
(n'~%a,) converges to a finite, nonzero limit ¢, for some d € (0,1 — 1/a), where
a:=2Av.

Remark 2.1.1 (On Assumption 1). Assume that ¢ is centered. Since a € (1, 2],
it holds for ¢ > 0 sufficiently small that o — 6 € (1,2) and (1 — d)(a —§) > 1, so
that

Y Ellai - ei*°] = E[le|*1) fai]*? < 0 i@ 0D < oo,
=0 =0 i=1

and the series converges P-almost surely [Durrett, 2019, Exercise 2.5.7]. The
assumption imposes that the innovations have at least a finite moment of order
larger than 1, and that the coefficient sequence (a;), while forming a divergent
series and thus granting the long memory property to (X;), is able to accommodate
potentially heavy tails of the innovations.

2.1.1.1 Reduction principle for subordinated linear processes

We follow Section 4.3 in Beran et al. [2013]. Let G : R — R be a measurable
function and consider the subordinated partial sum

n

> (G(Xy) - E[G(X0))) -

t=1

Such sums are relevant for statistical applications because many estimators
can be expressed as empirical averages of (non-linear) transformations of the
observations.

At a conceptual level, the reduction principle works as follows. For k € Z, let
Fi = 0(ek,€k—1,-..) denote the past o-algebra generated by the sequence (&)
up to index k. For k£ > 0, let X, ;, := Z?:o ajei—j be the k-truncated time series,
and write

Gr(y) = E[G(Xox+y)] and  Gily) = —Grl(y),
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where we set Goo(y) := E[G(X0,00 +y)] = E[G(Xo +y)] for k = oo in the natural
way, and make the convention X; 1 = 0 and G_1 = G. Assuming that the
functions Gy, are differentiable for all k& € Ny U {cc}, the reduction principle
consists of showing that

n

> (G(X1) — E[G(Xo)])
t=1

— ZZ(E [G(Xy) | Fiok] — E[G(Xy) | Ferrn)))
t=1 k=0

— Z Z (kal(Xt — Xt,k—l) - Gk(Xt - Xtvk))

1k

~
I
I
o
—
[N
—_
~—

2
NE
WE

(Ge( Xt — Xep—1) — Gp(Xy — Xep))

~+
Il
—_
i
o

2
M:
Nk

aret—kGp( Xy — Xp k)

t=1 k=0
= G:)O(O) ZX,: + Z Z AREt—L (GZ(X,: - Xt,k) - G/oo(o)) .
t=1 t=1 k=0

The first steps rely on a martingale-difference decomposition and on the indepen-
dence structure of the linear time series, whereas the subsequent approximation
steps require additional regularity assumptions and error bounds. The rigorous
justification of these steps is the main content of the reduction principle, and the
relations above should not be read as readily derived algebraic identities.

Through the reduction principle, the asymptotic profile turns out to be
determined only by the linear term, for which central limit theory is readily
available; see Theorem 2.1.2. In the first and second papers of this thesis [Scheffel
et al., 2026a,b], we extend this reduction principle to so-called univariate PoT
estimators, and to serial tail dependence estimators; see Section 2.2.1.2 for an
overview of these estimators. The following assumptions are standard for the
reduction principle and actually mild, because they allow for infinite variance of
the innovations.

Assumption 2 (Regularity of the innovations). Suppose that F. € C%(R),
and that € has a symmetric distribution. Furthermore, assume that one of the
following alternatives holds:

(i) (Case a = 2) One has E[¢?] < oo, and, for some § > 0, the characteristic
function of ¢ is such that (1 4 |s|)°Efexp(is¢)] is uniformly bounded in
s e R.

(ii) (Case v € (1,2)) Assume that there is a finite positive constant L such that
lim, 00 2Ple > 2] = limy 00 2*Ple < —z] = L/2, and suppose that the
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probability density function f. € C!(R) satisfies:
|fi(=)]
|fi(@) = fi(y)]

where < denotes inequality up to a multiplicative constant C. > 0 depending
only on the distribution of ¢.

(14 |z|)~® forx e R,
|

<
S./ _y|<1+‘$‘)_a forx,yER,\x—y\<1,

Through the reduction principle, the asymptotic profile of partial sums of
subordinated long memory linear time series is determined by the asymptotic
behavior of linear partial sums, for which we now provide central limit theory.

Theorem 2.1.2 (Central limit theorems for partial sums). Let Assumptions 1
and 2 hold. Then

n
—d— d
ndl/o‘g Xy — Z, as n — oo,
t=1
where

N(0,0%)  if a=2 with E[¢?] < oo,

Zo has distribution
{SaS(n) if ae(1,2),

with variance

o? = CZEkﬂm when E[g?] < oo,
or scale
et (p et (ot o))

We define the distribution SaS(n) in the usual sense, having characteristic func-
tion x — exp(—n*|z|*).

For a proof of the last result we refer to Theorem 4.6 (o« = 2) and Theorem 4.17
(o € (1,2)) in Beran et al. [2013].

2.1.2 Particle Systems

In addition to long memory linear time series, we consider stochastic particle
systems. Here, rather than studying a single stochastic process observed over time,
we consider a random collection of particles whose positions evolve according to
independent copies of a given stochastic process. We first introduce Poisson point
processes, which will serve as the random initial configurations of these particle
systems.
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2.1.2.1 Poisson point process

Definition 2.1.3 (Poisson point process). Let (X,C,u) be a measure space
satisfying {z} € C for all € X and pu(X) = co. A random collection {U®)};cy
of points in X is called a Poisson point process having intensity measure p if for
every m € N and corresponding disjoint sets C,...,Cy, € C and non-negative
(including +00) integers 71, ..., 7y it holds that

P Z IL{U(i) e G} =1y forall j € {1,...,m}| = Hp(u(C’j),rj),
ieN j=1
where
ATexp(=D) i A < 00 and k < oo and (A, k) # (0,0),
p(A\k) = 11 if (A, k) € {(0,0), (00,00)},

0 elsewhere.

The defining property of a Poisson point process is thus that the number of
points falling into a measurable set C'is Poisson distributed with mean p(C'), while
the numbers of points falling into disjoint sets are independent. The intensity
measure pu therefore determines both the expected number of points in a region
and how these points are distributed across disjoint regions.

In the literature, a PPP is often represented as a random counting measure
N =3 cn0p. Here, we instead take a particle-based point of view and work
directly with the random collection of atoms {U(*};cy. This representation is
more convenient for the particle systems considered below, where each point U (@)
serves as the initial position of an individual particle.

Remark 2.1.4. A collection {U®};cy, in contrast to a set {U® | i € N}, can
contain the same element more than once. The existence of a PPP with prescribed

intensity measure is guaranteed if, for example, the intensity measure is o-finite
[Last and Penrose, 2017, Corollary 3.7].

Theorem 2.1.5 (Mapping theorem; see for example Theorem 24.16 in Klenke
[2020]). Let (X,C,pn) be a measure space satisfying {z} € C for all x € X and
u(X) = oo, let (¥,D) be a measurable space, and let T : (X,C) — (¥,D) be
measurable. Then {T(U®)}ien is a Poisson point process with intensity measure
woT~Y, that is, the pushforward of u by T.

Example 2.1.6 (Interpretation as counting process). Let (Ni)¢>0 be a unit
Poisson process, that is, a Lévy process where the increments N; — N, for
0 < s < t, are Poisson distributed with rate ¢t — s, and let {I'; };en be the jump
times of the counting process. Then, for disjoint intervals (aj,b;], j =1,...,m,
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and integers r;,

P Z]l{Fi € (aj,b5]} = 1 for all j € {1,...,m}
ieN
= PNy, — N, =15 for all j € {1,...,m}]

J

m
= I[P %, - Noy = 1)

I

j=1
_ ﬁ (bj — a;)"7 exp(—(b; — a;))
i=1 Tj!

that is, {I';};en is a PPP on the positive half-line with Lebesgue intensity dz.
Since for

T : (0,00) - R, z — log(1l/z),
and a < b it holds

/R]l{x € (a,b)}exp(—z)dz = exp(—a) — exp(—b)

_ /n{xecpl((a,bn}dsc,
R

it follows from Theorem 2.1.5 that {log(1/T;)}ien is a PPP on the real line with
intensity measure exp(—x)dz; see Figure 2.1 for an illustration.

I M M3 M4
0 ) 2 ) . 4 S 6 o 8
t
H il ) ! !
TTT T 1 1
2.0 -1.5 -1.0 -0.5
X

Figure 2.1: Jump times {I';} of a unit Poisson process and their image points

{U@} = {log(1/T3)}.
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2.1.2.2 Markovian particle system

As mentioned in the last section, the points {U®};cy of a PPP will serve as
the random initial configurations of more general particle systems. From each
such configuration point an independent copy of a given stochastic process is
started. The resulting collection of particle trajectories then defines the particle
system. The motions of the particles that we are going to consider have the
Markov property, which we are going to define next. A stochastic process (X¢)¢>0
adapted to a filtration (F;);>¢ is called a time-homogeneous Markov process if
there exists a family of transition kernels (P;);>0 such that

P[X; € B| Fs] = P.—s(Xs, B) almost surely

for all 0 < s <t and Borel sets B C R [Kallenberg, 2021, Chapter 11]. In what
follows, we consider such Markov processes with sample paths in the Skorokhod
space D([0,00)). For € R, let (X¢(z))+>0 denote the process started at z, that
is, Xo(x) = x.

Given a Markov process (X¢)¢>0 with paths in the Skorokhod space D([0, 00)),
and a collection of points {U (@) }+ien, we consider the collection of particles obtained

by independently starting in each point U an i.i.d. copy (Xt(l))tzo of the Markov

process (X¢)¢>0, that is,
@) 77(2)
X
{( e (U )>t>0}i€

We call this a Markovian particle system. If {U(®)};cy is a PPP on a o-finite
measure space (R, B(R), 1), then we call this the particle system associated with
the process—measure pair ((X¢)i>0, 1), and denote it by P((X¢)e>o0, ).

N

2.1.2.3 Lévy processes

A real-valued stochastic process (L¢)¢>o is called a Lévy process if Ly = 0
almost surely, it has independent and stationary increments, it is stochastically
continuous, and has sample paths in ([0, 00)). Thus, for 0 < s < ¢, the increment
L; — Ly is independent of the past and has the same distribution as L;_s. In this
thesis, Lévy processes are used to describe the motion of particles in time. A
particle started at position z € R is moved according to

Xt(JI) =z + Lt.

By the stationarity and independence of increments of (Lt)i>0, (X¢)i>0 is a
time-homogeneous Markov process, with transition probabilities

P[X, € A|Xg=12] = PXy(x) € A] = Plz+L; € A].
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Random time change

Definition 2.1.7 (Random clock). Given a Lévy process (Lt);>0 and a function
a: R — (0,00) that is bounded and bounded away from 0, we define

¢
Ag(t) = / a(Ly +x)dr and Ty(t) = inf{s >0 Ay(s) >t}
0
for t > 0,2 € R. We call (T;(t))i>0 the random clock, (A;()):>0 the inverse
random clock, and « the mass function.
In this thesis we work with the time-changed process X;(z) = = + L, @),
which under additional assumptions is a Markov process.

Invariant measures

We say that a o-finite measure on R is invariant for a Markov process (Xi)>o if
/ P[Xi(z) € Bl u(dz) = wp(B) for all Borel sets B and allt > 0. (2.2)
R

In this thesis we consider a Lévy process (L¢):>0 satisfying E[exp(L1)] = 1. Since
(Lt)¢>0 has independent and stationary increments, this immediately extends to
Elexp(L;)] =1 for all ¢ > 0. Then, for all Borel sets B and all ¢ > 0,

/R P[L, + 2 € B exp(—2) da
_ B [/R 1{L; + = € B} exp(—z) d:p]

= E {/R 1{x € B}exp(—(x — L)) da:} = E[exp(L:)] - / exp(—z) dx

_ /Bexp(—x) dz,

that is p(dzr) = exp(—z)dx is an invariant measure for (L;);>o. In this thesis
we will study how the invariant measure of (L;);>0 changes under random time
change.

2.1.2.4 Stationary Markovian particle systems

The notion of an invariant measure introduced above provides the link between
the dynamics of an individual particle and stationarity of the corresponding
particle system. We therefore turn to the notion of stationarity for Markovian
particle systems and subsequently make this connection precise.

For a finite sequence of times 0 < t; < -+ < ty < 00, £ € N, we define a
finite-dimensional particle system by

Porotr (X)) = { (X WD), xP0D))} (2.4)

1€EN
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with points in R¢. We say that the full particle system P((X¢)e0, 1) is stationary
if, for all such finite collections of time points and all A > 0, it holds that

PBty,..t((Xt)t>0, 1) has the same distribution as By, 14, ¢,+0((Xt)e>0, 1) -
(2.5)

It will be useful to have more general transformations of the particle system. To
this end, let (E, ) be a measurable space and g be a (deterministic) measurable
function from (D([0, 00)), B(D([0,00)))) to (E,E). We define the g-transformed
particle system by

By (Xe)i>0. 1) = {g <(Xt(i)(U(i)))t>0> } . with points in E.
= 1€

The following theorem is a direct consequence of Theorem 1 in Brown [1970], see
also Section 3 therein.

Theorem 2.1.8. Let (X;)i>0 be a Markov process, (R, B(R), 1) a o-finite measure
space with u(R) = oo, and g a measurable function from (D([0,00)), B(D([0, c0))))
to a measurable space (E,E). Then the following holds:

1. The particle system Pg((X¢)e>0, 1) defines a PPP on (E,E) with intensity

measure

mo(d) = [ Plo((Xita)izo) € Al ude)  for A€ €.

2. The particle system B((X¢)i>0, 1) is stationary if and only if the process—
measure pair ((Xt)e>o, pt) is invariant.

The last theorem shows that Markovian particle systems based on invariant
process—measure pairs are stationary. In this thesis we obtain, by random time
change, from an invariant baseline pair ((L)>0, exp(—z)dz) a perturbed invariant
pair. We then study the resulting stationary Markovian particle system of the
time-changed particles.

2.2 Extreme Value Theory

As outlined in the introduction, EVT is commonly studied through the PoT
approach or the Block Maxima approach. We now introduce the methodological
background for both approaches in more detail.

2.2.1 Peaks-over-Threshold

2.2.1.1 Regular variation

Univariate

Let F be a distribution function with upper endpoint +oo, and let F =1 — F
denote its tail function. For a > 0, we say that F' is regularly varying at +oo
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with index —a, written F € RV_,, if, for every x > 0,

F(u)
A distribution function F', or random variable X with distribution function F,

satisfying F € RV_, is said to have a regularly varying tail. In particular, such
a distribution is heavy-tailed.

— ¢ as u — 00. (2.6)

Example 2.2.1 (Pareto distribution). A canonical example of a regularly varying
tail function is given by the Pareto distribution with shape parameter o > 0,
denoted by Pareto(«a), whose tail function is

1, r <1,

™% x>1.

FPareto(a)(x) = {

In this case, the limiting relation in (2.6) holds as an identity for every x > 0 and
sufficiently large u. Indeed, if u > 1 and u-x > 1,

FPareto(a)(u'x) _ (ux)ia — g

FPareto(a) (u) u=

Remark 2.2.2 (Regular variation beyond tail functions). Although regular
variation has been introduced above only for tail functions with negative index,
it is a general asymptotic concept and is not intrinsically tied to heavy-tailed
distributions or to tail functions [Bingham et al., 1987]. The convergence in (2.6)
may be defined for any eventually positive function f instead of F and for any
index p € R instead of —a. For example, the logarithm is regularly varying with
p = 0, called slowly varying, since,

log(u-x) log(x)

og(w) T Tog(w

Example 2.2.3 (Probability density function of the ¢-distribution ). Let f, be

the probability density function of the t-distribution with degrees of freedom
v > 0, that is,

v+l 2\ —(+1)/2
fy(t)zir(g) 1+ 2 ., teR.
5) v

Then, for x > 0, as t — oo,

v+1)/2
N T S B L
Lo -\ 5 e - \ve T 2 -

that is, f, € RV_(,41). By Karamata’s theorem [De Haan and Ferreira, 2006,
Theorem B.1.5], regular variation of the density also determines the regular
variation of the corresponding tail function. In this case, the upper tail function
F, has index of regular variation —v. Notice that, as v — oo, the ¢-distribution
converges to the standard normal distribution, which is no longer regularly
varying; see Figure 1.2 for a comparison of stationary long memory linear time
series with Gaussian and t-distributed innovations.

— 1 forallz >0asu— 0.

)
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Stationary sequences

For a > 0, a real-valued stationary sequence (Xj)iez is said to be regularly
varying with tail index « if | Xj| is regularly varying with index —a, and if, for
every integer h € Ny, there exists a non-null Borel measure p;, on R\ {0}
that is finite on Borel sets bounded away from 0, such that

P[[Xo,..., Xs] € u- Al
P[|Xo| > v

— ppl4] as u — 00 (2.7)

for all Borel sets A C R'*"\ {0} bounded away from O satisfying puj,[0A] =
0 [Mikosch and Wintenberger, 2024, Definition 4.1.1]. The measures yuy, h € Ny,
are called (h 4 1)-dimensional tail measures of (X;). Choosing, for T' € N, Borel
sets A, B C R” bounded away from zero, the quantity

va(h) = proi[(AxRYN@R"x B)],  heN
is called the extremogram of the time series (X¢) [Davis and Mikosch, 2009].

Example 2.2.4 (Tail measures of heavy-tailed long memory linear time series).
Let (X;) be a causal linear process as in Section 2.1.1, and let its innovation law €
be regularly varying, for example, with tail index v € (1,2) as in Assumption 2(ii).
Let B C R be a Borel set bounded away from 0, whose boundary has Lebesgue
measure 0. Then, by regular variation and symmetry of ¢,

Ple € u- B]
Plle| > u]

Let A ¢ R\ {0}, h € Ng. By Proposition 5.2.8 in Mikosch and Wintenberger
[2024], the (h + 1)-dimensional tail measure of (X;) evaluated at A is

— ue[B] = /g\zrl_”dz as u — 00.
B

o0

1
S Ta > ez R @ lag,...,a500] € A},
T —

and the stationary sequence (X;) is regularly varying with tail index v.

pn[A] =

2.2.1.2 Peaks-over-Threshold estimators

Let (X¢)iez be a stationary regularly varying sequence with tail index « > 0, and
assume additionally that F'x, € RV_,. In the univariate case, regular variation
of the tail function F'x, of Xy implies, for x > 1,

Fx,(u-z)

P[X0>u-x\Xo>u]:F7(u)—>w*°‘ as u — 0.
Xo

Equivalently,
Xo/u | Xo>u —4 Z ~ Pareto(a) (see Example 2.2.1) (2.8)

as u — o0o. This motivates studying observations relative to a high threshold,
so-called Peaks-over-Threshold (PoT). In all the following examples, (u,) is a
sequence of thresholds growing to co as n — oo.
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Example 2.2.5 (Empirical tail function). Since Fx, is usually not known, a
natural estimator of the tail function is

1 n
= X > un}
n-
=1
This is often used as a normalization estimator for more complicated PoT esti-

mators.

Example 2.2.6 (Hill estimator). The convergence in (2.8) together with Potter’s
bounds [De Haan and Ferreira, 2006, (B.1.19)] implies

Ellog(Xo/u) | Xo > u] — / log(z)ax ' "%dr =
1

Q

Therefore, a natural estimator for the reciprocal tail index 1/« is

LS log(Xi/un) 1{X; > un}
%Zzﬂzl ]]'{XZ > un}

This is the so-called Hill estimator.

Example 2.2.7 (Empirical tail measures). For a regularly varying stationary
sequence (X;), the convergence to tail measures in (2.7) motivates the natural
estimator

LS 1 {[Xe, o Xegn) € un - A}
Ly WX > ua}

of the (h + 1)-dimensional tail measure of (X;) evaluated at a set A C R'*"\ {0}
that is bounded away from 0 and satisfies pp,[0A] = 0.

2.2.1.3 Random thresholds

In applications the threshold sequence (u,,) is usually not fixed in advance. Instead
one chooses sufficiently high upper order statistics. Let k£ = k,, be an intermediate
sequence satisfying

kn — 00, kn/n — 0
and let
Xl:n < - S Xn:n

be the order statistics of the sample X1, ..., X,,. The deterministic threshold u,,
in the estimators is then replaced by the random threshold

Un = Xn—k:n'
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2.2.2 Block Maxima
2.2.2.1 Univariate theory

Let Z1,Z,,... be independent copies of a real-valued random variable Z, for
example, block maxima. Consider the partial maxima

M, = max Z;, n €N,

i=1,...,n

We say that Z belongs to the max-domain of attraction of a non-degenerate
random variable ¢, written Z € MDA((), if there exist sequences of constants
(an)nen C (0,00) and (by)neny C R such that

M, — b,

Qn

converges in distribution to ¢ asn — 00.

Any such limit is max-stable in the sense that there exist sequences (ay,)nen C
(0,00) and (Bn)nen C R such that

max;=1,..n G — Bn

Qp

has the same distribution as ¢ foralln e N,

where (1,(s,... are independent copies of (. By the extremal types theo-
rem [De Haan and Ferreira, 2006, Theorem 1.1.3], ¢ has a generalized extreme
value distribution. In this thesis we work with the standard Gumbel law

A(x) = exp(—exp(—zx)), reR.

If { ~ A, by independence,

P | max ¢ —log(n) <z

= P[Viz1,..n G <z +1log(n)] = (A(z +log(n)))"
= exp(—n - exp(—(z +log(n)))) = exp(—exp(-x))
= Az),

so in this case, the constants are a,, = 1 and 3, = log(n), and max-stability
means

‘max (; — log(n) has the same distribution as C.
i=1,....,n

Example 2.2.8 (Tail equivalent Gumbel). Let o : R — (0, 00) be a bounded
function, bounded away from 0, and define

F,(z) = exp <— /:o a(s) exp(—s) ds) .
If « =1, then

Fiz) = exp (— [ e ds) = exp(—exp(—2)) = A(),
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that is, Fy is the Gumbel distribution function. For nonconstant « satisfying
lim, 0 a(z) = 1, we generally have F,, # A, but

(Fol(z +1og(n)))" = exp (—n/oo a(s) exp(—s) ds)

+log(n)

= exp ( / ~ als + log(n)) exp(—s) ds>
— exp (- /:Oexp(—s) ds) = Alz),

by the boundedness of a and the dominated convergence theorem. Therefore, on
the level of distribution functions, F,, € MDA(A). This example is relevant for
the stationary stochastic processes constructed in Scheffel [2026].

2.2.2.2 Max-stable processes

Let (Zt)¢>0 be a real-valued stationary stochastic process and consider, for inde-

pendent copies (Zt(l))tzo, (Zt@))tzo, ... of (Z¢)¢>0, the pointwise partial maxima

M,(t) = max Zt(i).

i=1,...n

In analogy to the univariate case, we say that (Z;);>0 belongs to the MDA of a
non-degenerate process ¢ = (¢(t))s>0 with Gumbel margins, written (Z;)i>0 €
MDA((), if there exist sequences of constants (a,)nen C (0,00) and (by)peny C R
such that, for any finite collection of time points t1,...,tx > 0, k € N,

( max Zt(f) —bp)/an,...,( max Zt(z) —bp)/an
i=1,...,n i=1,...,n
converges in distribution to

[C(t1), ..., C(tr)] as n — 00.

Any such limit is max-stable in the sense that

max (O(tr) ~log(n) .., max ¢D(ty) ~ log(n)

i=1,...,n =1,...,n

has the same distribution as

[C(tl)’ s 7C(tk)] )

where ¢, ¢, are independent copies of ¢.



Chapter 2. Theoretical and Methodological Background 23

Spectral representation

While in the univariate case, there exists a complete characterization of max-stable
laws in terms of generalized extreme value distributions, the characterization
for max-stable processes is more difficult. It follows from the work of de Haan
[1984] that all sample-continuous stationary max-stable processes with marginal
distribution A admit a spectral representation of the form
¢ = max (U@ n X@) ,
€N

where {U®)},;cy form a Poisson point process (see Section 2.1.2.1) on the real line
with intensity exp(—z)dz, X @ i e N are i.i.d. copies of a stochastic process X =
(X¢)e>0 which takes values in RU{—o0} and satisfies the condition E[exp(X;)] =1
for all ¢ > 0, and where {U®};cy and {X )}, oy are independent.

2.2.2.3 Maxima over stationary Markovian particle systems

For a single particle (X;(U))s>0, stationarity holds if and only if there exists
an invariant probability measure p of the process (X¢)i>0 and U ~ p. Extreme
value analysis naturally shifts the viewpoint from a single particle to a system of
infinitely many particles, where the starting points {U%)};cy form a Poisson point
process (PPP). For a distribution function F' with density F”, it is, for example,
possible to choose the PPP {U(")},cy such that F(z) = P [max;en Ul < x|, for
x € R. If the arising Markovian particle system is stationary, then the maximum
process

Zy = max X(U®),  ¢>0, (2.9)

€N

is stationary as well, with marginal distribution function F. Such a process
(regardless of stationarity) is called max-infinitely divisible (max-id) in the sense
that it is the componentwise maximum over a PPP with points in D(]0, 00)). The
notion of max-id is analogous to the notion of infinite divisibility for sums rather
than maxima. It follows from Theorem 2.1.8 that the Markovian particle system
(and the max-id process) is stationary if and only if u(dz) = F'(x)/F(x)1{F(z) >
0}dz is invariant for (X;)¢>0 in the sense of (2.2). In this setting the invariant
measure p is necessarily infinite, so that, unlike in the single-particle case discussed
above, it cannot be normalized to a probability measure.

A possible choice for F' is the Gumbel distribution function A (see Sec-
tion 2.2.2.1 for the definition of A) with pu(dz) = exp(—z)dz. Any invariant
process—measure pair ((X¢)i>0,exp(—z)dz) in the sense of (2.2) then yields a
stationary max-id process with Gumbel margins, as in (2.9). Brown and Resnick
[1977] were the first to construct such a process, based on the observation that
this specific choice of p is invariant for the drifted Brownian motion (B —t/2):>0.
The resulting process (pr, called Brown—Resnick process, is stationary with
Gumbel margins:

. (i) _ (i
Cor(t) = max (Bt t/2 + U ) . t>0. (2.10)
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Even though the single particles Bt(l) —t/2+U () are nonstationary (they converge
to —oo for t — 00), the particle system {(Bgl) —t/24+U®);50}ien, and the max-id
process (pr are stationary. Brown and Resnick also showed that (ggr is not only
max-id, but even max-stable.

Max-stable processes obtained from systems of Lévy particles beyond the
drifted Brownian motion have been studied in Stoev [2008], where they show
stationarity and Gumbel margins of the process

— (@) ()
Co(t) = %%X(Lt U ) £>0),

if the Lévy process (L);>0 satisfies E[exp(L;)] = 1. We refer to such processes as
Lévy-Brown-Resnick processes. By (2.3), the Lévy process (L¢)¢>o has invariant
measure exp(—z)dz, so that Theorem 2.1.8 yields stationarity.



Chapter 3

Main Results and Outlook

3.1 Main Results

In this section, we describe the main results of this thesis, which are contained in
the following papers:

1. Toan Scheffel, Marco Oesting, and Gilles Stupfler, Central limit theory
for Peaks-over-Threshold partial sums of long memory linear time series,
published in Stochastic Processes and their Applications, 2026.

Reference: Scheffel et al. [2026a]

Link: https://doi.org/10.1016/j.spa.2026.104929

Link to arXiv version: https://doi.org/10.48550/arXiv.2506.20789
This article (specifically Version 3 on arXiv, which corresponds to the
accepted version of the published paper) is reproduced in Chapter 5.

2. Ioan Scheffel, Marco Oesting, and Gilles Stupfler, Central limit theory
for serial tail dependence estimators in heavy-tailed long memory linear
time series, submitted to Probability Theory and Related Fields, preprint
available on arXiv, 2026.

Reference: Scheffel et al. [2026b]
Link to arXiv version: https://doi.org/10.48550/arXiv.2608.10944
This article (specifically Version 1 on arXiv) is reproduced in Chapter 6.

3. loan Scheffel, Maxima of stationary systems of randomly time-changed Lévy
particles, submitted to Stochastic Processes and their Applications, preprint
available on arXiv, 2026.

Reference: Scheffel [2026]
Link to arXiv version: https://doi.org/10.48550/arXiv.2604.11434
This article (specifically Version 2 on arXiv) is reproduced in Chapter 7.

Chapter 4 contains a statement on the contributions of the author of this thesis to
the articles above. The following three subsections will present the main results
of the respective articles.
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3.1.1 Central limit theory for Peaks-over-Threshold partial sums
of long memory linear time series

We consider long memory linear time series as introduced in Section 2.1.1. The
main difficulty in applying existing limit theory for long memory linear time series
to PoT statistics is that the transformation of the data itself depends on the
sample size. Classical central limit theory for subordinated long memory linear
processes studies partial sums Y ;' | G(X;) of a fixed subordination function G;
see Section 2.1.1.1 for an overview. In the PoT setting, however, one has a
sequence of functions (G,) depending on a threshold u,, — oo, for example,

Gn(z) = 1{z > u,} or Gn(z) = log(z/un)l{z > un}; (3.1)

see Section 2.2.1.2 for an overview of PoT statistics. This dependence on sample
size changes the rate of convergence and the asymptotic scale and is the source
of the main phenomenon discovered in this work.

As we discussed in Section 2.1.1, long memory linear processes are well
defined under Assumptions 1 and 2. The next assumption on the sequence of
subordination functions (Gy,) is more general than the two examples in (3.1) since
it allows also for polynomial growth in x.

Assumption 3 (Regularity of G,). It holds that
Gn(z)] & 1+ [z))° Iz > un},

for some v > 0 and a deterministic sequence (u,,) of thresholds with u,, — oo as
n — oo. Here, < denotes inequality up to a multiplicative constant independent
of n and x.

The next theorem is the main result.
Theorem 3.1.1 (Central limit theorem). Assume that the following holds:

(i) Assumptions 1, 2, and 3 with vg < 7o, where vy depends on « and d (see
Equation (4) in Scheffel et al. [2026a]).

(i) B[G,(Xo)] # 0 and G, ,,(0) = d%E[Gn(XO +y)] » # 0, for sufficiently
large n .

(iii) for some & > 0 it holds that n”0+5_d_1/a/Ggo,n(0) — 0 as n — oo, where
ko depends on a and d (see Equation (5) in Scheffel et al. [2026a]).

Then, as n — 00,

- (d1/a) E[Gn(X0)] I~ ( Ga(X)) d
Gl n(0) n;<E[Gn<Xo>} 1) o e

where Z,, is a symmetric a-stable random variable defined in Theorem 2.1.2.
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Remark 3.1.2 (On the rate of convergence in Theorem 3.1.1). Since we consider
G, rather than fixed G, the rate of convergence in Theorem 3.1.1 is also governed
by the ratio of E[G,(Xo)] and G7, ,,(0). This can lead to markedly different rates,
which is best illustrated by considering again G, (x) = 1{z > uy}, where

E[G.(X0)] _ P[Xo > u,]
Géo,n(o) on(un) .

For Gaussian innovations, assuming Var[Xy] = 1, this becomes

P[Xo > 1
PlXo>u] 1
fXO (un) Un,
which is in line with the intuition that the total rate should slow down when
considering only extremes. For Sa.S innovations with « € (1,2) we get

P[Xo > uy] Unp
"~ 2 5 00,
fxo (un) «Q

which is surprising because the total rate speeds up when looking only at extremes.

We illustrate this phenomenon with an application to heavy tails. The light-
tailed case, which features new phenomena by itself, can also be found in the

paper.

Theorem 3.1.3 (Applications to heavy tails — deterministic thresholds). Let
Assumptions 1 and 2 hold, and assume that fx, € RV_,_1 with v > 1. If
Uy, — 00 is such that for some § > 0, u, = o(n(d+1/(A2)=r0=0)/+1)y " Then, qs
n — 0o,

1= @1/ wr2),, (Z?zl H{X; >un} 1) KN

nP[XO > un]
and
ron2)),, | (Lierloa(Xe/un) 1{Xy > un} oo .
! tin < nP[XO > un] [Og( O/Un) | 0> un]
d 14
v+ 1ZW\2'

As we discussed in Section 2.2.1.3, in statistical practice the choice of the
threshold u,, is crucial, and it is common to have random instead of deterministic
thresholds, for example, sample quantiles. The next result, which is the counter-
part of Theorem 3.1.3 for random thresholds, is obtained by proving a separate
derandomization device; see the explanation before Corollary 3.10 in Scheffel
et al. [2026a].
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Theorem 3.1.4 (Application to heavy tails — random thresholds). Let the
Assumptions of Theorem 3.1.3 hold. Then, with k = [nP[Xo > uy]|, it holds
that, as n — 00,

k
i1/ 0n2)g (1 _ n)

Zf:l log(Xn—i—ﬁ-l:n/ank:n)
nP[Xo > uy)

— Ellog(Xo/uy) | Xo > un]>

d 1
— o1 VA2 -

Remark 3.1.5 (Comparison with known results in the literature). As in the
case of the empirical tail function in the first display of Theorem 3.1.3, the
Hill estimators with deterministic thresholds (second display of Theorem 3.1.3)
and with random thresholds (Theorem 3.1.4) show faster speeds compared with
classical convergence rates in long memory settings. In the deterministic threshold
case (Theorem 3.1.3), the Hill estimator shows the same increased speed as
the empirical tail function, namely, with the extra factor u,. In the random
threshold case (Theorem 3.1.4), the factor of increase gx,(1 — k/n) may be
seen as the deterministic counterpart of the random threshold X,,_.,, since
Xn—km/ax,(1 —k/n) —p 1. It stands in sharp contrast with what is observed in
i.i.d. and short memory settings.

3.1.2 Central limit theory for serial tail dependence estimators
in heavy-tailed long memory linear time series

We again consider long memory linear time series as introduced in Section 2.1.1.
Fix T € N. For s > 0 and A C R” \ {0}, denote the T-dimensional empirical tail
measure (see Example 2.2.7) and its expectation by
5 . 1 . {(Xe, ..., Xeyr—1) €EUp - 5- A}
Posd) = L Y
n—T+1 P[| Xo| > uy)

t=1
and
P [(Xt7 - 'aXt-‘rT—l) € Up "S- A]
P[|X0| > un]

P,.(s,A) =

Theorem 3.1.6 (Empirical tail measure with deterministic thresholds). Let
Assumptions 1, 2(ii) hold, let fx, € RV_1_,, let Ao, ..., Apn, h € No, be bounded
away from 0, and let u, — oo with u, = o(n(d+1/WA2)=ko=0)/(w+1)Y for some
0 > 0, where ko is as in Theorem 3.1.1(iii). If Ao,..., A satisfy additional
technical assumptions, then

nl—d—l/aun [f)n(]-aAi) _ Pn(]-uAi) —d Zavl asn — oo,

i=0,...,

where v1 € R s a deterministic vector (see Theorem 4.2 in Scheffel et al.
[20260] ).



Chapter 3. Main Results and Outlook 29

Remark 3.1.7 (Increased speed in the extreme value setting). Compared to
standard central limit theory for long memory linear time series, the increased
speed n!'~4=1/ay, has already been observed in the univariate setting of Scheffel
et al. [2026a], see Remark 3.1.2.

Theorem 3.1.8 (Empirical tail measure with sample quantiles as thresholds).
Let Assumptions 1, 2(ii) hold, let fx, € RV_1_, and (x — x - f-(z)) € L'(R),
let Ag,...,An, h € Ny, be bounded away from 0, and let u, — oo with u, =
o(n(d+1/ WA2)=ko=0)/(v+1)) for some & > 0, where kg is as in Theorem 8.1.1(iii).
If Ao, ..., Ay satisfy additional technical assumptions, then, for k = [n - P[Xy >

uﬂ”z

e kY 1
nl -1/ 44X (1 - n> [Pn(Xn—kn/unyAz) - Pn(]-;Az)]

—d Lol asn — oo,

i=0,...,h

where vy € R is a deterministic vector, possibly different from vi (see Theo-
rem 4.8 in Scheffel et al. [2026D]).

Remark 3.1.9 (Different limiting behavior for random and deterministic thresh-
olds). It may happen that v = 0 while v; # 0. Then, in the setting of
deterministic thresholds (Theorem 3.1.6), we get a non-degenerate limit, while
sample quantiles as thresholds (Theorem 3.1.8) give a degenerate limit at the
same rate.

3.1.3 New class of processes in the MDA

As we discussed in Section 2.2.2.3, all specific examples of stationary max-id
processes in the literature, constructed from nonstationary single particles, are (up
to marginal transformations) max-stable. The goal of this work is to generalize
this construction by allowing for random time change of the underlying Lévy
particles. Starting from a Lévy—Brown—Resnick process (1, we construct infinite-
dimensional classes {Z%} of stationary max-id processes. These classes are
indexed by admissible mass functions « that induce state-dependent time changes
of the underlying Lévy particles; see Section 2.1.2.3 for background. In contrast
to a = 1, which yields the Lévy-Brown-Resnick process (;, = Z!, nonconstant
mass functions « allow for variability in the dependence structure of the max-id
process that goes beyond the max-stable setting. We then use this variability in «
to explore the extent of the so-called max-domain of attraction (MDA) of a given
Lévy—Brown—Resnick process (r; for background on MDA see Section 2.2.2.2.
The first part of the following assumption is needed to obtain existence of
the time-changed process that we are going to consider, while the second part of
the assumption is only needed for the convergence result in Theorem 3.1.11.

Assumption 4 (Assumption on mass function). The mass function « is continu-
ous and satisfies

0 < a = infa(z) < supa(z) =@ @ < o© and lim a(z) = 1.
zeR 2€R Z—00
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Theorem 3.1.10 (Existence and stationarity of max-id processes). Let a be a
mass function satisfying Assumption 4, let (L¢)i>0 be a Lévy process satisfying
Elexp(L1)] = 1, let (X¢)i>0 be the corresponding time-changed process, and
consider the process (Zi)i>o defined by

Zy = maxP((X¢)i0, a(z) exp(—z)dz) .

Then the process (Zt)i>0 has paths in D([0, 00)) and is stationary. If, furthermore,
(Lt)t>0 has continuous paths, then (Zt)i>o0 has paths in C([0,00)).

Theorem 3.1.11 (max-domain of attraction of the constructed max-id process).
Let o be a mass function satisfying Assumption 4, let (Li)i>0 be a Lévy process
satisfying Elexp(L1)] = 1, and let (X¢)i>0 be the corresponding time-changed
process. Consider the maz-id process (Zi)i>o defined by

Z; = maxP; ((Xt)i>0, a(z) exp(—z)dz) ,
let

(n(t) == max Zt(k) —log(n), neN,

=1,...,n
where ((ka))tzg)k:17,_.7n are i.i.d. copies of (Z¢)e>0, and let

Cr(t) = max*P:((Lt)t>0, exp(—z)dx).

Then (, converges to (r in finite-dimensional distributions. If, furthermore,
(Lt)t>0 has continuous paths, then convergence holds in ID([0,00)) equipped with
the Skorokhod topology.

3.2 Summary and Outlook

In the papers contained in this thesis, we have studied extreme value theory for
dependent stochastic processes, with a focus on PoT statistics and serial tail
dependence estimators for long memory linear time series, as well as maxima of
stationary particle systems.

The first paper develops central limit theory for PoT partial sums of long
memory linear time series. Simulation studies indicate that the resulting central
limit theorems cannot in general be used directly for statistical inference, at
least in the univariate setting. An important next step is therefore to develop
inference procedures that account for the nonstandard normalization and the
potentially slow convergence to the limiting distribution. One possible direction
is self-normalization. Another is a more precise analysis of finite-sample bias, in
particular second-order bias corrections for tail estimators.

The second paper develops central limit theory for serial tail dependence
estimators of heavy-tailed long memory linear time series. For specific rectangular
sets that are relevant in practice, the asymptotic scale vanishes when passing from
deterministic to random thresholds. Consequently, the convergence rate obtained
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for deterministic thresholds is no longer the correct one, and determining the
appropriate rate and limiting distribution for random thresholds in this case
remains an open problem. A further question arising from both the first and
second papers is what happens outside the parameter regimes in which the
respective reduction principles apply.

The third paper studies maxima of stationary systems of randomly time-
changed Lévy particles. It develops a general construction principle that yields
infinite-dimensional classes of stationary max-infinitely divisible processes. Since
the constructed max-infinitely divisible processes are shown to belong to a
prespecified max-domain of attraction, they provide flexible benchmark models
for studying the finite-sample behavior of extreme-value methods that are designed
to be valid throughout a max-domain of attraction. Their PPP representation also
suggests that simulation may be approached using extremal-function techniques.
Such methods were developed for max-stable processes by Dombry et al. [2016]
and extended to max-id processes by Zhong et al. [2024].

Our construction is based on perturbing the invariant process—measure pair
of an underlying Lévy-Brown—Resnick process by means of a state-dependent
random time change, where the perturbation can be controlled through the
resolvent of the time-changed process. An alternative direction would be to
perturb the transition semigroup directly, using tools from the theory of Feller
processes and stochastic differential equations; see Remark 3.8 in Scheffel [2026].
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Abstract

Over the last 30 years, extensive work has been devoted to developing central limit
theory for partial sums of subordinated long memory linear time series. A much less
studied problem, motivated by questions that are ubiquitous in extreme value theory,
is the asymptotic behavior of such partial sums when the subordination mechanism has
a threshold depending on sample size, so as to focus on the right tail of the time series.
This article substantially extends longstanding asymptotic techniques by allowing the
subordination mechanism to depend on the sample size in this way and to grow at
a polynomial rate, while permitting the innovation process to have infinite variance.
The cornerstone of our theoretical approach is a tailored reduction principle, which
enables the use of classical results on partial sums of long memory linear processes.
In this way we obtain asymptotic theory for certain Peaks-over-Threshold estimators
with deterministic or random thresholds. Applications cover both heavy- and light-
tailed regimes, yielding unexpected results which, to the best of our knowledge, are
new to the literature. A simulation study illustrates the relevance of our findings in
finite samples.

MSC 2020 subject classifications: 60F05, 60G70
Keywords: Central limit theory, Heavy tails, Peaks-over-Threshold model, Stable
distribution, Subordinated linear time series

1 Introduction

1.1 Background and literature review

A causal linear (or MA(00)) time series Xy = > 7% aje;—j, t € Z, built upon i.i.d. innova-
tions (e;) with at least a fractional moment and real-valued coefficients (a;), is (roughly
speaking) said to have long memory if the decay of the coefficients to 0 is slow enough
to yield a divergent series, yet fast enough to accommodate tail heaviness of the inno-
vations. Long memory linear time series models include the ARFIMA model introduced
by [18], which is arguably the simplest example of a stochastic process having long mem-
ory. The ARFIMA model has been successfully applied to various fields, such as finance
and economics [6] and medicine [41], and is the subject of active mathematical research,
for example on fundamental aspects linked to model selection [23].

Central limit theorems for partial sums of long memory linear time series are well-
known; see among others [5, Chapter 4]. Instead of the linear time series (X;), however, in
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many applications one is interested in a subordinated time series, that is, a transformation
G(X:). Typical examples are G(X;) = |X;|P, yielding the empirical pth moment, or
G(X:) = 1{X; < z}, providing an estimator of the distribution function of X, at the
point x. This problem is discussed by [21] (innovations with finite eighth moment), [20]
(innovations with finite fourth moment and G(X;) = 1{X; < z}), [39] (innovations with
finite second moment but no fourth moment) and [26] (innovations with finite first moment
but no second moment); see also [13, Section III] and [29, Section 16.1]. The cornerstone
of a standard proof is to show a (weak) reduction principle of the form

nm /M2 N (G(Xy) - BIG(X)]) = /™G (0)> " X +op(1), (1)
t=1 t=1

where v = sup{p > 1| ||| ;»(p) < oo} is the (algebraic) number of finite moments of the
innovations, assumed to be larger than 1, d is a long memory parameter, reminiscent of the
fractional differencing parameter in ARFIMA models, that satisfies d € (0,1—1/min(v, 2))
and is such that (n'~%a,) converges to a finite, nonzero limit, and G, (0) = d(E[G(Xo +
x)])/dx‘x:O is assumed not to vanish. By [5, Theorem 4.6 (v > 2), Theorem 4.17 (1 <
v < 2)], the weak limit of the left-hand side of (1) is then a stable distribution, which is
non-Gaussian for v € (1,2), and whose scale depends on the asymptotic behavior of the
coefficients (a;), tail heaviness of the innovations, and the derivative G (0).

Fitting extreme value analysis into this framework requires shifting from fixed transfor-
mations G to a sequence of sample-size-dependent transformations (G,). Typical examples
arise from counting threshold exceedances — the simplest example among a broader class
of estimators called Peaks-over-Threshold (PoT) estimators —, that is,

1 n
— Z {X; > uyn}, with Gy (z) = 1{z > u,}
"=
for a threshold sequence (u,) with u,, — 0o as n — oo, or
1 n
- Zlog(Xt/un)]l{Xt > Up }y with G, (z) = (log(z) — log(u,))1{zx > u,}
t=1

which is reminiscent of the Hill estimator [19] of the extreme value index for heavy-tailed
data. In practice the threshold sequence is often chosen as an order statistic from the
sample, that is, u, = X,k for an intermediate sequence k = k(n) with k& — oo and
k/n — 0 for n — oo, where X1, < ... < X,,., is the ordered sample. This corresponds to
the realistic setting where the chosen threshold estimates an unknown quantile threshold
of the form gx(1 — k/n). The asymptotic behavior of these estimators, whether with
deterministic or random thresholds, is well-studied under various notions of short-range
dependence; see for instance [22] in a strong mixing setting, as well as later work by [15]
for extensions to a wider class of estimators in the S—mixing framework under an anti-
clustering condition (see also [13, Section V]). Recent contributions, such as [32] (based
on the notion of dependence introduced in [30]), or [3] and [9], have focused on weakening
the mixing requirement, which may be difficult to check in a given model.

The question of handling long-range dependence in PoT extreme value analysis has
remained much less explored. Works by [27], [7] and [29, Section 16.3] study the tail
empirical process with random thresholds, that is, (% Yo {Xy > X pns})s>1, and
show that it does not suffer from long memory in certain stochastic volatility models. [28]
discusses the existence of multivariate versions of the extremogram in the same class of
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processes. This is, to the best of our knowledge, the only class of processes that has
been studied in this context; in particular, long memory linear time series have been left
untouched.

1.2 Contribution of the paper

The main contribution of our article is to derive central limit theorems for subordinated
long memory linear time series, in an extreme value framework where the subordination
mechanism depends on sample size. This is challenging because the mixing properties
that are typically assumed in the extreme value literature (in particular, strong mixing,
B—mixing or anti-clustering conditions) do not hold in this context. To be more specific,
under mild smoothness assumptions on the innovation sequence, and provided each mem-
ber of the sequence of transformations (G,,) grows at most like a (suitable) power function
and is supported on an interval of the form (uy,o0) with u, — oo, we show that the
centered and scaled subordinated linear time series

n

=1/ min(v2) Z(Gn(xt) — E[Gr(X0)])

t=1
has the same asymptotic behavior as
d —d—1/ min(v. <
LEG(Xo+a)]|  n =1/ min(2) N " X
=0 t=1

This new, tailored reduction principle is achieved by explicitly deriving an upper bound
for an appropriate moment of the difference between the two random sums. This technical
result, specific to the long memory framework, leads to our main central limit theorem for
partial sums of subordinated long memory linear time series, yielding the same limiting
distribution as the partial sums of the original time series, but with a different rate of
convergence due to focusing only on the extremes of (X).

Our results stand in contrast to what one would expect from the available i.i.d. or
short-range-dependent theory of extreme values. For example, with heavy-tailed innova-
tions, we observe that the speed of convergence is faster than the classical long memory
speed arising from a setting with fixed transformation. This is markedly different from
independent or short-range dependent settings, where it is well-known that the speed of
convergence of PoT extreme value estimators based on the k largest observations only is
V'k, which is slower than the standard speed v/n. A further contribution of our work is
to allow the replacement of the deterministic threshold (u,) with its random counterpart;
in doing so, we obtain a second set of asymptotic results for the extreme value estimators
under consideration, showing that, unlike in the i.i.d. and short memory settings [37], Hill
estimators with deterministic and random thresholds have different asymptotic distribu-
tions. A similar phenomenon was observed by [27] in stochastic volatility models with
long memory.

We organize the presentation of these theoretical findings as follows. In Section 2, we
describe the model and assumptions in detail. Section 3 contains the announced central
limit results. In addition, we assess the practical relevance of these theoretical results
in a simulation study, presented in Section 4. While confirming the expected rate of
convergence, the simulations show that in finite samples convergence to the actual form
of the asymptotic distribution is slow, even in relatively simple settings. This is partly
due to the extreme value setting and also due to the intrinsic difficulty of working with
long memory time series, which is pronounced already at central levels. Section 5 finally
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discusses our findings and perspectives for future work. The proofs of all the results are
deferred to an online Supplementary Material document.

2 Model and main assumptions

Throughout this article, (£2,.4,P) denotes a probability space rich enough to support
all random variables under consideration. For p > 1, we write LP(P) for the space of
random variables with finite p-th moment. For a generic, continuous random variable
Z, we let Fz (resp. fz, qz) denote its cumulative distribution function (resp. probability
density function, quantile function). We write a A b = min{a, b} and a V b = max{a, b}
for a,b € R, and use the symbol ~ to denote asymptotic equivalence of sequences and
functions. We write < to mean inequality up to a generic multiplicative constant C' > 0
that can change from place to place. If the dependence of this constant on the surrounding
variables is relevant to the argument, we will make this explicit, by saying, for example,
that C' = C), depends on n, or that C is independent of n. The symbol CP(R) denotes the
vector space of real-valued functions on R with continuous derivatives up to order p.

Let (e¢)iez be a sequence of independent and identically distributed (i.i.d.) copies of a
random variable €. Set

v=ve:=sup{p > 1||le|Lrp) < oo}

We have v = oo, for example, if ¢ is standard Gaussian, and if the complementary distri-
bution function x — P[le| > z] is regularly varying with index —1/¢ < 0, then v = 1/£.
In this work, we focus on linear time series Xy = »°7° aje;—j, where (a;) is a sequence of
real-valued coefficients, featuring long memory in the following sense.

Assumption 1 (Long memory). It holds that v > 1, and that the sequence (n'~%a,)
converges to a finite, nonzero limit ¢, for some d € (0,1 — 1/«a), where o := 2 A v.

Remark 2.1 (On Assumption 1). Assumption 1 guarantees that the process (X;) is well-
defined and stationary; see [29, Section 15.3]. It imposes that the innovations have at
least a finite moment of order larger than 1, and that the coefficient sequence (a;), while
forming a divergent series and thus granting the long memory property to (X;), is able to
accommodate potentially heavy tails of the innovations.

Our main goal is to derive a central limit theorem for partial sums of subordinated
long memory linear time series, in the sense of Section 4.2.5 in [5], taking the form

n

vn Y (Gu(X1) = E[Gu(X0)])) = Z,
t=1

where (Gy,) is a given sequence of real-valued functions, and (v,), Z are respectively a
nonrandom sequence and a nondegenerate stable limiting random variable to be deter-
mined. This is tailored to extreme value theory within the Peaks-over-Threshold (PoT)
framework, where G,, may for instance be Gy (z) = 1{x > u,} (for counting the number
of exceedances above a high threshold u,, — c0) or G, (z) = (log(z) — log(uy,)) 1{z > u,},
resulting in the Hill estimator [19]. The first of the regularity assumptions we require
regards the sequence of functions (Gy,).

Assumption 2 (Regularity of G,,). It holds that

IGr(z)] < (14 |z))¢1{z > u,},

~
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for some v > 0 and a deterministic sequence (u,) of thresholds with u,, — co as n — co.
Here, < denotes inequality up to a multiplicative constant C' > 0 independent of n and .

Remark 2.2 (On Assumption 2). The functions G,, appearing in the simple threshold
exceedance estimator and the Hill estimator [19] satisfy Assumption 2, with v = 0 and
any vg > 0, respectively. In Section 3, we introduce further technical restrictions on v¢
that prevent G, from growing too fast, depending on the tail heaviness of the innovations.

Our second main regularity assumption focuses on the innovation sequence (g;) and
is tailored to the two main regimes of interest in our work. On the one hand, we will
consider the (easier) case when ¢ has a finite second moment with sufficiently fast decay
of the characteristic function. On the other hand, we shall be interested in the (harder)
case of heavy-tailed time series whose innovations have regularly varying densities and a
finite first moment, but no finite second moment.

Assumption 3 (Regularity of the innovations). Suppose that F. € C?(R), and that ¢
has a symmetric distribution. Furthermore, assume that one of the following alternatives
holds:

(i) (Case a = 2) One has E[e?] < oo, and, for some § > 0, the characteristic function
of ¢ is such that (1 + |s|)°E[exp(is¢)] is uniformly bounded in s € R.

(ii) (Case o € (1,2)) Assume that there is a finite positive constant A such that
limy 00 z%Ple > 2] = limy; 00 2*Ple < —2] = A/2, and suppose that the prob-
ability density function f. € C(R) satisfies:

[fi@) S A+ z))™  forzeR,

~

[fi@) = L@ S le—yl-Q+]a)™  forazyeR, |z -yl <1,

where < denotes inequality up to a multiplicative constant C. > 0 depending only
on the distribution of .

Our main interest in this work is Case (ii) in Assumption 3, that is, the setting o €
(1,2), which should be viewed as the harder case of the two. Let us point out that our
assumptions in Case (i) might be weakened further using dedicated techniques from [20].
The rationale for the precise form of our Assumption 3(i) is to allow a comparison of
asymptotic behavior between the infinite and finite variance contexts in a unified fashion.

Remark 2.3 (On Assumption 3(i)). Verifying Assumption 3(i) typically boils down to
checking integrability properties of the density f. and its derivative. Take, for example,
any distribution of € having finite second moment with density vanishing asymptotically
at +o0o and integrable first derivative. Then on the one hand, for |s| < 1, it holds that

1

Elexp(ise)|| <1< ,
[Blexp(ise)]] < 1< 77

and on the other hand, for |s| > 1, integration by parts yields

) 1 . 1 1
lew(isell = |1 [ esliso) )ds] < Ll £ o
due to the inequality 1/[s| < 2/(14|s|) for |s| > 1. Then Assumption 3(i) is satisfied with
6 = 1. Therefore, it covers a large class of distributions, in particular centered Gaussian
distributions, symmetric Beta distributions with parameter larger than 2, and Student
distributions with v > 2 degrees of freedom. Note that this nonetheless ensures that X
has an infinitely differentiable distribution function; see [16, Lemma 1].
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Remark 2.4 (On Assumption 3(ii)). Assumption 3(ii) is satisfied by symmetric a-stable
(SaS) distributed innovations; see [26, after (2.2)]. More generally, the two inequalities
there hold if f/ and f! are continuous and regularly varying (with index < —«). In
particular, the Student t—distribution satisfies this stronger criterion. We note that the
symmetry property is assumed mainly to simplify the application of the central limit
theorem for partial sums when « € (1, 2); it would suffice for the innovations to be centered.
Without symmetry, the limiting distribution becomes asymmetric, but the convergence
rates remain the same, see [29, Theorem 8.3.5].

3 Main results

This section is split into four subsections. In Section 3.1, we develop our reduction princi-
ple, which is the key technical tool behind our main results. The reader primarily interested
in central limit theory can skip this subsection and go directly to Section 3.2, where we
provide and discuss a general central limit theorem arising as a corollary of this reduction
principle. This result is then applied to the cases when the stationary distribution of (X})
is heavy-tailed (resp. light-tailed) in Section 3.3 (resp. Section 3.4).

3.1 Technical tool: Reduction principle

At a conceptual level, the reduction principle works as follows. For k& € Z, let F, =
o(ek,Ek—1,-..) denote the past o-algebra generated by the sequence () up to index k.
For k >0, let X := E?:o ajei—; be the k-truncated time series, and write

d
Gin(y) == E[Gn(Xor+y)]  and en(y) = d—ka,n(y),

where we set Goo 1 (y) := E[Gp(X0,00 +¥)] = E[Gn (X0 +y)] for k = oo in the natural way.
The reduction principle consists in showing that

Z(Gn(Xt) - E[Gn(XO”)

t=1

_ ZZ W(X0) | Fock]l — E[Gu(X0) | Frgryn))

tlkO

= ZZ Gr1n(Xt = Xip—1) — Grn(Xe — X))
t=1 k=0 (2)

2
NE
Mg

aper— kGl (Xt — Xt )

= ZX,: + Zzak& g (Gln(Xe — Xo) — Gl (0))

t=1 k=0

Here, the asymptotic profile turns out to be determined only by the linear term, for which
central limit theory is readily available. Before we make the argument in (2) rigorous,
we provide central limit theory for partial sums of long memory linear time series. For a
proof of the latter we refer to [5, Theorem 4.6 (o = 2) and Theorem 4.17 (a € (1,2))].
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Theorem 3.1 (Central limit theorems for partial sums). Let Assumptions 1 and 8 hold.
Then

e ZXt 4 Z, asmn — oo,
t=1
where
%) if a=2 with E[¢?
Zo has distribution N(©0,0%)  if with E[e%] < oo,
SaS(n) if ae(l,2),

with variance

0% = CiE[ﬂ% when E[52] < 00,
or scale
v= (a7 Ci)foi(mm)l/a ([ (0=t o) ) "

Remark 3.2 (On the limiting distribution in Theorem 3.1). We define the distribution
SaS(n) in the usual sense, having characteristic function x — exp(—n®|z|*). Also, it may
not be immediately obvious that the integral in the definition of n is finite in our setting.
To clarify, using Jensen’s inequality and the condition 1 < (1 — d)a < 2, we have

/100 ((1 o)t — vd)a dv = /100 (d/ol(er 5)~(1=9) ds)a dv
< /100 </01(’U + s)_(l_d)o‘ ds) dv
- /01 (/100(U+s)(1d)adv> ds

/ v =D gy « 0.
1

IN

Therefore,

- /11 (A=v)d = (-0)d)" dv+/100 (4 0)? = ?)" dv < o0,

The next result makes the argument in (2) rigorous. In the proof we adapt techniques
of [26] to our extreme value setting.

Theorem 3.3 (L"—moment bound). Let Assumptions 1, 2 and 3 hold. Then

Ce(0) = LBIG(Xo+ 1)

z=0

is well-defined. Moreover, if ya is such that there are v,r € R satisfying

d 1 « 1
i 1 g d —— 3
7G<7<m1n{1_d, a—d)r } an 1_d<r<oz, (3)
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we have

Y (Gu(Xy) = E[Gu(X0))) — Ghnl0)d X
t=1

t=1

Lr(P)
a0 U7 (G (Xo) ey V Gl (0)])

n1+1/r7(17d)(1+'y) ’

S
<
where < denotes inequality up to a multiplicative constant C' > 0 independent of n.

It follows from Theorem 3.3 that if G7, ,,(0) # 0 for sufficiently large n, then

n—d-1/a 2 n
m;(Gn(Xt) — E[Gn(Xo)]) - n_d_l/a;Xt

ne(rr)—d=1/a

S T o
|G (0)]

L(P)

where k(vy,7) := 1+ 1/r — (1 — d)(1 + ~). Therefore, if n”("’*r)’d’l/a/Ggo,n(O) — 0 as
n — oo, then the following L"(P)—reduction principle applies:

L_l/azn:(G (X¢) — E[Gnh(X0)]) — n_d_l/azn:X HE as n — 0o
Géoml(o) - n t n 0 < t .

Remark 3.4 (On the existence of v and r in Theorem 3.3). Note that the upper bound
for v in (3) gets maximal for
1 n 1
r=r=glat

that is, for r being equal to the midpoint of its domain. In this case, the upper bound is
given by

d 1
—_— if —m < a,
e e [ d al-d)-1] J1-d "a-ai-2q) ~°
v* = 7(r*) = min =
1—d a(l—-d)+1 a(l—d) -1 .
m OtherWlse.

Thus, v¢ < ~* is necessary for the existence of a pair (v, r) satisfying (3). Conversely,
if v¢ < ~*, the pair (v* — 0,7*) satisfies Condition (3) for sufficiently small § > 0. Con-
sequently, Condition (3) is nonempty if and only if v¢ < +*. Simple calculations show
that

max min{ d oz(l—d)—l}_ 8(1—1/a)
de(0,1-1/a) l—d a(l=d)+1]  (1+,/9-8(1—1/a)3++/9-8(1—1/a))

with the maximum attained at d(a) = (3 — /9 — 8(1 — 1/«))/4. This constitutes a hard
upper bound for 7 in our framework. Note that d(1) = 0 and d(2) = (3 —+/5)/4 ~ 0.191.

As illustrated by the example G, (r) = 1{z > u,}, where G, (0) = fx,(un), the
condition pr(vr)—d=1/a/ Glo.n(0) — O restricts the growth of (uy,) to infinity. Consequently,
the choice of (v, r) has a significant impact on the admissible growth rates of the threshold
sequence (uy). Therefore, we aim to relax this condition as much as possible, which
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amounts to minimizing the function (v, r) — (7, r). It turns out (see Proposition B.6 in
the supplement) that x is minimized over the admissible values of v and r at

d ) 1
(150 a0 -0) i Ggirmag <=

(70, 70) = al—d)—1 1/ 1 eru (4)
al—d)+1 2 at otherwise,
yielding the optimal value kg := k(7y0,70) as
1 " 1 <
i
al—d) " 1—ay(1—24) =Y -
Ry =
20—-d)+ (1 —a(l —=d)(1 —2d)) 3—a(l—d) .
1—d)—————= oth .
2l —d) 11 =d+( d)a(l—d)—i—l otherwise

With the notation of Remark 3.4, 79 = v*, and r9 = r* when a(1 —d)(1 —2d) > 1. Noting
that kg —d — 1/a < 0, we obtain the following optimized moment bound.

Theorem 3.5 (Optimal L"—moment bound). Let Assumptions 1, 2 and 3 hold. If va <
Yo, then, for any d > 0,

n

Z n(Xi) — E[Gn(X0)]) — Gl ZXt

t=1 t=1

5
S nre,

L7 (P)

where < denotes inequality up to a multiplicative constant C > 0 independent of n. Con-
sequently, if one has G, ,,(0) # 0 for sufficiently large n, and if for some § > 0 one has

n”0+6_d_1/a/Ggo,n(0) — 0 as n — oo, then

SN G(X)) — BIGu(X0)]) — ey X, M g
Clon0) &5 e =

In the next section, we apply these moment bounds in order to obtain general central
limit theorems.

3.2 General central limit theory

Recall, from Section 3.1, that if n”(%r)_d_l/a/Gfx}’n(O) — 0 as n — o0, then Theorem 3.3
yields

p—d—1/a .y n P

—d—1/a

o n( ] ;(Gn(Xt) — E[Gn(X0)]) — n ;Xt —0 as n — oo.
In particular, by Slutsky’s theorem, the asymptotic behavior of the subordinated long
memory linear time series reduces to that of n—4-1/« > 11 X¢. The same conclusion holds
if, with the notation of (4), v¢ < 70 and n”””‘s’d’l/a/GgO’n(O) — 0 as n — oo, by
Theorem 3.5. This leads to the following central limit theorem.

Corollary 3.6 (Central limit theorem). Assume that at least one of the following sets of
conditions is met:

1. (i) the assumptions of Theorem 3.3 hold
(ii) E[Gn(Xo)] # 0 and G, ,,(0) # 0, for sufficiently large n
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(iii) there exist 7y,r satisfying Condition (3) such that n”(%r)’d’l/o‘/Ggoyn(O) — 0
as n — oo, where k(y,r) =1+ 1/r — (1 —d)(1 + 7).

2. (i) the assumptions of Theorem 3.5 hold
(ii) E[G,(Xo)] # 0 and Ggom(O) £ 0, for sufficiently large n
(iii) for some § > 0 it holds that n”0+5*d*1/a/G;7n(0) — 0 as n — oo, where Ko s
defined in (5).

Then, as n — 00,

BES d
—(d+1/a) | - _
a G/ n z:( 1) — Za,
where Zy is a symmetric a-stable random variable defined in Theorem 3.1.

Remark 3.7 (On the rate of convergence in Corollary 3.6). Since we consider G, rather
than fixed G, the rate of convergence in Corollary 3.6 is also governed by the ratio of
E[G,(Xo)] and G%, ,,(0). This can lead to markedly different rates, which is best illustrated
by considering again G, (z) = 1{x > u,}, where

E[G,(Xo)] _ P[Xp > uy]
G()o,n<0) on(un) .

We compare the case of standard Gaussian innovations with that of Sa.S innovations
with a € (1,2), covered by Assumption 3(i) and (ii), respectively, so that the stationary
distribution of (X;) is Gaussian and SaS with « € (1,2), respectively. For simplicity,
suppose that > 72 = 1. Then by Mills’ ratio it follows in the first case

JOJ

P[XO > un] 1

on (un) Un,

This is in line with the intuition that the total rate should slow down when considering only
extremes. In the second case, however, by Karamata’s theorem (see [12, Theorem B.1.5])
it holds that

P[Xo > uy) Up,

fX0<un) v’

This is surprising, because compared with the classical long memory rate 1/n' —(d+1/e) the
total rate speeds up when looking only at extremes.

The next section discusses this phenomenon and other examples in detail.

3.3 Central limit theory for Peaks-over-Threshold estimators (heavy
tails)

We first discuss the case when the stationary distribution of (X;) is heavy-tailed with
index v > 1. By [29, Equation (15.3.5)], this will be the case if the ¢; are heavy-tailed
with index v > 1, and an application of [8, Theorem 1.7.2] yields that, if fx, is ultimately
decreasing, then fx, € RV_,_;. In this setting, we have the following consequence of
Corollary 3.6; here and throughout log(z)+ = log(z) V 0 = log(z)1{z > 1}.

10
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Corollary 3.8 (Applications to heavy tails — deterministic thresholds). Let Assumptions 1
and 3 hold, and assume that fx, € RV_,_1 with v > 1. If up, — 00 is such that for some
6> 0, uy = oY/ WA =rko=0)/(v+1)) “yyhere kg is defined in (5) then, as n — oo,

n
1-@+1/wn)),, [ 2ot= UXe>ua} N 4,
" tn < nP[Xo > up] — Vlunz

and

1—(d+1/wn2)), [ 2ot log(Xe/un)+ a. v
n - (ZESEET P Bfog(xo /1) | X0 > wl) <5 oz

In a remark after [5, Theorem 4.17] the authors point out that (for a fixed subordination
function G) a stable limit may be obtained from summation of bounded random variables.
This observation extends to our work, where the subordination function depends on the
sample size.

Remark 3.9 (Equivalent form of Corollary 3.8). An equivalent form of the second con-
vergence in Corollary 3.8, closer to Corollary 3.6, is

n 2
pl=(@+1/(wA2),, . <Zt—110g<Xt/un)+ _ 1> 44, ¥

Zung.
nE[log(Xo/un)+] F17?

This is due to the well-known convergence E[log(Xo/u) | Xo > u] = 1/v as u — oo.

In statistical practice, the choice of the threshold wu, is crucial. Typical solutions [36]
are data-driven, and it is therefore more common to have random instead of deterministic
thresholds. In theory, one way of shifting from deterministic to random thresholds is to
prove results for deterministic thresholds first and, often by means of empirical process
theory, extend them to random thresholds. The Hill estimator (among others) has enough
structure to avoid reliance on empirical process theory, which can be technically delicate.
Our approach is based on a derandomization device (Lemma C.1 in the supplement),
specifically avoiding empirical process theory, and proving directly the convergence of the
random threshold version based on the joint convergence of the deterministic threshold
version and the order statistic X,,_g.,. In this way, the next result, which is the coun-
terpart of Corollary 3.8 for random thresholds, is obtained by combining Lemma C.1 and
Lemma D.1 in the supplement.

Corollary 3.10 (Application to heavy tails — random thresholds). Let the Assumptions
of Corollary 3.8 hold. Then, with k = |nP[Xy > uy]|, it holds that, as n — oo,

k
! (@A) <1 _ ﬁ)

<Z§;1 108(Xon—it1:n/ Xn—ken) 1

— E[log(Xo/un) | Xo >un}> & = 7.

nP [X() > un] v+1

Remark 3.11 (Comparison with known results in the literature I). As in the case of
the empirical tail function in the first display of Corollary 3.8, the Hill estimators with
deterministic thresholds (second display of Corollary 3.8) and with random thresholds
(Corollary 3.10) show faster speeds compared with classical convergence rates in long
memory settings. In the deterministic threshold case (Corollary 3.8), the Hill estimator
shows the same increased speed as the empirical tail function, namely, with the extra
factor uy. In the random threshold case (Corollary 3.10), the factor of increase gx,(1 —

11
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k/n) may be seen as the deterministic counterpart of the random threshold X,,_j.,, since
Xn—kn/qx,(1—k/n) —p 1. This follows from the convergence of the empirical tail function
in the first display of Corollary 3.8 along with inverting this function using Lemma C.2
in the supplement. It stands in sharp contrast with what is observed in i.i.d. and short
memory settings.

Although the limiting structure of the Hill estimator is the same for deterministic and
random thresholds, the asymptotic scale is lower in the random case. Specifically, it shifts
from v/(v+1) to 1/(v + 1), where, as v — oo, the former converges to 1, while the latter
tends to 0. This suggests a phase transition (in the sense of [35]) in the case of random
thresholds, occurring as we pass from heavy to light tails, that is, in the limit v — oc.
This motivates a second set of examples featuring light tails.

3.4 Central limit theory for Peaks-over-Threshold estimators (light tails)

In the light-tailed case, the asymptotic behavior of PoT estimators should be expected to
be different. For example, one has then Elog(Xo/u) | Xo > u] — 0 as u — oo. This
is crucial when it comes to investigating the convergence of the moment estimator of the
extreme value index [14], which is partly built upon the Hill estimator; see [12, Section
3.5] for a review.

Corollary 3.12 (Applications to light tails — deterministic thresholds). Let Assumptions 1
and 38 hold, and suppose that fx,(z) = w(x)exp(—|z|®/B) for some B > 0, where w €
CY(R) is a symmetric function satisfying || ‘w(z) — 0 as x — 0, w(x) > 0 for = large
enough, and with derivative W' either regularly varying at infinity or constant equal to 0
for |x| large enough. If u, — oo is such that for some 6 > 0, u, = (—Blog(n)(ko + 6 —
1/2 —d) + o(1))Y/8, where ko is defined as in (5) with a = 2, then, as n — oo,

1j2-d 1-8 [ 2oter H{Xe > un} 1 d,
nn ( nP[Xo > un] B

and

n
iyl (L BT ity (X /u) | Xo > ]} > 2
The factor u}fﬁ allows for interpolation between slowly decaying (e.g., polynomial) and
rapidly decaying (e.g., exponential) tails, depending on 3. For instance, 8 = 1 corresponds
to Laplace-type tails, while g = 2 gives Gaussian decay. The assumptions of Corollary 3.12
can be verified easily for normally distributed innovations, that is, where § = 2. We
highlight this special case in the following corollary.

Corollary 3.13 (Gaussian innovations — deterministic thresholds). Let the e; be i.i.d.
Gaussian centered, and suppose that Assumption 1 holds. If u, — oo is such that for
some & > 0, u, = (—2log(n)(ko + 6 — 1/2 — d) + o(1))Y/2, where rq is defined as in (5)
with o = 2, then, as n — oo,

nl/2—d . <Z?_1 X > un} 1) d

— Z
w nP[Xo > un] 2

and

n!/2=d <Z?_1 log (X /un)+

d
— Ellog(X X Zs.
Un TLP[XO > un} [Og( O/Un) | 0> un]> — 7y

12
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Remark 3.14 (Comparison with known results in the literature II). Another comparison
with the i.i.d. setting is worthwhile here. On the one hand, when the X; are i.i.d. with
density satisfying fx,(r) = w(z)exp(—|z|?/B) for some B > 0 and a function w converg-
ing to a positive constant wy at infinity, then a repeated use of Lemma 1 in [38] and a
straightforward application of the Lindeberg central limit theorem yield

Z?:l log(Xt/un)Jr
nP[Xo > un]

nP[Xo > up)u’ ( — Ellog(Xo/uy) | Xo > un}> 4, N(0,0?)

when nP[Xo > u,] — 0o, where 02 = 02(3,wp) can be explicitly calculated. On the other
hand, when the X; are i.i.d. heavy-tailed with fx, € RV_,_1, then another straightforward
application of the Lindeberg central limit theorem yields

" log( Xy /un d
nP[Xo > uy) (Ztn];[)?o( ;in] )+ _ Ellog(Xo/un) | Xo > un]> -5 N(0,2/17)
when nP[Xy > u,| — oco. In other words, when the X; are i.i.d., the speed of convergence
goes from

VnP[Xo > up| ~ Y

in the heavy-tailed setting to

VAPIXo > unlull ~ \/ruk™ exp(—ul/ )

in the light-tailed setting. The exponentially decaying term exp(fug /B) dramatically
slows down the speed as one goes from heavy to light tails. By contrast, in the long
memory case, the speed of convergence goes from n'/2=dy,, in the heavy-tailed setting
(when v > 2) to nl/ 2=dy!=F in the light-tailed case. The slowdown is thus much more
pronounced in the i.i.d. setting than in the long memory case.

As in Section 3.3, we finally consider an analogue of Corollary 3.10 in the light-tailed
context.

Corollary 3.15 (Application to light tails — random thresholds). Under the Assumptions
of Corollary 3.12 and with the notation of Corollary 3.10 it holds, as n — oo,

1/2—d k 0
S CICH)

Z?:l log(aniJrl:n/Xn—k:n)
’I’LP[XQ > un]

— Ellog(Xo/un) | Xo >un]> £, 0.

The analogous result for heavy-tails (Corollary 3.10) suggests that there is a phase
transition in the limit between heavy- and light tails. Observe that the speed coming
from deterministic thresholds and light tails (Corollary 3.12) is too slow to identify a non-
trivial limiting structure for light tails and random thresholds (Corollary 3.15). This hints
at a weakening or even absence of a long memory effect in this case. Absence of long
memory has indeed been observed in a similar setting by [27], where the authors recovered
i.i.d. behavior with the standard speed v/k.

13
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4 Numerical illustrations

4.1 Main objective and setting

The purpose of this section is to illustrate the central limit theorem in Corollary 3.6 when
the innovations are heavy-tailed. Our motivation is to get a grasp of the extent to which
the asymptotic distributions of the PoT estimators obtained in Section 3.3 show up in
finite samples. To the best of our knowledge, there is no exact method for simulating long
memory linear time series with heavy tails. We therefore use a (long enough) truncated
coefficient sequence,

ap=0 and a; = ;7D =1 p=10%,

with d = 0.1, and symmetric a-stable innovations ¢; with @ = 1.9 and scale parameter
n = 1. We simulate N = 10,000 i.i.d. copies of (X;,t =1,...,n = p/10 = 107), using GPU
acceleration; the sample size n = p/10 is such that the number of coefficients p is large
enough compared with the length of the time series, in order to simulate long memory
behavior of the series X; = Z‘;‘;l j_(l_d)gt_j.

4.2 Slow convergence of pre-asymptotic scaling factors

The main ingredient in our central limit theory is Theorem 3.1, which provides the weak
convergence behavior of partial sums of the X;, namely,

n

—d— d

ndl/"‘g Xy — Z, as n — 0o,
t=1

where 7, is symmetric a-stable with scale

) e % . <A- F(Q—a)COS(Tra/2)>l/a </1 <(1 oy - (‘Wi)a dv>l/a .

-« oo

Observe that in our case ¢, = 1 so that, by symmetry of the a-stable innovations,

=5 ([ (-t - o) )

(o]

1/

For d = 0.1, a = 1.9, by numerical integration we get

1 1/1.9
N = Nd=01a=19 = 10 (/ (1= 0)% = (=)} dv) ~ 9.344.

[ee]

To assess how fast the asymptotic scale 1 is approached in finite samples, one may write
the rescaled partial sum as

n—d—l/a% ;Xt _ n—d—l/a% sz—(l—d)gt_j

t=1 j=1

t n

-1
_ pd/el nzsn_tzjfufon n is_tz(jﬂ)f(lfd)
t=1 j=1 =0

" =
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Since the €; are i.i.d. symmetric a-stable, so is this rescaled partial sum, with scale

a a\ 1/a
n—1 t 00 n
—d-1/al (1 . _(1—
s= s =n L (S0 ) S (S Gpe) )L )
N t=1 \j=1 t=0 \j=1

If n were to be a correct approximation of the scale of pd-1/e > iy Xy, then sy, g o would
be close to 1. Numerical approximations, however, show that the ratio s,, 4, converges to
1 slowly, suggesting that n does not correctly approximate the scale of p~d-1/e o Xt
We illustrate this in the top panel of Figure 1, where even for the large value n = 10 one
finds s =~ 0.72.

Another scaling quantity, namely E[G,(X0)]/GY, ,,(0), appears in Corollary 3.6. For
exceedance counts, using the indicator function G, (xz) = 1{x > u,}, this ratio is equal to
P[Xo > uy]/ fx,(upn), which is known given the distribution of X(. But even for relatively
simple extensions such as Gp(z) = (log(x) — log(uy))1{z > u,}, the exact calculation
of E[Gy(Xo)] and G ,,(0) becomes an issue. This is because the resulting integrals
typically do not have a simple closed form. A solution is an approximation by Monte
Carlo simulation, using for example

B[Ga(Xo)] = Bllog(Xo/un):] ~ Bllog(Xo/un):] = > log(X{) fun) 1{X > un)
=1

and, by partial integration (see the proof of Corollary 3.8),

Gron® = [ L0 a0 =BG > Wl =BG X0 > )

1 &1 @)
= =Y —=1{X” > un},
m Xy

where X{, ... ,X(gm), m € N are i.i.d. samples of Xy; here we take m = 107.

It should be highlighted that in statistical applications, the distribution of X is not
assumed to be known. A workaround is to combine Karamata’s and Slutsky’s theorem,
as is done in the proof of Corollary 3.8, to replace E[G},(X0)]/G%, ,,(0) by an asymptotic
equivalent. For example, for G, (x) = 1{z > u,},

E[G,(X0)]  P[Xo > uy] Up,
Con®)  Frole) Y
00,n 0
are asymptotically equivalent. As illustrated in the bottom panel of Figure 1, when X
has a stable distribution these two quantities may, however, differ substantially, even at
fairly high thresholds w, of order, say, ¢x,(0.999). This is largely due to the speed of
convergence of P[Xy > u,] to its power law equivalent, where the remainder term is of
order O(u,®) and vanishes slowly as n — oo; see [42, Corollary 2 p.94] for details. It is
thus not advisable to use the asymptotic equivalent u, /v in place of P[Xo > w,]/ fx,(un)
when G, (z) = 1{z > u,}. More accurate asymptotic equivalents could be obtained by
estimating the remainder term in Karamata’s theorem, for instance using second-order
extended regular variation [12, Sections 2.3 and B.3]. The construction of such refined
asymptotic equivalents is outside of the scope of this work.

This discussion motivates, in our particular case of stable distributed Xy, comparing

the finite-sample distributions of

nl—(d+1/a)lP[X0 > up] <Z?_1 WX >un} 1)
N fx,(un) nP[Xo > uy]

(7)
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and

nt

(d+1/o¢)l EUO{-’;(XO/Un)H .<Z?_1 log(X¢/un)+ _ 1) (8)
NE[X; ' 1{Xo > u,}] \ nE[log(Xo/un)+]

with the symmetric unit stable distribution with index «.

4.3 Histograms of exceedance counts and Hill estimators

The top rows of Figures 2 and 3 report histograms of N = 10,000 copies from (7) and (8),
respectively, when the length n of the time series (X;) belongs to {103,105,107}. Tt can
be seen there that the structure of the histograms roughly matches that of a symmetric
unit stable distribution, only with incorrect scale. From the discussion in Section 4.2, it
follows that a possible reason for that is incorrect scaling of the partial sums; the middle
rows of Figures 2 and 3 show the histograms of these same realizations divided by the scale
parameter 5 of a stable distribution fitted to the realizations of the rescaled partial sums
pd=1/ay—1 > iy X;. This fit and subsequent stable fits are obtained using the stableFit
function from the fBasics package in R, with argument type="q", based on the method
proposed by [31]. For exceedance counts (Figure 2), this scaling results in a much better
fit of the symmetric unit stable distribution, with only minor deviations for n = 103. For
the Hill estimator (Figure 3), this still does not result in a good fit for all values of n,
and lack of symmetry due to skewness can be observed. To separate scaling and skewness
issues, we report in the bottom row of Figures 2 and 3 the histograms of the realizations
of (7) and (8), rescaled not by s, but by a scale parameter s obtained by fitting a stable
distribution directly to the realizations. In the case of the Hill estimator we confirm the
presence of skewness, and while its degree seems to decrease from n = 10® (bottom row
of Figure 3, left panel) to n = 10° (bottom row of Figure 3, middle panel), this is not the
case from n = 10° to n = 107 (bottom row of Figure 3, right panel). As a conclusion,
it seems that, in the simplest case of exceedance counts, the finite-sample distribution is
dictated by the behavior of partial sums of X, while in more difficult cases such as the Hill
estimator, a degree of skewness appears, which could be due to the particular structure of
the subordinating function G,,.

5 Discussion

Our work yields a variety of unexpected results, already highlighted in the previous sec-
tions. We now discuss these findings, offer interpretations, and place them in a broader
context. We highlighted that the ratio E[G,(X0)]/G% ,,(0), which appears in the rate of
the central limit theorem Corollary 3.6, is widely different in the heavy- and light-tailed
cases when G, (z) = 1{z > u,}. Subsequently, we showed that this applies also to the Hill
estimator, where G,,(x) = log(z/uy)1{x > u,}. This raises the question of how the heavy-
and light-tailed setting can differ so markedly in this regard, and how the increased rate
in the heavy-tailed case arises. We offer an interpretation based on the observation that
heavy tails exhibit strong asymptotic dependence, leading to extremal clustering, while
light tails, such as those of the normal distribution, exhibit asymptotic independence. To
be more precise, we define asymptotic (in)dependence by

PIX, > u | Xo > ] usg0 NG { =0 for all ¢t > 0 when asymptotic independent,

> 0 for some t > 0 when asymptotic dependent.

The quantity x(¢) is called tail-dependence coefficient. It is linked to the tail process (¥})
of (X¢) (see [4] for a reference to tail processes) via the identity x(¢) = P[Y; > 1]. Let
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us first discuss the asymptotically dependent, that is, heavy-tailed setting. To control
extremal clustering, all PoT results in the literature, to the best of our knowledge, assume
some form of anti-clustering condition. For example, one assumes that for an intermediate
rate (ry), a threshold sequence (u,), and all s,¢ > 0 it holds

1 -

lim limsup ————— P[| Xo| > uns, | X;| > upt] = 0.
m—00 n—>oopP[|X0‘ >Un] ];1 [| 0| " | J| " ]

This condition is called S(ry, uy,) in [29, Section 9.2 p. 243]. According to (15.3.33) therein,

in the case of heavy-tailed linear time series there exists a sufficient condition for S(r,, u,)

to hold, that is,

Zj aj? < oo for some ¢ € (0,a) N (0, 2]. 9)
j=1

It, however, follows immediately that under Assumption 1 this simpler condition is never
satisfied. We even have that a sufficient condition for S(ry, uy) to fail is that Y, P[|Y;| >
1] = oo, where (Y7) is the tail process of the time series. This follows from applying Fatou’s
lemma, that is,

oo I8
1 n
NPV > 1] < liminf 5o > P[|Xo| >, | Xj] > un).
£ ¥l >1] < limin P([Xo] > wa] [ X0l > un, |X;] > un]

With [29, (15.3.34)], if moreover the |a;| are decreasing, then Y °, P[|Y;] > 1] < oo is
equivalent to

oo o0
Zj -laj|” < oo which under Assumption 1 becomes Zjl_(l_d)” < 00.
j=1 j=1

Since this holds if and only if v > 2/(1 — d), we know that the anti-clustering condition
fails for such combinations of (v,d). In particular, it fails for all v € (1,2). It therefore
seems plausible that long clusters of extremes may accelerate the speed of convergence
obtained in Corollary 3.6.

Having discussed the asymptotically dependent setting and its connection to anti-
clustering conditions, we now turn to the asymptotically independent case featured in our
work (Corollary 3.13). In the case of Gaussian innovations, and thus Gaussian time series,
we observe behavior more consistent with existing literature: for deterministic thresholds,
focusing on extremes, that is, reducing the effective number of summands, slows down the
speed of convergence. Since the time series is asymptotically independent, anti-clustering
conditions hold, and we return to the standard setting.

Another point we want to emphasize is the sensitivity of PoT estimators to threshold
choice. The assumption u, = o(n(¢+1/(¥A2)=k0=0)/(v+1)) in Corollary 3.8, where kg is
defined in (5), reflects that the threshold u, should be chosen carefully. In simulations
not reported here, we tried using higher quantile levels such as gx,(1 — n—1/ 35) and
we observed that this could make the finite-sample distribution even less close to the
asymptotic limit. As a consequence, one should not blindly base inference procedures
upon the asymptotic distribution obtained in our results. Similar problems have been
reported already in i.i.d. extreme value settings irrespective of whether the second moment
is finite or not [10, 11, 33]. A solution may be to develop dedicated self-normalization or
subsampling procedures, as in [2, 24, 34], or to rely on a smaller, more tractable class
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of models such as ARFIMA models [40]. On a different note, but still about threshold
choice, observe that, unlike in the i.i.d. or weakly dependent case, results for deterministic
and random thresholds differ in our long memory setting. While [27] show that, in an
asymptotically independent setting, long memory effects for the Hill estimator in stochastic
volatility models arise only with deterministic thresholds, our work allows for a comparison
of both asymptotically dependent and independent settings (Corollaries 3.10 and 3.15).
We note that stochastic volatility models with asymptotic dependence exist [25]; see also
[29, p.487] for a discussion of the literature. Future work could take these models into
consideration.
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Figure 1: Illustration of the convergence of pre-asymptotic scaling factors. Top: Values
of Spda in (6) for n € {103,10%,10%,10%}, d = 0.1 and @ = 1.9. Bottom: Values of
aP[X > u]/(ufx(u)) for the unit a-stable distribution along the levels u = gx(7) for
7 € [0.99,0.999], with o = 1.9.
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Figure 2: Histograms of N = 10,000 realizations of the centered and rescaled exceedance
counts in (7). Top panels: raw realizations, middle panels: realizations rescaled by the pa-
rameter § (of a stable distribution fitted to the partial sums), bottom panels: realizations
rescaled by the parameter s (of a stable distribution fitted directly to these raw realiza-
tions). The length of the time series (X;), generated with a; = 5=~ and symmetric
unit a-stable innovations (for d = 0.1 and o = 1.9), is n = 10* with k = 3 (left panels), 5
(middle panels), 7 (right panels), with u, =1 —n~'/% = 1.38, 2.67, 3.74.
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Figure 3: Histograms of N = 10,000 realizations of the centered and rescaled Hill estimator
in (8). Top panels: raw realizations, middle panels: realizations rescaled by the parameter
§ (of a stable distribution fitted to the partial sums), bottom panels: realizations rescaled
by the parameter s (of a stable distribution fitted directly to these raw realizations). The
length of the time series (X;), generated with a; = 5= and symmetric unit a-stable
innovations (for d = 0.1 and a = 1.9), is n = 10*¥ with k& = 3 (left panels), 5 (middle
panels), 7 (right panels), with u, =1 —n~/5 = 1.38, 2.67, 3.74.
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Supplementary Material to the article

Central limit theory for Peaks-over-Threshold partial sums of long
memory linear time series

Toan Scheffel, Marco Oesting, Gilles Stupfler

A Auxiliary results

In this section we collect a host of results that are subsequently used in the proofs, but
may also be of independent interest.

A.1 DMartingale difference inequality

We start this section by recalling—and refining—a fundamental inequality for martingale
difference arrays (cf. [1]) which is satisfied in particular by independent, centered random
variables.

Lemma A.1 (Martingale Difference Inequality). Let p € [1,2], and let (Y i,i =
1,...,m,m e N) C LP(P) be an array of random variables satisfying

l
E Y| Y Ymi| =0 forall<{<m-—1andallmeN. (10)
i=1
1. It holds that
m p m
E\) Yo < 2) E[Y,lf  foralmeN. (11)
=1 =1

2. If there exists a sequence (Y;)ien C LP(P) such that

Jim 1 Yoni = ;Y; P-almost surely, and lmoréfz;EWmﬂp < 2E|Y#’,
1= 1= 1= 1=
(12)
then
o) p 00
E|} Y| <2) E[Y". (13)
i=1 i=1

Proof. Part (i) is exactly [1, Theorem 2|. To prove Part (ii), we apply Fatou’s lemma
together with (11) and (12) to obtain

o0 p m p m p m
E Z;y;- - E<1}r1l1l)ioréf Z;le ) < liminfE Z;Ym < lviquxljoréwz;E\Ymﬂp
= = = " =
<2) EYi”,
i=1
as announced. O
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A.2 Regularity of distribution functions and their derivatives
For v € (0,1), we define

1

gy R=(0,1], z = gy(z) = AT )

For k € N, we define the truncated time series as

o]
Xt,k = Za]’{ft_]‘ and Xt,k: = Xt - Xt,k = Z ajEt—j -
j j=k+1

By convention, we write X; o, := X;. In the following, let fj denote the density of Xg,
and fo denote the density of Xg. = Xo. Note that X, =4 Xy for all t € Z, due
to stationarity of the sequence (g;). The next lemma is needed when dealing with heavy
tails (o € (1,2)). It is a substitute for the mean value theorem that may be applied in
settings with finite fourth moments (compare [26, 20]). Also note that, as explained in
the introduction, we assimilate the case ov = 2 to fit in the framework of o € (1,2), which
is essentially done here.

Lemma A.2. Let Assumptions 1 and 8 hold. Then there exists kg € N such that for all
k > ko the distribution functions of Xo and Xoy belong to C*(R). Furthermore, for all
vye 0,a—1)andr e (1,2) with1+~v <r <« and 1/(1 —d) < r, it holds for x,y € R
with |z —y| <1 and all k > ko

foo@)] + [fi@)] £ gy(2), (14)
foo(@) = foo)| + 1fi(@) = fi)] S |z =yl gy(2), (15)
foo(@) = fr(@)] £ k- DHT g (), (16)

where S is < up to a constant C,, > 0 only depending on v and r.

Proof. Under Assumption 3(ii), the statement is proved in [26, Lemma 4.2]. Under As-
sumption 3(i), a proof of a slightly different statement is found in [17, Lemma 2]. Indeed,
the only difference is in (14)-(16), that is, [17, Lemma 2| prove that

[feo@)] + 1fi@)] S g1(@),
[foo(@) = o] + 1fi(@) = frw)] < |o—yl-0i(2),
|foo(@) = fil@)] S K1 gi(2).

Since g1 < gy for v € (0,1), we immediately recover (14) and (15). The only remaining
difference is in the third inequality. For this, note that k2?1 < k= A=d+1/T que to

2d—1) + (1—d)—1/r = d — 1/r < 1 — % <0

since 1/a < 1/r,d <1—1/a, and a < 2. Inequality (16) follows. O

The next lemma is an analytic tool to deal with g, which may arise after applying
Lemma A.2.

Lemma A.3. Let v € (0,1). Then the following hold:
(i) For ally,z € R,

gz +y) S gy(2)- AV IYNTT. (17)
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(i1) Let a,b € R with a <b. Then, for all z € R,
b
/ gy(z—w)dw 5 gy(2)-((b—a)Vv1)IT7. (18)

Here S denotes inequality up to a constant Cy, > 0 depending only on .

Proof. The Inequality (17) follows from [26, Lemma 5.1]. We now prove (18). Let a,b € R
with a < b, and define u:=b—a+1 > land Z:=2z—a+ 1. Then

[ -waw = "6 -waw,

Since g4(2) < g4(2), it suffices to consider the case a = 1 < b. Note that for all b > 1, we
have b < 2((b—1) Vv 1), and thus it suffices to show for all z € R

1 b
5 [ e —w)du < o). (19)
We now consider two cases.
Case |z| < 1: It holds
|z +1 1 1 B
5 <1<d and hence = < A1+ gy(2).
Since
b
/ gy(z —w)dw < /gw(w) dw < o0 for all z € R, (20)
1 R
we get (19).

Case |z| > 1: We will use, without further mention, the inequalities 1/|z| < 2/(1+ |z|) <
2/|z|, and consider three subcases.
Subcase b > |z|/2: It holds

1 1
b Y (14 [z

and by (20), this implies (19).
Subcase z/2 > b > 1: In this case it holds z —1 > 2z — b > 0, and

b =1 1 1 1
_ < - - _
N L (= =)
B 1 N b\”
 y(z—b)7 z—1 '
By the fundamental theorem of calculus, we obtain
z—b\" b q z—v\" ol b
1 — = — —_ d P — ’Y_]-d
C=) = L)) = oo [

S ﬁ . b(Z — b>7_1
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since v € (0,1). Thus

/bg (z —w)dw < ’ < b < b by 2/2>b>1.
e T (z=D(z=b) T (z—2z/2)(z—2z/2) ~ vt -

It follows (19), that is,

1 b 1 1 1
blﬂ/l grlz—w)dw 3 b (14 |z~ (1 +[2])t gr(2). 2D

Subcase —z/2 > b >1: Using the symmetry of g, we write

/jgw(z—w)dw = /lbgy(w—z)dw < /fj#dw
1 1 1
B 3((1—z>v ; <b—yz>v>
1 -z
oo () )

Applying the fundamental theorem of calculus again and using v € (0,1), we obtain

(e R e

’7 .
B
Thus,
b
/ gy(z —w) dw
1
b b b

< < < by —z2/2>b>1.

S G- S Aoapaog) S Y 2>z
As in (21), this yields (19). This completes the proof. O

A.3 Swap integration and differentiation

The next lemma asserts that all the notions constructed from G, and used in this work
are well-defined. It justifies interchanging differentiation and integration, which simplifies
the terms we are going to work with.

Lemma A.4 (Swap Integration and Differentiation). Let Assumptions 1, 2 and 3 hold
with v < d/(1 —d), and define G n(y) = E[Gn(Xox +y)] = [z Gn(2)fr(z —y)dx.
Then the following statements hold:

(i) E|Gn(Xox +y)[" < oo forallk e NU{occ}, n €N, y € R, and for all v € (0, ).

(i) With the notation of Lemma A.2, for all k > ko or k = oo, it holds that the function
G is continuously differentiable with

d
fm(y) = d—kan(y) = —/RGn(x)f,;(x—y)dx < for ally € R.
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Proof. Proof of Part (i): By Assumption 1 there exists ¢ > 0 such that (a«—3§)(1—d) >
1. Let 75 as in Assumption 2. Since r < v and
d 1
—_— = — - —-1<1
7G<1—d T—d 1 < « < (22)
by assumption, we can choose § > 0 small enough such that « — 6 > 1 and ryg < a — 6.
For y € R it follows

E[Gn(Xop +9)I" S El(L+ ]y + Xok)"]
S E[(1+]y+ Xo)* ™)
ST+ [y + B
o0
S+ I+ BT a7
j=0
oo
ST+ o0+ ) @0 < oo
j=1

The third inequality is due to the convexity of x + |2|*°, and the fourth inequality is
due to the last part of Lemma A.1(i). This concludes the proof of Part (i).
Proof of Part (ii): Fix y € R and assume y # 3. By Part (i), it follows E|Gy (X0 +
y)| < oo for all y € R, so that we can use linearity of the expectation to get

E[Gh(Xor +y)] — E[Gn(Xor +9)] _ / () fe(x —y) — fulz =) Qo
R

— o o) (23)
y—y y—y

If we may interchange the limit 3/ — y with the integral, then

@16 +)] =t EGKor 1)~ BlGw o +)
Y vy y-y
— /RGn(x)yl’iLny fk<l'—y;:j}c(l'—y)dl‘ = _/RGn(x)fllc(x—y)dx,

as required. We seek to use dominated convergence to interchange these limits, and to
this end we show that there is a bivariate function g such that g(-,y) € L'(R) and

fe(r —y) — felz — o)
y—y

‘Gn(m) < glz,y) uniformly in ¢y with |y —y| < 1. (24)

First we apply the fundamental theorem of calculus and the triangle inequality to get

Je(z —y) — fu(z —y)
y—y

Gn(z) [WVY)
N ’y_yl| (yAyY")

’Gn(x) | fi(@ — s)| ds.

Since 7¢ < a — 1 by (22), there exists v with ¢ < v < @ —1 < 1 such that from
Lemma A.2 with 1+ < (a A 2), and the first part of Lemma A.3 we get

(yvy') (yvy')
/ (e —s)] ds < g,(@) / (1V [s])1*7 ds
(

yAy') (yny')
< gy@)y =y |1V [y v Iy )T
< gy(@)y =y (1+ Jy))?
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since |y — y/| < 1. Then, with Assumption 2

(yVvy')
Iy yl/ i = )| ds
< Ghu(r)g ( YA+ Y S L+ [2)9g,(2) A+ [9)* S gy (@)1 + [yl])?.

With v — v > 0 and therefore

/gwm(x)dx < 00, (25)
R

it follows (24) with g(2,y) = gy—re(2)(1 + |y])2. To complete the proof, we show that
G;m is continuous. To this end, let y € R and (y,)men @ bounded sequence with y,, — y
for m — oco. We want to show

m—oo m—0o0

lim Gy, (ym) = lim —/ n(2) fr(x — ym) do

/G lim 1z — ym) dz

/G fi(a—y) da

= Gkn

The third equality is due to the continuity of f; (see Lemma A.2). To show the second
equality we want to apply dominated convergence. To this end, note that by (14) in
Lemma A.2 and then Lemma A.3(i), with the choice of v as above,

|Gu(@) fie —ym)| S 1+ 2) gy (@) AV )™ S gy-re ().

Together with (25) we may apply dominated convergence to finish the proof. O

Lemma A.4 tells us that

Gin) = ElGu(Xox+y)] and  Glho(y) = diyE[Gn<Xo,k+y>1

are well-defined for £ > ko. The following lemma establishes a connection between con-
secutive values of Gy, and G},

Lemma A.5. Let Assumptions 1, 2 and 3 hold true. It holds for j € {0,1} and k > ko
G aw) = ElGY (aeneaty)  and Gy = EGY(Kor+ ).
Proof. Let (f * g)(y) denote the convolution defined by [ f(y — x)g(x)dx. Since € is

symmetric, the density f. is even, and its derivative f! is odd. Consequently, fj is even
and f} is odd for all k € NU {oo}. Thus, for k > ko,

Gritn) = [ Gul)fisalo=9)de = (Gu* firn)). (26)
and as shown in Lemma A.4

fin) = — /R Go(0) flr (& — 9)dz = (G * a1 W) (27)
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Observe that fri1 = fi * fa,1e_,_,, by the independence of the innovations, and then, by
dominated convergence,

fllc—l—l = (fk * fak+15—k—1)/ = (fl/c * fak+15—k_1) (28)

since fa,.1e ,; € L'(R), and f; € C*(R) with bounded derivative for all k > ko by (14)
in Lemma A.2. Thus for j € {0,1},

Gl L) = G £
= (G # I * faprre )W)
= (G](cjzl*fak+15—k—l)(y)

/ G (@) fare (2 — ) da
= EIGY) (are_i-1 + )],

where the first and third equalities are due to (26) and (27), and the second equality is
due to (28) (and associativity of the convolution operator). Observe, finally, that fo, =
S * fX , and that a similar argument can be written for f,, .., , replaced by fX or
Therefore the statement holds also for £ = co. This completes the proof. O

B Proof of Theorem 3.3

The proof of Theorem 3.3 is long. It draws on ideas from [26], where the authors conducted
their analysis without the benefit of finite second moments—a difficulty we must also
address. Throughout this section, let n € N unless stated otherwise. To track the deviation
of the PoT statistic from its approximation, we define a centered process that isolates
the remainder term after linear approximation. This term will be central in applying
martingale arguments. In the sequel, for n € N, define

Un(X1) = Gu(Xy) — E[Gn(Xy)] — G n(0)Xy fort e Z.

Note that under Assumptions 1, 2 and 3, the term Ggoﬂ(O) is indeed well-defined by
Lemma A.4. Hence, U, (X;) itself will be well-defined and integrable once we verify that
Gn(Xp) and X, are integrable. For k € Z, let F = o(ek,€k_1,...) denote the past o-
algebra generated by the sequence (g) up to index k. For Y € L'(P), we define the
projection

PY = EY|F] — E[Y|Fr_1] for all k € Z.

We proceed with a sequence of lemmas that prepare the proof of the final result. The
next lemma establishes integrability properties of the centered process U, (X;)—first in its
unprojected form, then after projection by Py. This integrability is needed to apply the
lemma on martingale difference arrays (Lemma A.1) later in the proof. Note that Part (ii)
also provides an upper bound that contributes directly to the final result.

Lemma B.1. Under Assumptions 1, 2 and 3, for r € [1,a), the following statements
hold:

(1) Un(Xo) € L"(P).
(i) [12x Un(Xo) || r ) S [|Gn(Xo)ll gy V [Goon(0)] < 00 for all k € Z.
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Proof. Proof of Part (i): Let r € [1,«). By Assumption 2, the inequalities

< d <1< 1
¢S 1 1—d’
which hold because of d < 1/2 (see Assumption 1), and the convexity of z — |z|", we
obtain

E|Gn(Xo)[" S E(1+[Xo)7¢ < B(1+[Xol)" < 277" (1 + E[Xo|")

S
< 2(1+E|Xo[") .

(29)

To further bound E|Xj|", we choose 7 € (r V (1/(1 — d)),«), such that, by Holder’s
inequality, E|Xo[" < (E|Xo|")"/", and continue to bound E|X,|". To this end, we
apply Lemma A.1 to the array (Y;,;) = (aie—;: i =0,...,m,m € N) and the sequence
(Y;) = (aie—)i>0. By Assumption 3, both (Y;,;) and (Y;) C L?(P). Since the innovations
are independent and centered, Condition (10) is satisfied. Moreover, Condition (12) is
clear, so by (13) in Lemma A.1 and Assumption 1, we get

E|Xo|” = E Sii <<§:qu 5311'@ < 00, (30)
i=0 =1

since we chose ¥ > 1/(1 — d). Using (29), this shows that G,(Xo) € L"(P). Since
Xo € L"(P) by (30), the proof of Part (i) is complete.

Proof of Part (ii): From Part (i), we know that P, U,(Xo) is well-defined. For fixed
J,k € Z, observe that

» 0 i £k,
_LE—_5 =
S e ifj=k,

so, by dominated convergence, it follows that

00
PkXo = ZaiPks_i =

{o if k>0,
=0

a_LEk if £<0.
Thus,

PpUn(Xo) = P (Gn(Xo) — E[Gn(Xo)] — G ,(0)Xo)
E[Gy(X0) | Fi] — E[Gn(Xo) | Fi-1] — Goon(0) - a—y-ep - 1{k < 0}.
(31)

Applying Jensen’s inequality with » > 1, and using the properties of conditional expecta-
tion, we obtain

EE[G,(Xo) | Fi]|" < E|Gn(X0)|" < o0 as shown in Part (i).

Combining Equation (31) with the fact that e € L"(P) for r < o completes the proof of
Lemma B.1. O

The next lemma provides an intermediate upper bound on the error term

n n

37 (Gal(X1) — E[Ga(X0)] — Ghn(0)X)) =3 Un(Xy)

t=1 t=1

from Theorem 3.3(i). The bound is obtained by first decomposing the error term via
projections, and then applying the martingale difference inequality (Lemma A.1).
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Lemma B.2. Under the assumptions of Lemma B.1, it holds that

EY (X)) S (Z ||Pktun<Xo)||Lr(p)> :
t=1

k=—o0 \t=kV1
At this stage it is not obvious that the right-hand side is finite, and thus that this
upper bound is informative; the next step of the proof, in Lemma B.3, turns this into an
informative upper bound.

Proof. Since the process (X;) is (strictly) stationary, we may define
To(Gn) = Y Un(Xe) = D Gu(Xe) — E[Gu(Xo)] — Ghon(0)X:.
t=1 t=1

Because X is F;-measurable and the sequence (Fy,) is increasing, T, (G5,) is F,-measurable.
Then

P, T,(Gy,) =0 for k>n and P.U,(X:) =0 for k>t.

We can therefore write, for any ¢ < n,
Tn(Gn) - E[ ( |-7:€ 1 ZPkT

Since NgezFi is the trivial o—algebra, E[T,(Gy,) | Fr—1] = E[T.(Gp)] = 0 as £ — —oc.
Hence, we obtain

n
> PTu(Gn), (32)
k=—00
and then
P, T,(G Zpku (X;) = Z P U (Xy). (33)

t=kV1

We aim to apply Lemma A.1 to Equation (32). To this end, define the array
(Yimi) = (Pign—mTn(Gp) : i=1,...,m,meN),
so that
m n
> Ymi = >, PTu(Gn),
i=1 k=n—m+1

and define the associated sequence (Y;)i>1 by Y; = P,—iy1 T5,(Gp). By Lemma B.1(ii) and
Identity (33) it holds that (Y;,), (Y;) C L"(P). Note that

o n

Zl@ = Y BTu(Gn) = lim Z P To(Gn) = ngglmfjxfm,i,

k=—o00 k=n—m+1 =1
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and similarly > 27, E|Y;|" = limy, 00 > roq E|Yil". To apply Lemma A.1, it remains to
verify Condition (10). To this end, observe that Equation (32) represents an Fy-martingale
difference decomposition in the sense that, for £ € Z,
E[Pi1 To(Gn) | Fil = E[E[TW(Gn) | Feyal | Fo] — E[Tn(Gn) | Fe] = 0.
Consequently
ElY, 041 | Frmse = 0 foralll</<m—1,méeN. (34)

Let V}"* denote the o-algebra generated by

¢ 4 n—m-+~{
i=1 =1 k=n—m+1

Since the filtration (Fj) is increasing, all summands are F,,_,,+¢-measurable. Therefore,
Vi" C Fp—mse. Combined with (34) this verifies Condition (10). We can now apply
Inequality (13) to obtain

n r 00 r 00 n
E| Y PG| =ED Y| S EY] = Y E[RLG).

With Equation (32) and Equation (33), it follows that

r

E(T.(Go)"T S D E| Y Pula(Xy)

k<n t=kV1
n r (35)
<> ( > ||Pktun(Xo)||Lr(P)> :
k<n \t=kV1

The final inequality follows from the triangle inequality for the L"(P) norm, using that
([P Un(Xe) | 10y = [ Pr—t Un(X0)]| 1 (py due to stationarity. This completes the proof. [

The most delicate step now lies ahead: bounding each projection term individually.
The first part of the next lemma sets the stage by identifying a suitable decomposition of
the error. The core of the argument is in the second part, where we introduce auxiliary
parameters v and r to mitigate the effect of infinite second moments.

Lemma B.3 (Error Decomposition and Control). Let Assumptions 1, 2 and 8 hold, let
ko be as defined by Lemma A.2, and let k > k.

(i) We can write P_,U,(Xo) = R1 + Ro + R3, where

Ry = Gr10(Xo — Xog-1) — /Gk—l,n(XO — Xok + arz) dPe(z)

— ap-E_p- G;,Ln(Xo - Xok)
Ry = ag-e_p (Goon(Xo — Xog) — Gln(0))
R3 = ap-e_p (G;c—l,n(XO - Xok) — Ggo,n(XO N XO”C)) ’
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(ii) Let vy € (0,1) and r € [1,2] such that

< < mi d 1 1 a 1 d 1 < <
e " i 1—-d’ r(l—d)’ r an 1-d " @

For each j € {1,2,3}, we have | R; 1 p) < (A=) (49) 7 - Therefore
1P Un(X0) | prpy S B~ DOH 706, (36)

Below and throughout, the symbol < means asymptotic equivalence of sequences and
functions up to a constant C' # 0 that may differ from 1.

B.1 Proof of Lemma B.3(i)
By definition
Ri + Ry + R3
= Gr-1n(Xo — Xog-1) — /le,n(Xo — Xog + arz)dP:(2) — ag-e_j - G’oo’n(O) )
On the other hand, using (31), we have
P_yUn(Xo) = E[Gn(Xo) | F_i] — E[Gn(Xo) | F_(k11)] — ar-e—p - Gl n(0).

Note that X ;-1 = Zf;é aje_; is independent of F_j, and Xog — X ;-1 = Z‘]’ik aje_j is
F_p-measurable. Therefore,

E[Gn(Xo) | F-]

E[Gn(Xok—1 + (Xo — Xog—1)) | F-i]
/Gn(z + (Xo — Xox-1))dPx,,_,(2)
Gr—1,0(Xo — Xop-1) -

Similarly, by Lemma A.5,
E[Gn(Xo) | F—_ (k1)) = Grn(Xo — Xox) = /Gk—l,n(Xo — Xo i + arz) dP:(2) .
Consequently, combining the expressions gives
P_j, Un(Xo)
= Gip—1,0(Xo — Xop-1) — /le,n(XO — Xok +arz)dPe(z) — ap-e_p - Gl ,(0)
= R + R, + R3,

as claimed.

B.2 Proof of Lemma B.3(ii)

Given the bounds on the R, the Bound (36) follows directly from Part (i). We now turn
to the proof of the announced bounds on the R;. Fix k > ko for the remainder of the
proof. Note that by Assumption 2, and for any v with y¢ < v < d/(1 — d), we have

[ Gu@glade £ [ ja) 10 e < e (37)
R U

n

Moreover, the next inequalities ensure that the conditions of Lemma A.2 are met:
d 1

1+’Y<1+m:m<’r<a.
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B.2.1 Analysis of R;
Write Rq as

Ry = Gr-10(Xo — Xog-1) — / Gr-1n(Xo = Xok + arz) dPe(2)
R
— ap e Gy 0 (Xo — Xog)
= /[le,n(XO — Xok +are—g) — Gr1,0(Xo — Xop + ar2)
R

— ap-e_p - Gy, (Xo — Xog)] dP(2)

aKe_k
/ |: (/ G;cfl,n(XO — XV()JC + S) dS)
R apz

— Qg E_k -+ G;c—l,n(XO - Xog) + ag-z- G;%l’n(Xo - Xo,k):| dP.(2)

AK€k
= /R </ [ Z—l,n(Xo — Xox+s) — G;C_M(Xo — Xox)] ds) dP.(z).

k<

Note that the third equality follows by applying the fundamental theorem of calculus to
Gk—1n, which is justified by Lemma A.4.(ii). Note also that adding the term

ag - 2 - Gy, (Xo — Xok)

inside the integral is valid because ¢ is centered. To proceed, we consider three mutually
exclusive cases:

o 1 > (Jage—g| V |agz|)
o age—k| > (lagz[ V1)
o agz| > (Jare—g| V1)

These three cases exhaust all possibilities and will be treated separately in the following
sections.

Case 1 > (lage_k| V |axz|]) We bound R; as follows:

Ry < /
R

Let s lie in the interval linking agz to are_g, so that |s| < 1. Let v € (v, 1) be as in
Lemma A.2. We can use (15) there and (17) in Lemma A.3 to get for all z € R

AR _k
/ |G§€_1’n(X0 - Xok+5) — G;{:—l,’n(XO — Xo,k)’ ds| dP:(2). (39)
a

kZ

|fr_1(x = (Xo— Xog +9) — fi1(z— (Xo— Xog))|

o' 1+~ (40)
S sl gy(x = [Xo = Xoxl) S [s[7-gy(2) - (1 +[Xo = Xou[)™

Combining (39) with the representation of G}_, ,, from Lemma A.4.(ii) and then the bound
from (40), we bound R; as
AK€k
/ [s|7 ds
R |Jagz

IRi] < (14 [ Xo — Xou)+- /R G(2)gn () dz - / dP.(2).
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Finally, by (37) and using ¢ € L'*7(P) as 1 + v < «, we conclude

[Ra| S (14 |Xo = Xos)'™7 w7096 - Jag "7 - (lei |7 + Ele|'7) (41)
< (14 1X0 = Xoa/™) -6 - fag] - [lei 7 V1),
We now show that
E|Xo— XoxlP < K0P <1 forpe <T1d ,a> . (42)
To this end, define the array and limiting sequence
Vi) = (@ptie—(gtiy,i=1....m,meN) and (Vi) = (artie—(k+i))ien -

Note that (10) and (12) are satisfied for (Y,,,;) and (Y;). Then we may write
Xo— Xox = Z e = Zak+i5—(k+i) = ZY;
i=k+1 i=1 i=1

The ¢; are independent, centered and belong to LP(P), so applying Inequality (13) in
Lemma A.1.(ii), we obtain

oo o0
E[Xo— Xoxl” S Y |alPEleir 5 Y im0 < pt0mdr <,
i=k+1 i=k+1

where we used |a;| < i~(0~% and (1 — d)p > 1. This proves (42). To conclude, note that

1 o
— 1 (1 ——1) = a.
T < A+ < + r =«

Since Xo — Xo and e_j, are independent, and using the moment bound from (42) with
p=(14+7)r < o along with |a;| < i~1=9 we obtain

H(l X0 — X07k|)1+v . UT—L’H"YG . |ak|1+7 S(1v ‘€_k|)1+w’ < U;W-WG (=) ()

Lr (P) ~

Combining this with the bound from (41), we conclude

11{1 > (larz| V |age_k r T U, ork>ky+1.
R Lr(P) < =(1=d)(1+7) —rHe for k> kn + 1

~

Case |age_g| > (1V |agz|) We now estimate R; restricted to the event |axe_g| > (1V
laxz|). To do so, we note that on this event |e_g| > |z| and we split the integrand in (38),
obtaining

|Ri1{|are—k| > (1 V |agz])}]

aRe_
< 1{|ape_s| > 1}‘/ </ 1n(Xo — Xog + 8)1{je_i| > z}ds> dP. (2)
R a

k2

(43)

)

aRe_k
+ 1{|ares] > 1} ‘/R (/ Gy n(Xo — Xop)1{le_s| > |z|}ds> dP, (2)

k2

and bound each term separately. To bound the first term in (43), we note that necessarily
|s| < |axe_g| and we use successively Lemma A.4.(ii), the bound |f;_, ()| < g (x) (from
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Lemma A.2), Inequality (18) from Lemma A.3, Inequality (17) from Lemma A.3, and (37),
resulting in

AR _f
sl > 1| [ ([ G0~ a4 91{le-il > 1) ) aPo(o)
R a

k2

< jares] > 1) ( [ Gal@iate = (X~ Xou + s>>|dx) s
[s|<|are_k| R

< Wjarei| > 1) / Go(2) ( / 0, ((2 = (Xo — Xou)) — ) ds) dz
R \s|§\ak5_k|

< lage_y /R G (2)gy(x — (Xo — Xoy)) da

< lare g |"T(1 + | Xo — Xo,k|1+7)/RGn(ﬂ?)9'y(I) dz

< lare—i 7 (1 + [ Xo = Xog| ) w709

We now similarly estimate the second term in (43) using that Gj,_, ,, (Xo—Xo ) is constant
in s and we obtain

1Jake | > 1} \ / ( [ Gl = Xow1es] > |z|}ds) 0P (2)

k<

IA

1{|ake—k| > 1} o] </R Gn(@)|fr1(z — (Xo — Xo,k))ld%’) ds

174N

1{Jaxe_x] > 1}]are | /R Go(@)g (2 — (Xo — Xo)) da
< are_i)"™ (1 + | Xo — Xog|") w7

where, in the last step, we also used that |age_j| < |age_i|'™7 due to |age_i| > 1.
Combining the bounds for both terms and applying the moment bound from (42) and
lag| ~ k== we obtain

IR L {Jake—k| > 1V |arz)}llprpy S k007D 7%00
Case |agz| > (1V |age—k|) As in the previous case we split the integrand in (38):
[Ril{lagz] > (1V |are—x[)}|

aRE_p
< ’/ 1{jaz| > 1} </ Gh_1n(Xo — Xog + 5)1{|2] > |5_k|}ds> dP.(2)
R a

k<

(44)

AK€
+ ’/R 1{|akz| > 1} </ Gio1.0(Xo — Xo ) 1{[2] > |€_k|}ds> dP.(z)

k<

We now bound the first term in (44). The argument proceeds as in the previous case: we
apply Lemma A.4.(ii) and estimate the integrals using the smoothness and decay properties
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of the derivative of the density f;_,. We find:

aReE_p
‘/ 1{|agz] > 1} (/ Gy n(Xo — Xog + $)1{]2] > |5k|}ds> dP. ()
R a

k<

< [ 1gasl>1) ( / ( /| |§|akzan<m>|f;;1<x—<Xo—Xo,k+s>>|ds> dx> aP. ()
< /RGn(x) (/R 1{lapz] > 1} (/Isq%z' 0 (@ — (Xo — Xou)) — 5) ds> dPE(z)> dz
S ([ eutito = o= Xoanaz) [ janel 7 ap(2))

< Jagl "B (14 |Xp — Xog) /R G(2)g () da

S a7+ [ Xo = Xo ) up 76

~

We now bound the second term in (44), where G, ,(Xo — Xox) is constant in s:

‘/R]l{lam > 1} </a%ek Gl—1.0(Xo — Xog)1{|2| > Ie_k|}ds> dP.(z)

k2

JRUZEESS ( / . ([ Ga@lsiate - (X0 = Xaaplas ) ds> aP.(2)
( /|| |akz|dPs<z>> ([ Gntaronto - (X0~ Xou)) a )

</|akz|>1 |akZ|1+7dP€<Z)> <]' + |X0 - ‘XvO,kDH_’Y </1R Gn($)g7($) dl‘)

|ak|1+ﬂy<1 + |X0 — Xo’k’)1+’yu;’y+’yc .

IN

A

N

N

Combining both bounds with the moment bound in (42), we conclude analogously to the
previous case that

IR 1{|akz| > (1V |age i)} prpy S k00D 7406

This completes the proof of the control of Rj.

B.2.2 Analysis of Ry
We begin with the estimate
| foo (@ — (Xo — Xox) — fo()|
< folr = (Xo = Xog)) — foo(@)] - 1{[Xo — Xox| < 1} (45)
+ (Ifoolz = (Xo = Xop)| + [fo(@)]) L{|Xo — Xox| > 1}

Note that by Inequality (15) from Lemma A.2, we have

|[foo(@ = (Xo = Xox)) — flo(@)] - 1{|Xo — Xox| < 1}

(46)
S 1 Xo — Xoxl - gv(2) .

38



82 Chapter 5. CLT for PoT partial sums

Moreover, using (14) from Lemma A.2 and (17) from Lemma A.3, it follows that

(If5 (@ = (Xo — Xox))| + [fo(@)]) 1{| X0 — Xox| > 1}
S (gy(z = (Xo — Xog)) + g4(x)) 1{| X0 — Xo| > 1} (47)
< gy(@) - [Xo — Xo7.

Therefore, combining Inequalities (45)-(47), we get
ooz = (Xo = Xox)) — fo(@)] S gy(@) (1 X0 = Xoxl V [Xo — Xoxl'™). (48)
Applying successively Lemma A.4.(ii), Inequality (48), and (37), we obtain
|Gl n(Xo = Xog) — Goorn(0)]

< RGn(w)‘lféo(x—(Xo—Xo,k)) - fo(@)|da

S (|Xo — Xogl| V[ Xo - Xo,k|1+v) / Gn(2)g, () dz
R
< (1Xo — Xo| V [Xo — Xop'*7) w774

From the definition of Ry, together with the independence of Xy — Xo 1 and e_j, and
Inequality (49), we find

|Rallprpy < (=) (||X0 — Xogllprpy + |1 X0 — Xok" 7|

L) UL (50)
since |ay| < k~1=9) and e € L"(P) for r < a. We now apply Estimate (42) for both p = r
and p =r(14+~). Since 1/(1—d) < r < r(l1++) < a by the condition in Lemma (B.3)(ii),
it follows

1X0 = Xoxllprpy + [[1X0 = Xowl ™ oy < pU/r=0=d) 4 pl/r=(0=d)(1+y) 5)
< pl/r=0-=d4)
Note finally that
L s0-ay = —cg—ay(1- -2 (1-d)
r B r(1—d)
< —(I=dpy - (1-4d)
= —(1-d)(1+7).
Combining this inequality with Inequalities (50) and (51), we obtain
1R2llrpy S pH/r=20=d)y—vtre < = 0-d)y—rtie (52)

This completes the proof of the control of Rs.

B.2.3 Analysis of Rj

Using Inequality (16) from Lemma A.2 and Inequality (17) from Lemma A.3, we obtain
[foo(@ = (Xo = Xox)) — fr1(z — (Xo — Xox))|

U0y, (@ — (Xo = Xox)) (53)

f/
S kT
S kU rg (@) (1 V| Xo — Xox)'™
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Applying Lemma A.4.(ii) together with Inequality (53) and then (37), we obtain
|Glm1 (X0 = Xog) — Ghopn(Xo — Xog)|
< / Cu(@)|Flola — (Xo = Xox)) — fiale— (Xo— Xop)lde  (54)
R

5 k—(l—d)-‘rl/T‘ (1 V] |X() _ XQJQ’I-F’Y) u;’Y—F’YG .

Using the independence of Xy — X¢; and e_y, 2ee L"(P), together with Inequality (54)
and the fact that | Xo — Xox|'™ € L"(P) by (42), we obtain

IRsll ey S lawlun ™0k~ =D5 (141 X0 = Xoul ™|

)
Since |ag| < k=179 we conclude, using the same argument as in (52), that
||R3||LT(P) < k72(17d)+1/ru;7+7c < kf(lfd)(lﬂ)u;wﬂc )
This completes the proof of the control of R3, and therefore the proof of Lemma B.3.(ii).
We have bounded the individual summands in Lemma B.2. To advance the proof an?l

finally show Equation (36), we now require the following lemma, which controls the rate
of divergence of a convolution-type sum that arises from applying the individual bounds.

Lemma B.4. Let v, r € R satisfy the assumptions of Lemma B.3(ii). Then for alln € N,
we have

Zn: (Zn: (“(t—k)‘(l‘d)(lﬂ)))T < prHi-0-dsnr
k=—o0 \t=kV1

where S denotes inequality up to a constant Cy o q > 0, depending only on v, o, and d.
We adopt the convention 1/0 = oo

Remark B.5. The above lemma actually holds with the relaxed conditions

d 1
0<’}/<Td and Td<r.

Proof. The sum in question can be decomposed and reindexed as

20: (i(t_k)—(l a)( 1+v>r n Z (1 n Z <1+w>>r

k=—o00 \t=1 t=k+1
00 n+k —
= Z ( Z == d)(1+7)> + Z (1 + Zt—(l—d)(l-i-ﬂ)
k=0 \t=k+1
( n r n+k
_ tf(l d)( 1+7> Z (Z = (1—d)( 1+7>
t=1 k=n+1 \t=k+1

n—k n+k
(o B o (5 ).
k=1 t=1 t=k+1

The first and second terms correspond to k = 0 and k > n, respectively, in the first double
sum of the previous equation. The third term arises from a combination of the remaining

40



84 Chapter 5. CLT for PoT partial sums

terms k € {1,...,n} in the first double sum and all terms in the second double sum of the
previous equation. From the assumptions on v and r, we observe that

1-d)1+7) <1 and r(l—d)(1+7)>1.

We begin by estimating the first term in the decomposition above. Since (1—d)(1+7) < 1,
we have

n T
(Z t(ld)(1+7)> < prm1=A+r o ==+ (55)
t=1

For k > 1, again since (1 — d)(1 + ) < 1, we also have

n+k n+k
S 000 < in <n.k—(1—d)(1+7)7 / —(1=d)(147) dt)
k

t=k+1 (56)

< min (n . k_(l—d)(l-w)’ (n+ k)l—(l—d)(1+,y)) ‘

Using the first bound in the Estimate (56) and the fact that (1 —d)(1+~)r > 1, we obtain

00 n+k r
3 (Z t(ld)(1+7)>

k=n+1 \t=k+1
o0 o
<o 3 K < nr/ A4 4 < prH (a4
k=n+1 n

Applying the second bound in Estimate (56), we obtain

n n+k r n
Z ( Z t—(l—d)(l-i—’y)) S Z(n + k)r—(l—d)(1+’y)r
k=1

k=1 \t=k+1

nr+1—(1—d)(1+’y)r )

N

Finally, recalling the first bound in (55), we obtain

n

n—k r n r
3 <1 . Zt—(l—d)(lw)) < n(zt—u—dxlw)) < ==
t=1

k=1 t=1
This completes the proof of Lemma B.4. O

With all necessary tools in hand, we now turn to the final part of the proof.

B.3 Proof of Theorem 3.3

Let n > kyg. We are going to apply Lemmas B.2, B.3, and B.4. We begin the proof. By
Lemma B.2, it follows

B[ Ga(X) — BIG,(X)] — Gl (0)X;
t=1

S Z (Z ”Pktun(XO)HLT(P)> ;

k=—o00 \t=kV1
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where Uy, (X;) 1= Gn(Xt) — E[Gr(Xt)] — Gl ,(0)X¢. We split the inner sum based on
whether ¢t — k > kg + 1 and use the convexity of z — 2" (due to r > 1) to get

r

B3 Gu(X) — BG(X))] — Gl (0)X,
t=1

7
n

S D> > 1Pt Un(X0) | oy

k=—o00 | (1Vk)<t<n
t—k>ko+1
r

+ Z Z (| Pt Un(Xo) | .y

k=—oc0 | (1Vk)<t<n
t—k<ko+1

For the first term, we apply Lemma B.3.(ii) and Lemma B.4. This yields

r

n

> > P Un(X0) | o

k=—oo \ (1Vk)<t<n

t—k>ko+1
n n r
< uler 3 (Z (1/\(t_k)—(1—d)(1+v)>>
k=—o00 \t=1Vk

< ugmf‘r)rnﬂrlf(l*d)(lﬂ)r_

For the second term, note that the constraints t < kg + k + 1 and ¢ > (1 V k) ensure that
the inner sum is empty when k < —kg. Therefore, applying Lemma B.1.(ii), we obtain for
sufficiently large n € N that

T

n

> > Pt Un(X0) | o py

k=—co \ (1vk)<t<n
t—k<ko+1
n

S (16 (X0l V [GrenO)]) D2 (B{EEN: (1VE) St < (A (k+ o+ 1)}
k=—ko

(1Gn (X0)ll ey V |G O)]) - ({EEN: k<t <kt o+ 11"
k=—ko

(n+ ko +1)(ko +2)"

IN

(G (X0) 1 (py V G n O)1)
S (E|Gu(Xo)|"V G, (0)])

r

We conclude that

n T

> Un(Xy)

t=1

E < ule =D g (|G (Xo)|™ V |Gl n (0)]7) -

This is the first inequality we wanted to prove. For the second inequality, observe that
1—(1—d)(1+7) > 0due toy < d/(1—d). Therefore the n rate of the first term dominates.
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Since vg < 7, it holds that u¢~ 7 < oo for all n € N. Applying Lemma A.4 gives that
E|G,(X0)|" < o0 and |G, ,,(0)| < oo for all n € N, such that we may conclude

ugyg——y)rnr-t-l—(l—d)(l—i-'y)r + n(E]Gn(X0)|’"\/|Gf>o’n(0)|T) 5 nr—&-l—(l—d)(l—%—'y)r.

Taking power 1/r on both sides of the inequality finishes the proof of Theorem 3.3. O

Having established a L"(P) moment bound in Theorem 3.3, we now turn to the proof
of Theorem 3.5 which sharpens the result by identifying the optimal rate of convergence.
This requires a careful balance of the parameters v and r.

B.4 Proof of Theorem 3.5

Combining Theorem 3.3 with the following proposition immediately gives the desired
result.

Proposition B.6. Denote k(y,r) =1+ 1/r — (1 —d)(1 + 7).

(i) There exists a pair of unique minimizers (Yo, 7o) of k(7y, ) over the compact domain

d 1 «@ 1
< v < mnld——:y1-——_ = _ < r<
O_fy_mm{l_d,l ri—d) 7 1} and 1_d_r_a,
namely
d . . . 1
A if (lfd)(1172d) <a, - a(l —d) f =gy <
38:3;: else, %(lTld + « else,
yielding
1 . 1
( ) ati=a Y amaamea <9
ko = K\Y0,7T0) =

20=d)+(—all-d)1=2d) _ g (] _ g)3-ali=d)

a(l—d)+1 al—a+1 ©lse

(i) It holds

. d 1 1 oy c 1
= min — — — —
0 1—d'~ ro(l—d) rg s T=a )
and
ko — (d+1/a) < 0.

Proof. Proof of Part (i): The goal is to minimize

1
W) = 1+ = = (1= d)(1+7)
over v and r from the closure of the range in Theorem 3.3(i), namely such that

0 < v < A(r) and — < 7r < a,

where the function () is defined as
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with

d 1
&1
T

71(7“) = 1-d’ 72(r> = 1_7"(1—(1)’ 73<T) =

The function & is continuous and strictly decreasing in both v and r, which implies that

(v,r) € K} with K := {(’y(r),r)

(v0,70) = argmin{/@('y,r)

Moreover, for any admissible value of r, the value of k(y(r), r) is determined by the smallest
among 71(r),72(r),75(r). Specifically,

k(i (r),r), Y1(r) < (y2(r) As(r)),
K(y(r),r) = < k(y(r),r), Y2(r) < (y(r) Avs(r)),
K(y3(r),7) Y3(r) < (i (r) Aya(r)).

Note that r — k(y(r),r) is not differentiable everywhere. We shall therefore argue that on
the set where it is differentiable the derivative does not vanish and therefore the optimal
values have to lie on the boundary. Note that this set is essentially

{r >0 (m(r),72(r),v3(r)) are pairwise distinct},

and it is nonempty because o > 1/(1 — d), and open since each 7;(r) is continuous. Next,
we compute the derivative of r — r(y(r),r) on this set. Clearly, for all » > 0 it holds that

Applying the chain rule yields

d 0

ST = O RO00) + ()

1
= —y(nl-d - —.
r
Setting the derivative equal to zero gives

p 1
Vi(r) = —m'

This equation clearly has no solution for j = 1,2. For j = 3, solving yields a = 1/(1 — d),
which contradicts our assumption that a > 1/(1 — d). Therefore, we conclude that for all
r > 0 it holds that

d
a/@(’yj(r),r) # 0 for j =1,2,3.

To complete the analysis, we examine the behavior of k(y(r),r) at values of r where two
or more of the functions ;(r) coincide.

We begin by identifying the intersection points of the functions 7 (1), y2(r), and v3(r).
Note that v, is constant, 9 is strictly increasing, and s is strictly decreasing. Hence,
each pair of functions can intersect at most once. These intersections occur at

1

d
M = 7l = — ifand only if  r = rg := =53

1—-d
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’Y]. = 73(7‘) = T 5 lf a,nd Only lf r = 7‘1,3 = a(]__d)’

_ _a(l—-d)—-1 _ . B 1 1
Yo(r) = v3(r) = o —d) 11 if and only if ro= T3 = g (l—d + a) )

We next need to calculate x(y(r),r) at r € {ri2,7m 3,723}, which requires computing
v(r) = m A y2(r) A v3(r) at these points. To determine whether ~;(r23) lies above or
below 71, we examine the sign of the difference:

d

sgn <’}/2(7”273) - Td) = sgn(a(l—d)(1—-2d) — 1).

Thus,

v2(re3) > T4 = " if and only if a >

(1—d)(1-2d)
We now distinguish between the two cases:

e a(l—d)(1—-2d) >1

e a(l—d)(1—-2d) <1
In the first case, a(l — d)(1 — 2d) > 1, the ordering of the intersection points is

T2 < re3 < 713,

and we therefore have v(r) = d/(1 —d) for all r € {r1 2,723,713} due to the monotonicity
properties of v and s, see the left panel of Figure 4. Since x is decreasing in both v and r,

Figure 4: General position of the curves representing the functions 7, (blue dotted line),
v (orange dotted line) and 3 (green dotted line) in the cases a(1 — d)(1 — 2d) > 1 (left
panel) and a(1 — d)(1 — 2d) < 1 (right panel). The purple curve represents the function
7 A Y2 A3

the optimal value is attained at the largest feasible r, which in this case is r1 3, provided
it lies within the admissible interval. Note that the inequality chain

1
T4 < al-2d) < a(l=d) = 13 < «a,
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confirms that r 3 lies within the range (1/(1—d), ), and is therefore an admissible choice
for minimizing k over K. We conclude that, when a(1—d)(1—2d) > 1, the optimal choice
is (y0,70) = (d/(1 — d), (1 — d)). If on the contrary a(1 — d)(1 — 2d) < 1, we have the
ordering

r3 < ro3 < rip and  y(r12),7(r13) < Y(re3)

as the right panel of Figure 4 indicates. For r € [ra 3,71 2], we have y(r) = v3(r) = a/r—1,
and thus

k(y(r),r) = n(%—l,r) =1+ %(l—a(l—d)).

Since a(1—d) > 1 by assumption, this function is increasing in = on the interval [ra 3,71 2],
so k(y(r),r) is minimal at r = 7o 3 on this interval. Asboth 13 < 793 and y(r13) < (72,:3)
(see again the right panel of Figure 4), and since « is decreasing in both v and r, the
minimum of k((r), r) over the full interval [r 3,72 3] is attained at r = ry 3. Finally, given
that 7o 3 lies in the center of the interval [1/(1 —d), o], it is therefore an admissible choice
for minimizing x over K. Therefore, the optimal choice in the case (1 —d)(1 —2d) < 1is

o) — (0= =1 1/ 1

o=\ gy r102\1-a %))

Plugging the values of 7y and rg into k(vy, ) finishes the proof of (i).

Proof of Part (ii): Note that we already showed that ro € (1/(1 — d),«), and the
statement about -y follows from 9 = v1(ro) A ¥2(r0) A v3(r9). From what we showed it

also follows that 7y lies on the upper bound of the admissible interval for . It remains to
show kg — (d+ 1/a) < 0. In the case a(1 — d)(1 — 2d) > 1 this follows from

| 1 1-(-dad+1)  d(l—a(l-d))
a(l —d) _d_a_ a(l —d) N a(l —d) <0

since a(1 —d) > 1. In the opposite case a(1 — d)(1 — 2d) < 1, it holds that

3—a(1—d) 1
Cr g T
1
— m(a(l—d)(i’»—a(l—d)) —a(l—d)-1)

- m(a<1—d>(2—a(l—d)> — ).

By a(l —d)(1 —2d) <1 and a1l — d) < «a < 2 this is bounded above by

1 2—a(l—d)
a(a(l—d)+1)( 1—2d 1)’

which in turn by «(1 —d) > 1 is bounded above by

a(a(l—ld)+1) <1—12d a 1) <0

It follows (ii). O
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B.5 Proof of Corollaries 3.8 and 3.12

Proof of Corollary 3.8. We want to apply Corollary 3.6 for G, (z) = 1{z > u,} and
Gn(x) = log(x/un)1{z > uy,}, respectively. Note that both choices of G, satisfy Assump-
tion 2 for all v > 0 arbitrarily small. By Lemma A.4 it holds E[G,,(X0)] = P[Xo > uy]
and G, ,(0) = fx,(un) for Gp(x) = 1{x > u,}. Besides, for G, (r) = log(x/u,)1{zx >
Un}, one has

P[X() > un}
v

BIGA(Xo)] = [ log(a/un) i, () do ~

by the regular variation property of fx, (see e.g. [12, Equation (3.2.1)], and

Goon(0) = —/Oolog(x/un)fg(o(q;)dx - /oo fX(;(x) dz ~ f);o—f—uf)’

by partial integration and Karamata’s theorem [12, Theorem B.1.5]. Therefore it holds
for Gp(z) = 1{z > uy,} that

E[G,(Xo)] _ P[Xo > uy)  Un

Géo,n(o) fXO(un) v’

by Karamata’s theorem again, and for G,,(z) = log(z/u,)1{z > u,} that

E[G.(Xo)] P[Xo> un]v+1 1v+1

~

Gé)o,n(o) - on (un) v unl/ v

We finally check that n"o+0/2=1/A2)=d /G | (0) — 0. For this it suffices to consider

nno+5/2—1/(u/\2)—d
fxo(un)
where L : x — 7771/ fx, () is slowly varying. Note that the term in the last display

converges to zero since u ! = o(n~F0—0+dH/(A2)) and L(u,) = o(nd?). Therefore, we
may apply Corollary 3.6 to yield the desired results. O

~ L(un)nno+6/2—1/(u/\2)—duz+1 ’

For the proof of Corollary 3.12 we require the following auxiliary result.

Lemma B.7. Ifw € C'(R) is positive and satisfies, for some 3 > 0, that x'~Puw/ () /w(x)
converges to 0 as x — oo, then for all p € R it holds that zPw(z)exp(—2?/B) — 0 as
xr — 00.

Proof. Since z'7Pw/(z)/w(x) — 0 as & — oo, there exists zo > 0 with w'(z) < 1271w (z)
for all z > xy. By Gronwall’s lemma it holds, for = > x,

w(z) < wlwo)exp(—ay/(28)) exp(z?/(28)).

Therefore, it holds that for any p € R, as x — oo,
wPw(x)exp(—a’/B) S aP exp(-a”/(28)) — 0,

which immediately yields the result since w is assumed to be non-negative. O
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Proof of Corollary 3.12. We proceed as in the proof of Corollary 3.8. There we checked
that Assumption 2 holds. We next establish the limit

i P ()

B PR (57)

Let ¢: 2 2' P fx,(z) and ¥ :  +— P[Xo > 2]. The functions ¢ and 1 are differentiable
in a neighborhood of infinity, converge to 0 at infinity, and ¢/(z) = —fx,(z) < 0 for z
large enough. Moreover z'= 5w/ (x)/w(z) — 0 as 2 — oo since B > 0 and W’ is either
identically zero far from the origin or regularly varying at infinity, so that

o) _ oy, =P a0 + 2 e @) (1 —xlﬁw,(x)> =1

Z—00 ¢’(x) T—00 on (m) T—00

Then (57) follows from I’'Hopital’s rule, that is,

o P ) L dlun)
A P[Xo > un] A blun) am V()

Therefore P[ Xy > uy] ~ b on(Un) Next, note that by partial integration it holds

E[G, (X)) = / " log(/un) fxo () da

dz

= —xlingolog(x/un)P[Xo > x| + / . .

Un

* P[X * PX
[O>x]dx_/ [Xo > z]

since the boundary term vanishes due to Lemma B.7. Similarly we get

Glan(®) = = [ “togtafun) g )@z = [~ Lot

Note that
—Ap[y, —A-1p[x. -8B
. Un, [ 0> Un] T Bun [ 0> un] + un on(un> .
lim ——————— = lim =1,
nooo oo P[Xo>x] dz n—00 P[X() > un}/un
Un, x
and
lim o PX0>un] o PIX > ] + g fog ()
n—oo 00 fXO(x) dz © nsoo Ixo(un)/un -

Un

where we used twice that P[Xg > up] ~ up~ fxo(un) and I’ Hopltal s rule in a way similar
to what was done above. This yields E[G,(Xo)]/GY, ,,(0) ~ up™?. Finally we check that
nrot0/2=d=1/2/G! | (0) — 0. Since Gl ,,(0) ~ un” fx, (un), this boils down to

nro+8/2—d—1/2 n—0/2

ugﬂw(un ) exp(—u //3) ugﬁw(un) -0 (58)

due to the regular variation property of w. Then, as before, applying Corollary 3.6 yields
the results. O
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C Derandomization device

We state and prove a lemma which is the main tool for obtaining convergence of PoT
estimators with random thresholds (Corollaries 3.10 and 3.15) from their convergence
with deterministic thresholds (Corollaries 3.8 and 3.12).

Lemma C.1. Let (X;) be a stationary time series, and let g be an increasing, continuously
differentiable function whose derivative ¢’ is reqularly varying at infinity. For x > 0 define

-TfXO (x)

@) = By >4

Assume the following:

o There exists a threshold sequence (uy) with u, — oo, and a rate sequence (ry) with
Ty — 00, such that rp/&(uy,) — 00, and there exists a constant ¢ > 0 such that

P[Xo > un]

E[(9(X0) — g(un)) 1 {Xo > un}] c-&(un), (59)

Unp, g/(un)

and, for allt € R,

: ( P[X( > uy]

P[Xo > (1+t/rn) un] 1) ~ - &(un). (60)

o There exists 0. € (0,1) such that for all sequences (e,,) converging to 0 and satisfying
enl = OG5 (61)
the following holds:
7 /&(tn)

n

(60X — gl 1L > w) (X, > un(l+ )}
2 [(E[@(Xo) — g(un)) 1 {Xo > tn)] 1) ’ (P[Xo > tn(1F )] 1”

t=1
(62)

converges in distribution, as n — 0o, to a pair of non-degenerate continuous random
variables [@, V].

o There exists a positive sequence (1) such that

T = O@rd 1), (63)
TpTn — 00, (64)
and
P[X(] > un]
1
PXo>u(itn)] = (65)
as n — 0.
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If additionally nP[Xo > up] — 0o, then under the above assumptions, for
k= k(n,up) = [nP[Xo > uy]],
it holds that
k
lz Xn— i+1: n) - g(Xn kn) E 1 Xn—kmn
)k P Xo —g(up)) 1{Xo > un}]n Up,

converges in distribution to [® — c- ¥, U] as n — oo.

To prove this result, we need the following lemma, which establishes a connection

between random thresholds and their deterministic counterparts.

Lemma C.2. (Koenker-type inversion lemma) Let k(up,n) := |nP[Xo > uy]|, and as-

sume that Conditions (60) and (62) from Lemma C.1 hold. Then:

Xn—k:
n <"_’m _ 1> < s
Un,
s equivalent to

(i) The inequality

1T~ {Xe > un(l+5/r)} . P[Xo > uy)
n (n “ P[Xo > un(1+ 5/rn)] 1) = Tn (P[

(ii) Asn — oo, it holds that

Xo) = g(un)) L{Xo > un}

Up,

. lmz< 600 gD 1N 2 ) ) (ot

— \E[(g
4 @,

Proof. Proof of Part (i): For any x € R, it holds that

1 n
Xinaln < @ if and only if a < EZH{Xth}'

This equivalence follows from a general property of quantile functions: for any distribution
function G' and its associated quantile function @, we have Q(a) < z if and only if

a < G(x), where @ is defined as the left-continuous inverse of G.
Proof of Part (ii): Let s1,s2 € R and define the event

En(s1) = {—r"/ 3 (5

t=1

E[(9(Xo0) = g(un)) 1{Xo > un}]

By Part (i), together with Conditions (60) and (62) and the continuity of ¥, we obtain

P [En(sl),rn <X”"“” - 1> < 52}

Xo > un(1+ s/ry)] B

®

(9(X1) = g(un)) L{Xe > wa} 1) - }
T < b

P[Xo > Un]

=P

B (s1) 15 L{Xe > un(L + s2/rn
mt < P[Xo > un(1+ s2/rn

P

IN

)
)
141 {X > up(14 s2/rn)}
En(s1), mn (_ 1 P[XO > up (1 + Sz/rn)] B 1>

— P[®<s,¥ <s9,

50

52 §(un)(1 + o(1))

}
]~ 1) = fn (P[X0>un(1+32/rn)]

)
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from which the convergence in distribution follows by Slutsky’s lemma (note that the
quantity €, := sa/ry, indeed satisfies Condition (61)). O

Proof of Lemma C.1. Define

Fanll ) = 3 600) = o)1 (K> )
Note that
Ban(h, X ) = %tf;@(xt) — (X)) X0 > Xooen}
and therefore
egn(k, Xnrn) — €gn(k,un) = g(un) — 9(Xn-gm) + B1 + Ra, (66)

where

Ry = (g(ank:n) - g(un)) <1 - %Zl{Xt >Xn;€:"}> )

t=1

R2 = %Z (g(Xt) — g(un)) (]l {Xt > ank:n} -1 {Xt > un}) .
t=1

We will show that R; = op(g(un) — 9(Xpn—:n)) for j = 1,2, that is,
Rj P

— 0. 67
9(un) — 9(Xn—kn) (67)
Combining (67) with (66), it will follow that
é\g,n(kaXn—k:n) - é\g,n(k?un) = (g(un) - g(Xn—kn))(l + OP(]-)) . (68)
We begin with the analysis of R;. By Lemma C.2.(ii), we have
Xn— n
Tn <—u LE— 1> 4w, (69)
Let (75,) be as in Condition (63) and (64). Then, we obtain
1 Xn_ n 1 Xn— n
—<—’“'—1>= rn< b —1>i>0, (70)
Tn Un T'nTn Un

since r,7, — 00 as n — oo. Consequently, with arbitrarily high probability for large n,
we have

(1 - Tn)un < Xn—k:n S (1 + Tn)un~ (71)

This implies that

roe
9(un) — 9(Xn—kn)

(% i ]]-{Xt > Xn—k:n}) -1

t=1
1 n
(E }t:;n{xt > (1 + 7) un}> 1
(72)

< Vv

i

(%ZI{XQO - Tn)un}> 1
=1

o1
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with arbitrarily high probability as n — oco. By Assumption (65) and definition k =
|nP[Xo > uy||, we obtain

‘(%ﬁil{Xt>udliTM}>«—l

t=1
nP[Xo > uy]  P[Xo > up(l+7,)] 1 rn/§ Un) o= [ 1{X; > un(1+£7,)}
[nP[Xo > un]]  P[Xo>un]  ra/E(un) ; < P[Xo > up (1 £ 7,)] 1)‘
n nP[Xo > u,] P[Xo>un(l£7)] 1'
|nP[Xo > uy] P[X( > uy]
L. 0, (73)

as m — 00, since each term on the right-hand side converges to zero in probability due to

nP[Xo > u,| P[Xo > un(1£7,)] N 1
WP Xy s wl]  PXos>w] Lo ey 7

by nP[Xy > u,] — 0o, Assumption (65) and r,/€(uy,) — o0, and

d
- |‘Ij’>

Mz": <]l{Xt >un(1:l:7'n)]} B 1)

n P[Xo > un(1 £ 7,)

t=1

which is guaranteed by (62) and the fact that (7,) also satisfies (63). Using (72) and (73)
we get (67) for j = 1.
We now analyze Ro. Since g is increasing, we can write

|g(un) - g(Xt)‘ |]l {Xt > anlc:n} -1 {Xt > Un}|
= (g(un) - g<Xt)) ]]-{un > Xt > Xn—k:n}
+ (g(Xt) - g(un)) ]l{ank:n > Xy > un}

By monotonicity of g, we may further bound this as

< (9(un) = 9(Xn—kin)) Hun > Xi > Xpp_jin}
+ (Q(Xn—k:n) - g un) I{Xn ki > X¢ > Un}
= (Q(ank:n) - g(un)) (]I{ank:n > Xy > U'n} - ]l{un > X; > ank:n}) .

It follows, rewriting Ry and carefully considering the sign in the absolute value, that

|R2‘ = %Z (g(Xt) - g(un)) (]]- {Xt > Xn—k:n} -1 {Xt > un})‘
t=1

1

kz I[{Xn kn>Xt>un}—Il{un>Xt>Xn kn})

< (g(Xn—k:n> - g(un

3

< (@Xaen) = gen)) 13 (1X > wn} = 1{Xe > Xoen} )
t=1

< g(un) — 9(Xn—kn)| - %Z (]l {Xe > Xp—km} — 1{X; > un})‘ . (74)
t=1
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We now aim to show that

%zn: (]l {Xt > Xn—k:n} — 1 {Xt > un})' i} 0, (75)
t=1

which, when combined with (74), establishes (67) for j = 2. To prove this convergence,
note that by (71), with arbitrarily high probability as n — oo, the following holds:

%; (11 (Xy> Xpopn} — 1{X, > un})
‘(%Zﬂ{Xan m) -1
|< Zn{xt (1 — Tn)un}> -1

+ ( Z]l{Xt>un}>

IN

G;l{){t>””}> -
(%ZH{XW 1+ Tn)un}> -
t=1

IN

(76)

Applying Inequalities (73) and (76), we obtain the desired convergence in (75), and hence
conclude (67), and therefore (68). We now show that

HXn) = 9(u) = g (i) (22 1) 4 op (ML) o

Un Tn

and, using this together with (68), (69), and (77), we will conclude that

€. e Xn— m Up, * ¢ Up
eg,n(kvXn—k:n) = eg,n(kyun) - Un'g/(un) <—k - 1> + op (¢> :

Un Tn
(78)
To establish Equation (77), observe that
Xn— n
9(Xn—km) — g(un) — ung’(un)< o 1>

" (79)

. g/(u )/Xnk:n/un <g’(l"un) _ 1> dl’

= upg (un .

1 9 (un)

Since ¢’ is regularly varying and X,,_.n/un P by (70), it follows from [12, Proposi-
tion B.1.10] that

Xn~k:n/un / X
[ (9w < (1)
1 g (un) Unp, Tn

where the final equality follows from (69). Combining this with (79), we obtain the desired
result in (77). We now prove the stated result using Equation (78). To this end, note that
by the stationarity of the time series, k/n ~ P[Xy > u,], and Assumption (59) it follows
that

Elegn(k, un)] = %E[(Q(XO) = g(un)) 1{Xo > un}] (80)
_ El(g(Xo) — g(un)) 1{Xo > un}]
P[X() > un}
-~ ungl<un)
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Consequently, we can write

n egn(k,un) 3
E(uwn) (E[ag,nw,un)] 1)

. /€ (un) S (9(Xt) — g(un)) 1H{Xs > un} .

B n Z( E[(9(Xo0) — g(un)) 1{Xo > un}] 1) '

Substituting the approximation for €y ,,(k, X;,— k) from (78) and combining with the joint
convergence established in Lemma C.2.(ii), we conclude

o (g )

Tn é\g,n(lfa un) Xn—kn
= — 1 - . - ]- ]‘ .
€(un) <E[€g,n<k,un>1 AT + or()
Therefore, by Lemma C.2.(ii), it follows that

L(::n) (é;g:rfg(fnénui;}) - 1>7 n <X7;nk:” — 1)] L@ - v,y

To complete the proof, we use Equation (80) and the fact that

t=1

—_

k
é\g,n(kv Xn—k n = E Z Xn— i+1: n - Q(Xn—lc:n>
to express

é\g,n(ka Xn—k m
E [egn(k,up)]

k
n z+1 n) _g(Xn kn) E .
i ( — () 1{Xo > un}] n 1)

from which the stated convergence result follows immediately. O

wl»—‘

D Verifying the conditions of Lemma C.1 in the settings of
Corollary 3.8 and 3.12

In the next lemma we check the assumptions of Lemma C.1 in the settings of Corollary 3.8
and Corollary 3.12. Applying Lemma C.1 then directly results in Corollary 3.10 and 3.15.

Lemma D.1. Let g = log. Then the assumptions of Lemma C.1 hold in the settings of
(i) Corollary 3.8 and (i) Corollary 3.12, respectively, with the following parameters:

(i) In Corollary 3.8, rp = n'~1/(A2)=d

_ uano(un)
) = Bty sy Y
and the joint limit is
v
(q)v\ll) = <1+VZ2/\1/; Z2/\I/> s

with constant ¢ =1 and (7,) any sequence satisfying (63) and (64).
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i) In Corollary 3.8, ry, = n'/2=dy
Y » Tn n;

_ Uang(Un) ~ uB
g(un> - P[X0>un] n

and the joint limit is (®, V) = (Za, Z3), with constant ¢ = 1 and (7,) any sequence
satisfying (63) and (64).

Proof of Lemma D.1. We begin by showing all the assumptions of Lemma C.1 except for
the joint convergence Assumption (62). We do this separately for both settings.
In Setting (i), it follows from Karamata’s theorem [12, Theorem B.1.5], that

_ uano(un)
) P>

This implies 7y, /&(uy) — 0o. Note now that, by Karamata’s theorem, we have

E [log (Xo/un),] = “nfxo(un)/loo log(z) 2Xe(4?) 4,

Fxo(un)
~ vP[Xy > un}/1 log(x)# dz
_ P[Xo > un] . (81)

Since ¢'(un) = 1/uy, and using Equation (81), we find that

, P[X( > uy) B P[Xo > uy) ~ v o~ £
Ung (un>E[(g(Xo) — g(un))1{Xo > un}] " E [log (XO/un)+] )

which shows that Assumption (59) holds with constant ¢ = 1. Applying the mean value
theorem and the regular variation property of fx,, along with the local uniformity property
of regularly varying functions, we conclude that for each ¢t € R, there exists a sequence
(0n) = (0,(t)) C (0,1) such that

r ( P[Xo > uy) _ 1)
"\P[Xo > (1+t/rp) - uy]
Tn Unt
= By > (Lt tirun] v oL+ Out/1n)un)
‘. Un un(1+t/rn) - fxo(un(1+t/n)) ) Sxo (un(1 4 Ont/rn))
Un(1+t/ry) P[Xo > up(1+t/ry)] Ixo(un (1 +t/1y))
~ bt &(un(l+t/rn))

where the last approximation uses that £(x) — v as © — oo, as shown above. Thus, As-
sumption (60) is satisfied. Moreover, by the local uniformity of regularly varying functions,
we have that for any sequence (7,,) with 7,, — 0 as n — oo,

P[Xo > un]
P[Xo > up(1 £+ 7))

Therefore, Assumption (65) is also satisfied.
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Now we turn to Setting (ii). We use again

_ Unfxo(un) o 1—a-p) _ 8
&(un) - P[X() >Un] Up, =un

such that &(uy)/rn ~ ub /rn, — 0, since u, grows only logarithmically while r, grows
polynomially in n. As shown in the proof of Corollary 3.12, we have

w oy P[Xo > uy] _ PXo>w s
9 ) B — (a1 (Ko > wa)] [ Bzl gy U )

which confirms that Assumption (59) holds with constant ¢ = 1. Applying the mean value
theorem, we find that for each ¢ € R, there exists a sequence (0,(t)) C (0,1) such that

P[Xo > un] _ B T u_nt .
" <P[X0 > (1+t/rn)un] 1>  P[Xo > (14 t/rp)un] Fxo (L Ot /10 )un)
B

Un

T Fxo (U t/r)un)
~ tul o~ tE(uy).

tfxo (14 Opt/rn)uy)

This confirms that Assumption (60) holds in Case (ii). For any sequence (7,,) satisfying
Conditions (63) and (64), we have

P[XO > “n] -~ Ixo (Un) 1
P[Xo > un(1 £ 7,)] Ixo(un(1£7,)) (1 £ 7)1 5
w(up)

B B
~ m exp(—up(1 = (1£7)%)/8) — 1,
as n — oo. This holds because 7, decreases polynomially in n (since r, grows polynomi-
ally), whereas u,, grows only logarithmically. Thus Assumption (65) is satisfied.
It remains to establish the joint convergence stated in (62). To this end, we apply
the Cramér-Wold device with coefficients A1, Ao € R. Our goal is to show that for any
sequence (€,), satisfying (61),

(g(Xt) - g(un))+ . ]l{Xt > Un(l + En)} .
. (E [(9(X0) — g(un)) 4] 1) A <P[Xo > (1 + )] 1)]

n

t=1

converges in distribution to

Zun2 <>\1 1 _T_ ” + )\2> in Case (i), and (82)
Zy (M + A2) in Case (ii).

The proof consists in reducing (82) to an application of Theorem 3.5, and it is organized
in two consecutive steps. Define the function

(9(z) — g(un))+P[X0 > Up)
E[(9(Xo0) — g(un)),]

Step 1: Observe that by construction

Gn(z) = A+ + Ao L{z > uy,}.

E[G,(X0)] = (M + X2) P[Xo > uy],
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which yields
1 n

P[Xo > uy) ;(G"(Xt) - ElG — ( Xo > un] - u AQ)) '

We now write the decomposition

an( Xo>un} - (A1H2)>

t=1
Xt) ( n))+ _ ]l{Xt > Un(l + fn)} _
( (9(X0) — g(u)),] 1) +2a (B S o] 1)]

where

o Tn/§ un n I].{Xt > un} ]].{Xt > Un<]. + €n>} B B
e Z( X0>Un] P[X0>un1+6n)]> = R Ray,

t=1

and Ri, Ro are defined as

P[Xo > up| — P[Xo > un(1 4 €,)] mn/E(up)
P[Xo > uy] n

= H{X; > un} — WX >un(l+6)}
Z( E[1{Xo > un} — 1{Xo > un(l+en)]] 1) )

Ry =

 P[Xy>u,] — P[Xo>uy(1+4€) Tn/§ (un) HXe > un(l+e)}
Ry = P[X() > un] Z < XO > un(l + En)] 1) .

If we can show that R, Re P, 0, then the convergence in Equation (82) follows from the
convergence of

MZ(GH(&) — E[Gn(X0))) -

=1
Step 2: Obviously r, = n!'~(@+1/9) with

o =

vA2 in Case (i), and
2 in Case (ii).

We aim to combine Theorems 3.5 and Theorem 3.1 to show that

nP [Xo > Un]

n

D (Ga(Xe) — E[Ga(X0)))
t=1

ity L1 -
Fralin) 2 (@nl%0) = BGn(Xo)) (53)

converges in distribution to the limit announced in (82). To apply this result it is sufficient
to show that

fxo(un) </\11+ + Ao + 0(1)> in Case (i),

Ixo(un)(M 4+ A2 + o(1)) in Case (ii).

Glon(0) = (84)
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n—d—l/a 1 - _ o v 0 n—d—l/a -
o) ;(Gn(Xt) E[G,(Xo)]) </\11_|_U + X + (1)> ;Xt

Indeed, from this, Theorem 3.5 will imply that in Case (i),
n/‘i0+5/2—d—1/04
[xo (un)

as n — oo. This conclusion follows from fy, € RV_,_; and u, = o(n(¥+/a=ro=0)/(v+1))
In Case (ii), we similarly obtain
Ixo(un) =

‘ ,
r0+6/2—d—1/2
< no
fXO (un)

as n — 0o, due to (58). (83) and the announced result.
We now provide details on both steps.

— 0,

n

=121 SYGL(X) - BGa(X0)) — (M + A + 0(1))n*d*1/2§njxt

Lo (P)

— 0,

Details Step 1: Analysis of R,
We apply Theorem 3.5 using the function
Gliz) = 1{z > up} — 1{z>u(1+6€)},
which satisfies the bound
|Gt ()] < Ha > un (1 — (—en)+)} -

This ensures that Assumption 2 is met, with the threshold u,, replaced by wu, (1 — (—€p)+).
We then decompose R; as

Ry = Riqp + Rig,

where
1 Tn/§ Un) - R R Ry \/
Ry = (GM(X,) — EIGM(Xo)] — (GRLY(0)X)) ,
b P[X()>un ; t [ n ( 0)] ( n,oo)( ) t)
1 Tn/&(un) R / "
Rio = (GPL Y (0 X, .
1,2 P[XO N un} n ( n,oo) ( ); t

First we analyze R 1. Note that by construction
1 /€ (Un) _ n-d-1/e
P[X( > uy) n Ixo(un)

Applying Theorem 3.5, we find that

B2l o oy
1 rdel/a e )
= | (G (X) — BIGT (X)) — (G (0X)
Xo\Un =1 L7o(P)
nno+6/2fd71/a
< — = 0,
Fxo(tn)
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due to the assumed growth rate on u,, as was shown during the outline of Step 2, so that

Ria P, 0. Next we turn to Ry 5. Since 1y, /(nuy) = n~4=1/e it follows from Theorem 3.1
that
r n
_n ZXt d, Ze
Nty
The remaining factor is
un(GHiL,)'(0)

P[Xo > up€(un)’

which we will show tends to zero as n — oo. The stated convergence of R; 2 then follows
by Slutsky’s lemma. We now use Lemma A.4(ii) in order to evaluate

un(Giibe)'(0) fxo(un(L+ ) = fxo(un) _ fxo(un(l+ €n))
P[Xo > un€(un) fxo(un) fxo(un)

In Case (i), we assume fx, € RV_,_1, so by local uniformity of regular variation

Sxo(un(1 4 €n))
on(un)

as n — 0o, since €, — 0. In Case (ii), we have

fxo(un(1+€n)) _ w(un(l+ €n))
on (un) w(un)

- 1.

= (l—f—en)_"_1 + o(1) — 1,

exp(up(1 = (1+€)%)/8) = 1, (85)

since €, decays polynomially in n while u, grows only logarithmically, and w is either
constant or regularly varying at infinity. This shows R 2 N 0, and thus R, o,

Details Step 1: Analysis of R,

The analysis of Ry is more straightforward, as the conditions of Theorem 3.5 are easily
verified for the function

G2 (z) = 1{z > un(1+¢,)}.

Recall first of all that we have just shown the convergence fx,(un(1+ €,))/fx,(un) — 1.
Moreover, in Case (i), since fx, € RV_,_1, it follows that z — P[Xy > z] € RV_,.
Therefore,

P[Xo > uy(1+¢€,)] — P[Xo > u,)
P[Xo > un]

= (1+€)"” — 14+ o(1) — 0.

In Case (ii), we apply the mean value theorem: there exists (6,) C (0,1) such that

P[Xo>un(l+en)] = PXo>un] _  fxo(n) fxo(un(l+ Onen))
P[X() > Un] " nP[XO > un] on(uTl)

as n — 00, since u,fx,/P[Xo > up] ~ ub with enug — 0, and the remaining term

converges to 1 due to (85). This entails P[X¢ > u,(1 + €,)]/P[Xo > uw,] — 1. Then,
applying Theorem 3.5 and Theorem 3.1, we obtain that

anWLm%>mm+%»1" {X; > un(l+e)}
e nZ<P[Xo>un<1+en>] 1)

— 0,

t=1
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converges in distribution to a non-degenerate random variable, and so does

(i) PXo>un] 1~ (X > un(l+en)}
Frolm) 2 (P[Xo > un(1+ €0) 1)
C rn/fE(un) N~ (L{ X > un(1+€,)} B
=S (P ey 1)
P[XO > un]

- P[XO > un(l + en)] - P[X() > Un] Ry

We conclude that in both settings it holds Ry L.
We will now continue the analysis separated into the settings, where it suffices to check
the validity of (84) in order to complete the proof.

Details Step 2

We begin by verifying Equation (84) in Setting (i). To simplify the notation, we write
(log(x) —log(up))1{x > u,} = max{log(x/uy,),0} =: log(z/uy,)+.

It then follows that
Gron(®) = = [ Gula) iy ) da

S log (x/un) fi, (x) dz
E [log (XO/Un)+]

Using integration by parts and the regular variation of fx, € RV_,_1, we obtain

= —)\1

P[Xo > un] + Ao fx,(un).

— [ og o /un) P @)d = =) log(o/u) T + [ (@) ds

/uoo %fxo(x) dz.

mn

Changing variables, and using the uniform convergence of fx,(unz)/fx,(un) to 1 in neigh-
borhoods of infinity, this becomes:

* 1 fx, (un2)

_0010 z/up) fx (x)dr = un/ dz
| s/ sy @y = o) [ S0
<1

~ fXO(un)/l de

= ey () ——

= Xl
Recalling (81), it follows that

Gen®) = frofun) (Mpty + da o)) |

which verifies Equation (84) in Setting (i).
To prove the same equation in Case (ii), first note that in the proof of Corollary 3.12
we showed

E[G.(X0)]  Jo log(z/un) fx,(z) dz PXo>u] g

Gron(0) = [Zlog(a/un) fig, () de ~ fxo(un) i
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From this it follows immediately that

Glon(0) = U 'E[Gn(X0)] = ul "P[Xo > un](A1 + A2 + o(1))
= fxo(un)(A1 + A2 +0(1)),

that is, (84). Having shown (84) in both cases, we conclude the proof. O
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Abstract

We prove multiple central limit theorems for serial tail dependence estimators in heavy-tailed long
memory linear time series. The main theoretical tools are two novel multivariate reduction principles for
partial sums of heavy-tailed long memory linear time series, subordinated over sliding windows and above
a threshold growing with sample size. This requires addressing several substantial difficulties, including
handling a nonlinear, sample-size dependent, and multivariate subordination mechanism, the dependence
between several overlapping linear processes, and the lack of higher-order moments of the marginal dis-
tribution. Despite these obstacles, our assumptions are mild and, in particular, the innovation process is
allowed to have infinite variance. A key feature of our theory is that our second reduction principle holds
uniformly in the threshold, allowing central limit theory for empirical extremograms with sample quantiles
as thresholds. This question has received little attention in the literature on serial extremal dependence
estimation even though the version of empirical extremograms with random thresholds is ubiquitous in
practice. We compare our results in several respects with those that may be obtained under short-range
dependence, thereby discovering markedly different convergence rates and limit laws in our long memory

setting.

MSC 2020 subject classifications: 60F05, 60F17, 60G70
Keywords: Central limit theory, Extremogram, Heavy tails, Peaks-over-Threshold model, Stable distribu-

tion, Uniform reduction principle

1. Introduction

Traditionally, dependence in time series is characterized by the autocorrelation function (ACF). Since the
ACF emphasizes dependence at central levels, it does not accurately capture dependence at extreme levels.
Measuring and estimating tail dependence is therefore a separate task. The analog of the ACF in extreme

value analysis is the so-called extremogram, proposed by Davis and Mikosch (2009). Given a stationary
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time series (X¢)iez whose marginal distribution has upper endpoint 400, the extremogram is defined as
the limiting quantity

P[Xecu-A,[Xpiple € u- B

, heZ,A,BcRY TeN,
P[X0>’LL]

vap(h) = lim

provided that the limit exists, where throughout [X/], := [Xo,...,X7-1]. The simplest example is for

A= B = (1,00), when the extremogram coincides with the tail-dependence coefficient
x(h) := leP[Xh>u|X0>u], helZ.

With this quantity, one can answer the question whether an extreme value at time 0 makes an extreme
value at time h more likely. Even though the probability of rare events vanishes, that is, P[Xy > u] — 0
as u — oo, the tail dependence coefficient x(h) can be positive. We then call the stationary time series
asymptotically dependent; see Chapter 9.5 in Beirlant et al. (2006) for a detailed discussion of modeling
asymptotic dependence using tail dependence coefficients. In general, the extremogram is estimated from

observations of Xi,..., X, by the natural estimator

Aa,B(h)
—T+1—(0Vh
o % Z?:1:20/\i5)v '1 {[Xtvele € un - A, [Xiyesnle € un - B}
%Z?:l Xy > up} ’

where the threshold sequence (u,) is chosen such that u, — oo and nP[Xy > u,] — oo. We call

heZ,A,BcRT TeN,

this the empirical extremogram. The asymptotic analysis of the empirical extremogram requires dedicated
techniques that differ from the usual ACF analysis; see Brockwell and Davis (1991) for a discussion of
asymptotic properties of the empirical ACF in standard time series settings. The asymptotic behavior of
the empirical extremogram has been studied in Davis and Mikosch (2009) for sufficiently strong «-mixing
regularly varying time series satisfying an anti-clustering condition; see Basrak and Segers (2009) for a
reference on regularly varying time series. The question of handling tail dependence estimation when mixing
conditions of this type do not hold has remained much less explored. This is particularly true for long
memory settings.

There is evidence, for example, that in hydrological time series, the assumptions mentioned above (im-
plying short memory) are violated. In contrast, fractionally differenced ARIMA models have been used for
hydrological time series (Montanari et al., 1997), long memory in river flows has been linked to prolonged
droughts and temporal clustering of extreme floods (Mudelsee, 2007), and flood peak distributions often
exhibit heavy-tail behavior (Merz et al., 2022). There is still debate over whether long memory is present
in financial data; see for example Rossi and Santucci de Magistris (2013) or Cont (2005).

In this work, we study tail dependence estimators for long memory linear time series with possibly infinite
variance. More precisely, the main contribution of our article is to derive central limit theorems for tail
dependence estimators in long memory heavy-tailed linear time series. For this, the available theory does
not provide the required tools, since it is essentially based on one-dimensional reduction principles (Scheffel
et al., 2026) and does not cover the multivariate nature of dependence estimators. The empirical process
theory of Kulik and Soulier (2011) is developed exclusively for stochastic volatility models and is therefore not
applicable for the current class of processes. We close this gap by developing multivariate reduction principles
for threshold-dependent indicator functions. This is not a routine extension of Scheffel et al. (2026), because

the multivariate setting creates dependence between several overlapping linear processes, and the bounds
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needed to handle this dependence have to be developed separately. Classical tools used to control empirical
ACFs, as in Hosking (1996), cannot be used either, because the extreme value context involves estimators
whose summands depend on the sample size n. Accounting for long-range dependence and a subordination
mechanism depending on sample size in a nonlinear way makes the arguments substantially different from
those of Betken et al., in which short-range dependence is considered and the subordination mechanism
varies with n through scaling constants.

We prove a general reduction principle that allows us to derive central limit theory for a large class of
estimators that contains in particular all extremogram estimators considered in Davis and Mikosch (2009).
We then restrict the class of admissible sets to obtain a uniform version of this reduction principle that

allows us to consider extremogram estimators with random thresholds, that is,

n—T-+1—(0Vh)
~ 1
’VA,B(h) = E Z 1 {[XtJrZ]Z S ankzn : A, [Xt+5+h]€ S ank:n : B} ) heZ 3 A, B C RT ) Te Na
t=1—(0Ah)
where X1, < Xo.,, < --- < X, are the order statistics of the sample Xj,...,X,, . This feature of our

approach is uncommon in theoretical investigations: for example, the estimation theory in Davis and Mikosch
(2009) covers only deterministic thresholds. However, the version with random thresholds ¥4 p(h) of the
empirical extremogram is used in practice (Davis and Mikosch, 2009, Section 3.4). As far as we are aware,
only Drees establishes the asymptotic behavior of the empirical extremogram with random thresholds in a
weakly dependent setting and under several technical assumptions. See Corollary 3.6 therein, in which it
appears that the weak limits of 74 p(h) and 74 p(h) are identical when short-range dependence is present.
In general, replacing deterministic with random thresholds in asymptotic theory is known to be difficult,
especially in the presence of serial dependence, see Drees and Knezevié¢ (2020).

We also show in this work that, by contrast with the short-range dependence setting, the weak limits
of 44,8(h) and Y4 p(h) are different for A and B in a wide class of sets relevant in applications. In

particular, we show that the estimators

n—T+1
1
E Z 1 {Xt > Xn—k:ru Xt+1 > Xn—k:n; cee 7Xt+T—1 > Xn—k:n}
t=1
and
1 n—T+1
T 2 M{Xe> Xojon, Xeyro1 > Xnpn}
t=1

of the tail-dependence coefficients

lim P[Xo>u,...,Xr—1 > u|Xo > ul

U—00

and
lim P [ Xy >u|Xo>u] = x(T-1),

U— 00
respectively, have a degenerate asymptotic distribution which is a hitherto unknown phenomenon within the
long memory setting.
This paper is organized as follows. In Section 2 we introduce our model and main assumptions. In
Section 3 we derive reduction principles for tail dependence estimators that we use to derive the central
limit theory of Section 4. In Section 5 we show that our theory for random thresholds is applicable in the

class of rectangular sets by providing simplified assumptions and showing their validity. Then we investigate
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the cancellation in the asymptotic scale for rectangular sets. Since our theory is also valid in the univariate
setting, we finally compare results for random thresholds with results that are readily derived from existing

theory in the i.i.d. and weakly dependent setting.

2. Model and main assumptions

2.1. Notation

Throughout this article, (2,4, P) denotes a probability space rich enough to support all random variables
under consideration. The symbols P* and E* denote outer probability and expectation, respectively (Van
Der Vaart and Wellner, 2023, Section 1.2). For p > 1, we write LP(P) for the space of random variables
with finite p-th moment. For a generic, continuous random variable Z , we let Fz (resp. fz, qz ) denote
its cumulative distribution function (resp. probability density function, quantile function). We write a Ab =
min{a,b} and a Vb= max{a,b} for a,b € R, and use the symbol ~ to denote asymptotic equivalence of
sequences and functions. We write < to mean inequality up to a generic multiplicative constant C' > 0 that
can change from place to place. If the dependence of this constant on the surrounding variables is relevant
to the argument, we will make this explicit, by saying, for example, that C = C,, depends on n, or that
C is independent of n. Throughout we will write x = [z¢]¢ = [z¢]¢eqo,...7—1} € RT where T > 1 is fixed.
If the index set is different from {0,...,7 — 1}, we will make this explicit. For p > 0, the symbol CP(R”)
denotes the vector space of real-valued functions on R” with continuous partial derivatives up to order p.
For aset A CRT and s € RU{+o00} we write s- A= {s-z |z € A}, and set by convention co-A = 0.
Finally, we write N:={1,2,...} and Ny :=NU{0}.

2.2. Assumptions on the model

Let (et)iez be a sequence of independent and identically distributed (i.i.d.) copies of a random variable
e. In this work, we focus on causal linear (or MA(o0)) time series X; = Z;io ajei—j, where (aj)jez
is a sequence of real-valued coefficients such that ap = 1 and a_; = 0 for all j > 1. Our regularity
assumptions focus on the distribution of the innovation sequence, on the rate of decay of the coefficients a;
which should be slow enough to yield a divergent series, yet fast enough to accommodate tail heaviness of
the innovations, and on the tail of its marginal distribution. We consider the case of heavy-tailed time series

whose innovations have a finite first moment, but possibly infinite second moment.

Assumption 1 (Regularity of the innovations). Suppose that F. € C?(R), and that ¢ has a symmetric

distribution, and that there is a finite positive constant L and v € (1,00)\ {2} such that limg o 2VPle >

z] = limg 0 2"Ple < —x] = L/2, and suppose that the probability density function f. € C1(R) satisfies:
1

(1 + Jz])e

/ gt T — .—1
|f€(.’L') fe(y)| 5 | y‘ (1+|m|)a

forz e R,

fe(@) VIfi )] S

forz,yeR, |z —y| <1,

where a:=2Av, and < denotes inequality up to a multiplicative constant depending only on the distri-

bution of €.

1-d

Assumption 2 (Long memory). (n'~%a,) converges to a finite, nonzero limit ¢, for some d € (0,1—1/«).
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Assumption 3 (Regular variation of the marginal density). The density fx, is regularly varying at +oo

with index —1 —v.

Remark 2.1 (Assumptions 1, 2 and 3). These assumptions are already used in Scheffel et al. (2026). They
are reasonably weak, given the difficulty of the heavy-tailed setting. The edge case v = 2 is excluded to

streamline the analysis.

Remark 2.2 (Link between Assumption 3 and unimodality). If the distribution of ¢ is unimodal, meaning
that its distribution function is convex on (—00,0) and concave on (0,00) (Dharmadhikari and Joag-
Dev, 1988, Definition 1.1), then by Theorem 1.1 in Dharmadhikari and Joag-Dev (1988) it holds that any
convergent moving average also has a unimodal distribution function. On the level of densities, this means
monotonicity on (—o00,0) and (0,00). Then, from the regular variation of the moving average (Kulik
and Soulier, 2020, (15.3.5)) and the monotone density theorem (De Haan and Ferreira, 2006, Proposition
B.1.9.11), we get that the density of the moving average is also regularly varying with index —1 —v. In

particular, Assumption 3 is satisfied under Assumption 1 and unimodality of the innovations.

2.3. Assumptions on the multivariate subordination mechanism

We want to derive central limit theory for partial sums of long memory linear time series subordinated over
sliding windows, that is, for

n—T+41
> (Gal[Xerdle) — E[Ga([Xdo))
t=1
where (G, : RT — R) is a sequence of subordination mechanisms. The following definition specifies the

class of such mechanisms considered in this work.

Definition 2.3 (Subordination mechanism). Let (uy,) C [1,00) be a threshold sequence with u, — oo as

n— 00, let A CRT be a Borel set, and let s1, 59 € (0, 00] satisfy s1 < s9. We define
Gn(z,81,82,4) = 1{z € up-((s1-4)\ (s2-4))}, zeRT.

Putting s; = 1 and sy = oo reflects extremogram-type tail-dependence estimators as in Davis and
Mikosch (2009), where we require the set A C RT to be bounded away from 0. Apart from that, we are

interested in the asymptotic behavior of the (rescaled) empirical extremogram

n—T+1

Z ]l{[XH_g}e S Xn—k:n ' A}
t=1

Write
n—T+1 n—T+1

Z ]]-{[Xt+€]l € Xn—km - A} = Z ]]-{[Xt—&-é]f € Up (Xn—k:n/un) : A}a
t=1 t=1

where the deterministic threshold w, is replaced by the sample quantile at level 1 — k/n. This suggests,

under the assumption that X, _j.,/u, —p 1 as n — oo, to investigate the asymptotic behavior of

n—T+1

> 1{[Xirele € up -5 A}

t=1
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uniformly in s in a neighborhood of 1. Our argument relies on a chaining procedure. We first analyze the
pointwise asymptotic behavior of the relevant quantity and then show that for neighboring values s and s’

around 1, the difference

n—T41 n—T4+1
S W[Xwdde €un-s- A — > L[ Xpele € up - 5 - A}
t=1 t=1

converges to 0; see Section 3.2 for further details. For sets A satisfying so- A C s1- A if s1 < s9, this
takes the form

n—=T+1
Y Gul[Xesdler 51,52, 4)

t=1
which justifies Definition 2.3. The next definition fixes the properties of A that are needed for this extended
analysis. Apart from the nesting property, we also need that differences of the form (s1-A4)\ (so-A) are

controlled by marginal threshold exceedances.

Definition 2.4 (Class of sets for the uniform reduction principle). Define Cr to be the family of all Borel
sets ) # A C RT bounded away from 0 such that there exist {aj}jeq,...7y C (0,00) such that for all
s1, 82 € (0,00) satisfying s; < s2, it holds s2- A C s1- A and

T
(s1-A)\ (s2-A4) [ (J{lwj1l € aj - [s1, 0]}
j=1

If A e Cr with a particular a = {a;}, then we write A € Cr(a).
Example 2.5 (Examples, counterexamples and properties of sets in Cr ).

(i) [Cartesian product] Let n,m € N. If A € C,(a) and B € Cpp(b), then Ax B € Cpyp(c) with ¢; = a;
for je{l,...,n} and ¢ =b;_, for je{n+1,....,n+m}.

(ii) [Unboundedness]. Since A is bounded away from 0, there exists x € A such that

max |zj_i| > 0 for some § > 0.
Je{1,..,T}
Then, for R > 4§,
R R
—- —-A A d —xj_ R.
5 X € 5 C an je?ll,{.i.)fT} 53:] 1| >

Therefore, A is unbounded.
(iii) [Rectangular sets with positive active coordinates] Let A = Xszl(aj, o0) with a; € (0,00) U {—o00},
and 0 # Ja = {j| a; > 0}. It holds for s1,s2 > 0 satisfying s; < s2
$9-A = ﬂ {.’L‘j_l € (82'aj700)} C ﬂ {.Q?j_l S (51 -Clj,OO)} = s51-A,
JE€EJA JjEJA

as well as

(s1- A\ (s2-4) = | [V {zj1 € (s1-a500) | N | U {wjo1 € (—00,80-a5]}

Jj€JA jeJa

c U llzjalea;-[s1,]}

Jj€JaA

so that A € Cp with arbitrary a; € (0,00) for j ¢ Ja.
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(iv) [Complements of squares centered at the origin] Let |- || be the supremum norm on R”, R > 0, and
A = {||z|| > R}. Observe that s-A = {||z|| > sR} for any s > 0. Pick s1,s2 > 0 with s1 < s2.
Then so- ACs1-A and (s1-A4)\ (s2-A) = {||z| € (s1R, s2R]}. We conclude that

T
(s1-A)\ (s2-4) |$a 1€ (0,sR]} | 0 [ (U{J2j-1 € (s1R,00)}
j=1

T
U |zj-1| € R+ [s1, 2]}

so that A € Cp with a; = R € (0,00) for j e {1,...,T}.

(v) [Stability under set operations with scale invariant sets] Let B be a scale invariant set, that is, for
$>0, s-B=DB,andlet A€ Cp(a). Note that s- B¢ = (s-B)®= B¢ for s >0, that is, B¢ is also

scale invariant. Therefore,

SQ'(AQB) (SQA)QB C (31~A)DB = 81-(AﬂB),
s5-(AUB) = (s2- A)UB C (s1-A)UB — s1-(AUB),

and

(s1-(ANB))\ (s2-(ANB)) = ((s1-A)\(52-A4))NB C (s1-A)\ (s2-4),
((s1-A)\ (s2- A)NB° C (s1-A4)\ (s2-A).

/\
»
&
—
N
Sy
N
=
s
—
»
V]
—
'
Sy
=
=
Il

If, in addition, AN B # @, then AN B € Cr(a), and if AU B is bounded away from 0, then
AUB € Cp(a). Generally, Cp is not closed under these set operations.

3. Multivariate Reduction Principle

3.1. A general pointwise reduction principle

We give a heuristic overview of how the multivariate reduction principle works. For k € Z, let Fp =
o(ek,€k—1,.-.) denote the past o -algebra generated by the sequence (g;) up to index k. For k > 0, let
Xep = Z?:o ajei—; be the k-truncated time series, let A C RT be bounded away from 0, s1,s2 € (0, 00]

satisfying s; < sg, and write

Gin(y) Gin(y,s1,82,A) = E[Gn([Xeptele +y,51,52,4)]

Pl[Xypiele +y €un-(s1-A)\ (s2-A4)],

and, by Lemma B.3 in the supplementary material,

VGin(z) = VyGialy,s1,ss, A)‘ = — /]RT I{x €up-(s1-A)\ (s2- A)}Vf[XZ,k+I/.]Z(X —z)dx, (1)

y=2
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where we set Goon(2z) = E[G,([Xir00le + 2)] = E[G,([X(]¢ + 2)] for k = oo in the natural way. The

reduction principle consists of showing that

n—T+1
> (Gu([Xerde) — E[Gn([Xd0)])
t_ln—T—H
= (ECn([Xerelo) | Fiok] — E [Gn([Xeade) | Fimer)])
t=1
n—T+1

(Gro1n([Xtge — X pre—1le) — Grn([Xire — Xetorrele))

I
I
M I 112 T

n—T41
~ (Grn([Xtre — Xeropre—1le) — Grn([Xire — Xiteprele)) (2)
t=1
n—T4+1
~ > Y ek laned! - VGin([Xive — Xeyepree)
=1 k=0
n—T+1
= [Xt—&-dz . VG’oom(OT)
t=1
n—T4+1 oo
+ > etk larsdd (VGrn([Xere — Xionrdl)) — VGoon(07)) -
=1 k=0

The first term is the leading term that will determine the asymptotic profile, described in the next theorem.

Theorem 3.1 (Central limit theorem for multivariate partial sums). Let Assumptions I and 2 hold. Then

n—T+1
n—d—l/a Z [Xt+€][ —d Lo 17 asn — oo,
t=1

where
N(0,0%)  if a=2 with E[%] < oo,
SaS(n) if a€(1,2),

Zo has distribution

with variance

(1 — 2d)T(d)

Gd+ 01— d) when E[e?] < oo,

2 2112
=cE
o c [E]d

a

or scale

= () (] ot )

l1-«a oo
Here, SaS(n) denotes the symmetric a stable distribution with characteristic function x — exp(—n®|z|*).

Having determined the asymptotic profile of the linear approximation, we make the reduction principle
in (2) rigorous.
Theorem 3.2. Let Assumptions 1 and 2 hold, and let either of the following conditions hold:

(i) A is bounded away from 0, s1 € (s,00) for some s> 0, and sy = 00

(i) A €Cp and, for some 0 <s<1<3<o0, $1,52 € (8,3] satisfy s1 < s2
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Then for all § >0 and for n € N,

bl T 70
E Z Gn([XtJrZ]Z,Sl,S%A) - E[Gn([Xt+Z]g781,SQ,A)] — (VyGoo,n(y,Sl,827A)‘y_0 > . [XtJrz]g ‘|
t=1 B
< ((s2 — s1) A1) - proteotd/2)
where 1
o ; + L therwi
g\ @ Ty omerwse
and
1 f 1 <
oi—d) T T -2q) =" )
R =
20-d)+(1-a(l-d)(1-2d) _ 35— a(l—d) |
a(l—d)+1 =d+(1- d)m otherwise.

As explained in Remark 3.4 in Scheffel et al. (2026), ko—d—1/a < 0, so that there is a choice of u, — oo
such that w, = o(n(dt1/A2)=w0=0)/(+1)y for § > 0 small enough. Therefore,
nmo+6—d—1/a

d+1/a *1. Ko+6/2 _ o —6/2
(n + on(un)) nfot = oG n — 0. 4)

By Theorem 3.2 applied with s; = s and sy = oo and a set A that is bounded away from 0, this proves

the following result.

Corollary 3.3. Let Assumptions 1, 2, and 3 hold, and assume that the threshold sequence u, — 0o is such
that u, = o(n\@t1/(WA2)=rko=0)/(w+1)) for some § > 0. Then, for all sets A bounded away from 0, and all
s € (0,00)

n—d—1/a n—T+1

—_— 1{[X; Cup-s-A} — P[[X, Eup-s-A
o) ; ( [(Xetele } ([ Xttele ]

-
- (vyGOOJL(y’SaOO;A) |y=OT) [Xt+2]€>’
vanishes in probability as n — oo .

3.2. Uniform reduction principle

As explained in Section 2.3, we aim for a reduction principle that is uniform in s and therefore allows w,
to be replaced by a random threshold. Before we state the result, we give an overview of how it is derived
by combining Theorem 3.2 under Condition (ii) therein, and a chaining technique as in (Koul and Surgailis,
2001, Proof of Theorem 2.1). We use, for k € Ny and j € {0,...,2*}, a suitable partition (mj%) satisfying

S = Tok g < Tok 1,k < - < mg < ok = S,
and define, for k € Ny and s € (s,3], the unique index j; € {0,..., 2k — 1} satisfying

Tjs+1,k < s < Tjs ke -
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Choosing K = K, , this gives a chain
Tjs+1,K < 8 < 5 K < ... < Tjs 1 < Tjiso = S,

linking § to s, where we tighten the chain by choosing K, — oo at a suitable rate. Write

n—T+1
Sn(817827A) = Z (Gn([Xt+f]fas].782aA) - E[Gn([Xt+[]£751752,A)}

t=1
-
- <VyGOO,7L(y7 81,52, A)‘ ) : [Xt+€]f> 5
y=0r
and decompose

Sn(37 OO7A) = Sn(87§7 A) + STL(§7OO7A)

K
= ZS’rL(Wji,kyﬂjzil,k‘—laA) + S’n(svﬂ'j;(,KvA) + STL(§7007A)7
k=1
so that
sup |Sn (s, 00, 4)|
SE(s,5)
K
< sup Sn(szk,wj;sc_l,k,l)‘ + sup ’S 8, Tjs. K )’ + |Sn(5, 00, 4)|
k—1 5€(8,3) 5€(s,5)

K
Z Z |Sn(77i+1,k7ﬂ-i,kaA)| + |Sn(§,OO,A)|

k=10<i<2k—1

Q

By Theorem 3.2,

K K
SN ESa(micim mig, A)°] S protote/2 N " Z (Wi,k—mﬂ,k)

k=10<i<2k—1 k=10<i<2k
nro(kotd/2) L pe (5 — s)

and E[|S,(3, 00, A)|"0] < no(k0+3/2) - Choosing K, — oo appropriately, it follows from (4) that

—d—1/«a o
(’r}—(u)'nﬁo-’_é/Q) Kn(g_é) — 0,
X() n

so that
n—d—l/a
sup [Sp(s, 00, 4)] — 0,
fXO(un) SE(s,5) "

in outer probability. This leads to the following uniform reduction principle.

Theorem 3.4. Let Assumptions 1, 2, and 3 hold and assume that the threshold sequence u, — 0o is such
that u, = o(n(dt1/WA2)=ko=0)/(+1)y for some § > 0. Then, for all A € Cr, and all s € (0,1) and
€ (1,00),

7d 1/a M T+1
fX (un) Z (1{[Xt+f]f EUp - S- A} — P[[Xt+g]£ E Uy S+ A]

sup
SE(s,3)

.
- <VyGoo,n(Y»87007A)‘y_0T> [Xt—d—é]Z)’

vanishes in outer probability as n — oo .

10
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Remark 3.5 (Additional assumptions about sets in Theorem 3.4). We already see in Corollary 3.6 in Drees
that additional assumptions on the class of sets are needed to accomplish the transition from deterministic
to random thresholds. We introduce these assumptions in a transparent way, showing in Example 2.5 that

the restricted class Cr is sufficiently large from a statistical standpoint.

In the next section, we derive central limit theory from the results developed so far.

4. Central limit theory for extremogram-type tail-dependence estimators

We now apply our reduction principles to establish central limit theorems. We provide proofs of the results

in Section G of the supplementary material.

4.1. Central limit theory for empirical tail measures

Let B C R be a Borel set bounded away from 0, whose boundary has Lebesgue measure 0. Then, by
regular variation and symmetry of ¢,
Ple € u, - B]

1%
— B] = .

Let A C R” be bounded away from 0 such that for all j > —(T — 1),
pe{x €eR|x-[aj,...,a47-1] € DA} = 0,

where 0A is the boundary of the set A, and define the tail measure at lag T'— 1 by

o0

> wel{zeR|x-faj,...,a001] € A},
—(T-1)

1

IJ'T(A) = —Z;)io |ai|u i

Since A is a continuity set of pp that is bounded away from 0, it holds for all s > 0 by Proposition 5.2.8
in Mikosch and Wintenberger (2024),

P[[X¢]¢ € uy - 5 - A
P[| Xo| > up)

= pr(s-A) = 7V up(A) asn — 0o.
This convergence holds locally uniformly in s, due to local uniformity of univariate regular variation. For

s > 0 denote the empirical tail measure and its expectation as

1
n—T+1

TL—i}-l 1{[Xt+f]f € Up * S A} and P (S A) o P HXZ]Z e Up * S A}
t=1 e ' P[| Xo| > un)

f’n s, A) =
(s,4) P[Xo > )

4.1.1. Result for deterministic thresholds

Setting s = 1, the reduction principle tells us that the asymptotic profile is determined by

n—T4+1

-
(VyCoon(y: 100, 4) ly—a,) D [Xewde,
t=1
where we see from Theorem 3.1 that the correct rate of convergence for the multivariate partial sum is
n~4=1/  Since VyGoon(y, 1, oo,A)‘ 0. defined in (1), is an integral of an integrable function over an
y=07
asymptotically vanishing domain, it generally converges to 07 as n — oo . Therefore, we need an assumption

on its rate of decay to identify the limit. We verify this assumption in a non-trivial setting in Theorem 5.3.

11



Chapter 6. CLT for serial tail dependence estimators 117

Assumption 4 (Convergence of scaled gradient). For the set A there exists H(1) € RT such that
vyGoo,n(Ya 17 0, A)
fxo(un)

Y=0r _ H,y1)| = 0 asn — 00.

Remark 4.1 (Assumption 4). Later we allow s to vary around 1 in VyGoon(y, s, 00, A) which leads

=ur
to a similar assumption but with a vector-valued function Ha : s — H4(s) instead of a constant vector
Ha(l).

Theorem 4.2 (Empirical tail measure with deterministic thresholds). Let Assumptions 1, 2, and 8 hold,
let Ag,...,An, h € Ng, be bounded away from 0, and let u, — oo with u, = o(n(d+1/¥A2)=ro=d)/(v+1))
for some 6 > 0. If Ay,..., Ay satisfy Assumption 4 with Ha,(1),...,Ha, (1), then

nt=d=ley, [f’n(l, A) = Po(LA)| %Za[HAi(l)TlT]i:O,...,h asn = 00.
Remark 4.3 (Increased speed in the extreme value setting). Compared to standard central limit theory for
long memory linear time series, the increased speed nl=d4-1/
setting of Scheffel et al. (2026), see Remark 3.7 therein.

uy, has already been observed in the univariate

4.1.2. Heuristic for the transition to sample quantiles as thresholds

A consequence of the uniform reduction principle stated in Theorem 3.4 is that if Ay, ..., Ay € Cp satisfy a
uniform version of Assumption 4 (see Assumption 7) and if (Yn(z)) , for i € {0,...,h}, are random sequences

that satisfy Y,Ei)/un —p 1 as n — oo, we have

plmd=1/ey, ﬁn(y,fi)/un,A,-) — Pu(s, Aj)

s=Y,\) Ju :|
Yo fun f o, (5)

)

v
—d §ZQ[HA1.(1)T1T]Z-:0WJL asn — 00}

see Theorem G.3 in the supplementary material for a rigorous statement. From Lemma C.1 and Lemma D.1
in Scheffel et al. (2026) we know that Y,Si) =Y, = X,_kn is a valid choice when u, is the marginal
quantile ¢x,(1 — k/n), under suitable assumptions on the growth of k = k, — oco. To obtain a version
, that is, with deterministic

S=An—kin/Un

rather than random centering, we use the following Taylor approximation:

of this convergence with centering P, (1, A;) instead of P, (s, 4;)

P (X pen/tn, Ai) — Pp(1, A7)
= Po(Xppon/tn, Ai) — Pp(s, A;)

3:Xn7k:n/un

s=Xpn_kin/Un (6)
f’n(Xn—k:n/unyAi) - Pn(stz)

Q

5=Xn—k:n/un

. <Xnk:n _ 1) )
s=1 Un

Following Lemma C.2 in Scheffel et al. (2026), we can analyze the joint convergence of these terms for

) S Si} .
3=Xn—k:n/un

1o}
_Pn )Ai
+ s (s, 4;)

1€{0,...,h} as follows: let sgp,...,sp,s* € R and write

h

E,(s0y---,8h) = ﬂ {nl_d_l/“un (f)n(Xn—k:n/UmAi) — P,(s, A)
=0

12
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Then one can show that

Xn— n *
P [En(so, ceeySh), ntmd=Yeay, (—k — 1) < s }

Un

(7)

,nlfdfl/a

= P |E,(s0,.--,5h), —mL(f’n(l,B) - Pn(l,B)) < s*-(1+o(1))+0p(1)]

v/2

for a suitable set B. This allows us to derive the joint limit using a suitable version of the convergence in
5) with Y3 = X, ., for i € {0,...,h} and V"™ =,

() yeees

4.1.3. Assumptions

Having established the joint convergence, the approximation in (6) motivates us to study also %Pn(s7 Ay) )
s=
which comes from the derivative of Goon(y,s, 0, A) with respect to the scaling variable s.

Assumption 5. (v~ z- f/(z)) € LY(R).

Remark 4.4 (Assumption 5). This holds if f! is regularly varying, since then the index of regular variation
is —2 — v by Assumption 1. This is a very weak assumption, which in turn guarantees, by Lemma B.3(ii)

in the supplementary material, the existence and continuity of %Pn(s, A), together with the identity

9 1 (TPHXe]e € up - s 4] x" - Viixg,(x) dX) .
S

gt d) = CoErnal LS TS ¥

For rectangular sets as in Example 2.5(iii), existence and continuity of the derivative are readily obtained
by partial integration without the need of Assumption 5. This, however, is not true for sets having a
more complicated geometry like, for example, intersections with scale invariant sets that are covered in
Example 2.5(v).

While Assumption 5 guarantees the existence of (%Pn(s, A) with identity (8), we also need assumptions
that control its convergence as n — co. The following assumption is on the convergence of the second term

in (8), while the convergence of the first term in (8) follows immediately from multivariate regular variation.

Assumption 6 (Convergence of the second term in (8)). The set A is a continuity set of ur and there

exists a compact neighborhood 1 € N4 C (0,00) and a function ps: N4 — R such that

XTVf[Xz]z(X) v (V
/}RT 1{x€un-s-A}~mdx — s (§~pA(s) - T;LT(A))

uniformly in s € Ny as n — 0.

Remark 4.5 (Convergence in (8)). This assumption guarantees the convergence

S Pu(s,A) = 5 (T () + 5 pals) — Topr(4)) = 557 pa(s)

uniformly in a neighborhood of 1 as n — oco. The factor v/2 appears in the joint limit derived from (7),
so Assumption 6 is tailored to give a simple formula. Note that, by Lemma B.3(ii) in the supplementary

material and local uniformity of regular variation, p4 is continuous on Ny .

As highlighted in Remark 4.1 and before (5), we now state a uniform version of Assumption 4.

13
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Assumption 7 (Uniform version of Assumption 4). For the set A there exists a compact neighborhood
1€ Ny C (0,00) and a function Ha: Ny — RT such that

vyGoo,n(y7 S, 00, A)

y=07
sup — Ha(s)] = 0 asn — 00.
SEN, on(s : un) ( )

Remark 4.6 (Continuity of the limit in Assumption 7). The continuity of (y,s) — VyGoon(y,s, o0, A)
obtained from Lemma B.3(ii) in the supplementary material, together with the uniform convergence in N4

guarantees that H,4 is continuous on Ny .

Remark 4.7 (Simplification and validity of Assumptions 6 and 7 for rectangular sets). In Proposition 5.2
we show for rectangular sets that Assumptions 6 and 7 are implied by a simpler assumption, which is then

verified in Theorem 5.3 in a non-trivial setting.

4.1.4. Results for sample quantiles as thresholds

The next theorem is the analog of Theorem 4.2 with sample quantiles as thresholds. There we observe a
speed increase by the factor wu, compared with the classical long memory rate n~%"1/%: see Remark 4.3.
In the next result, we have the same increased speed, where we replace the factor u, by ¢x,(1—k/n), with

k= |n-P[Xo > up]|; note that by regular variation of Xg, un/qx,(1 —k/n) -1 as n — co.

Theorem 4.8 (Empirical tail measure with sample quantiles as thresholds). Let Assumptions 1, 2, and 3
hold, let Ag,...,An, h € Ny, be continuity sets of ur bounded away from 0, and let u, — oo with
Uy = o(ntdt/ WA =rmo=0)/(w+1)y for some § > 0. If Assumption 5 holds, and if Ao,..., A, are in Cp
and satisfy Assumption 6 and 7 with functions pay,...,pa, , and Ha,,...,Ha, , respectively, then, for
k=|n-PlXo>ul,

e A
?’Ll -1/ 4X, (1_ H) [Pn(Xn—k:n/unaAi) - Pn(]-,Az)]

i=0,...,h

1%
~4 5Za [(HAi(l))T 10 + pAi(l)] L asnoo.
1=U,...,

Remark 4.9 (Different limiting behavior for random and deterministic thresholds). It may happen that
Ha(1)"17 = —pa(1) while Ha(1)"17 # 0. Then, in the setting of deterministic thresholds (Theorem 4.2),
we get a non-degenerate limit, while sample quantiles as thresholds (Theorem 4.8) give a degenerate limit
at the same rate. In Section 5.2, we show that this happens for some rectangular sets that are relevant in

practice.

4.2. Central limit theory for the empirical extremogram

The final result is for extremogram estimators similar to those of Section 3.3 in Davis and Mikosch (2009).

Theorem 4.10 (Central limit theorems for empirical extremogram with deterministic and random thresh-
olds). Let Assumptions 1, 2, and 3 hold, let Ag,...,An, h € Ny, be continuity sets of pr bounded away
from 0, with pr(Ag) > 0, and let u, — 0o with u, = o(n(@t1/¥A2)=r=0)/w+1)) for some § > 0.

14
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(1) If Ao,...,An satisfy Assumption 4 with Ha,(1),...,Ha, (1),
P,(1,4)  Pu(l,A)
P,(1,40) Pa(l,A)| _

vy [(MT(AO) - Ha, (1) — pr(4) - HAo(l))TlT]
27 2
(17 (Ao))

nl—d—l/au .

—d asn — oo.

(i) If Assumption & holds, and if Ag,...,An are in Cp and satisfy Assumption 6 and 7 with functions
DPAgs---»Pa, oend Hag, ..., Ha, , respectively, then, for k= |n-P[Xo > u,]],

—d-1/a k
nl=d=1/ ax, (1_5>

v/2
(ur(Ao))?

f)n(ank:n/un7Ai) Pn(17Ai)

Py (Xp_pm/tn, Ag)  Pa(l, Ao)

i=1,...h

a Zo [pr(Ao) (Ha() 1z + pa,(1)

— pr(4;) (HAO(l)TlT + pAO(l))]i:l,...,h asn — o0o.

Remark 4.11 (Comparison with existing literature). Comparing the proofs of Corollary 3.4 in Davis and
Mikosch (2009) and Theorem 4.10 in our work, we see that both feature the term F.S,, , where

F = |:/,I,T(A0)'Ih [—/LT(Az')]izl,...,h}

(compare with F in Equation (3.18) in Davis and Mikosch (2009)), and

[ﬁnu,Ai) — Pn(1,Ai)Lzlmh

S, = nl—d—l/aun -
Pn(]-aAO) - P’I’L(]-yAO)

(compare with S, in Equation (3.14) in Davis and Mikosch (2009)).

While Theorem 3.2 in Davis and Mikosch (2009) gives a non-degenerate multivariate Gaussian limit for
their version of S,,, Theorem 4.2 in our work gives, for our version of S, , a stable random vector with
linearly dependent components. Therefore, in our long memory setting, the randomness in the limit comes
from one random variable Z, , rather than from a genuinely multivariate random vector. Since the theory
of Davis and Mikosch (2009) is restricted to deterministic thresholds, we now compare Theorem 4.10(ii)
(long memory—random thresholds) with Corollary 3.6 in Drees(short memory—random thresholds). In the
short memory case, limits for random and deterministic thresholds are generally the same, while the limits

in (i) and (ii) of Theorem 4.10 in our work can markedly differ; see Remark 4.9.

5. Theory for rectangular sets under random thresholds

Throughout this section we consider A = X?Zl(aj,oo) with {a;} C (0,00) U{—o0} and 0 # Ja = {j |
a; >0} € {1,...,T}. By Example 2.5(iii), A € Cr. Proofs of the results of this section are provided in
Section H of the supplementary material.

5.1. Simplified assumptions

We show that our theory for random thresholds is applicable for rectangular sets A by providing simplified

assumptions and showing their validity; see Remark 4.7.

15
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Assumption 8. For the set A there exist (pja)jes, C [0,1], such that
P Xdecu-A| Xjo1=u-a;] = pja as u — 0. (9)
Remark 5.1 (Comparison with multivariate regular variation I). Replacing the condition
Xj1 = u-aj by X1 > u-ay,

classical multivariate regular variation yields

P[[Xg]géu'A‘ Xj_1>u~aj] = P |Vie Ja, Xi_1>(u~uj)%

X]‘_l >Uu- Clj]
J

G
— 2-pup X(—ﬂoo)] as u — 00.

i=1
The next result shows that Assumption 8 implies Assumptions 6 and 7, and is therefore sufficient for the

application of Theorem 4.10.

Proposition 5.2 (Simplification of Assumptions 6 and 7). Let Assumptions 1, 2, 3, and 5 hold and let A

be a continuity set of pp. Then Assumption 8 implies Assumptions 6 and 7, with
_ —(v+1
pa(s) = — Z a;"pja and Hy(s) = Z a; 41 DA€
JE€JA JjEJA
The next result verifies Assumption 8 in a non-trivial setting.
Theorem 5.3 (Validity of Assumption 8). Let T =2, A = (1,00) x (a1,00), with a; € [1,00). Assume
that ap = 1, and that (a;)ien 1s positive and strictly decreasing. If Assumptions 1 and 2 hold, and the

distribution of € is unimodal, then Assumption 8 holds with

2121 a; 1
pra = 0 and  pa = S5 =1 - ==
Dico Dico @

and Theorem 4.10 applies.

Remark 5.4 (Comparison with multivariate regular variation II). We continue the comparison of Re-
mark 5.1 under the assumptions of Theorem 5.3. Write ap = 1 and let o : {0,1} — {0,1} be a permutation.
Then
P[Xo>u,X; > a1y

P[Xo > a5 - u]

PXo>u] P[Xo>u,X;>a -y
P[Xo > a, ) - ul P([|Xo| > u]

P[Xy(1) > a5(1) - | Xo(0) > 85(0) - ul =

— 2 agq) - p2[(1,00) x (a1,00)],

where the tail measure is given by

1 [V a0 YA
1,00) % (a1,00)] = w3 [ Ll 1z 0y > 12 agn > ai}de = S sl
p2[(1, 00) x (a1, 00)] S, al j—1/R2|Z| {z-a; > 1,z -a;41 > a}dz ST

so that
00 v o0 14
: ) i % . o i1 O
UILI&P[Xl >ap-ul Xo>ul = a) S ar and UILI&P[XO >ul Xy >a-u] = Scoar D2.A -

16
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5.2. Cancellation in the asymptotic scale

In Remark 4.9 we point out that the asymptotic scale in Theorem 4.8 may vanish. We now study this for

rectangular sets. In the setting of Proposition 5.2, we have
_ 1
Ha() 1 + pa(l) = > a7 (; - 1) PjA-
j€Ja /

This is the asymptotic scale in Theorem 4.8 multiplied by 2/v. In the setting of Theorem 5.3, this equals

(1 1
ICRDICS vk

Note that, if a; =1 for all j € J, this vanishes and therefore the limit in Theorem 4.8 is degenerate. For
T =1, this is expected, since

1 1 i k 1

e T — H{X: > Xk = - —
nP[\X0\>un]; {Xe > Xnpin} nP[|Xo| > uy]

f’n(Xn—k:n/Um A) =

is deterministic. For T" > 1, this is remarkable and genuinely new, because

1 1
n—T+1P[|Xo| > up

n—T+1
Pn(Xn—k:n/una A) = } Z 1 {;Ielbn Xt+j—1 > Xn—k:n}
A
is generally random. Under the speed of Theorem 4.2, this randomness, however, is not sufficient to yield
a non-degenerate limit in the setting of Theorem 4.8. It remains an open question what the correct rate of

convergence is in this setting.

5.3. Univariate theory for random thresholds

Since our theory is also valid in the univariate case T = 1, we now compare our results with those in the
i.i.d. and weakly dependent setting which are readily derived from existing theory. For a; = a # 1, it follows
from Theorem 4.8 that

e E\ (1= [(1{X:>a X pnt  P[Xo>a-uy) L
1-d—1/a 12 = t n—kmnjg 0 n viZ 1|z
oo ( n) (n 2 < P[Xo > u,) P >u) )) 70T e

as n — oo. The next theorem provides a comparable result in the i.i.d. setting.

Theorem 5.5 (Univariate i.i.d. setting). Let Xi,...,X, be i.i.d. copies of a random variable X having a
continuous distribution. Assume that there are v >0, p < 0, and a function A that is either positive or

negative, such that, for all x >0,

PX>wx-u v
PLX > u] — xf”—xpu_l as u — 00
A(1/PLX > u)) ol |

Let u, — oo satisfy nP[X > u,] — oo and A(1/P[X > u,]) = O(1//nP[X > wy,]), and write k =
[n-P[X > uy]| . Then, for any a >0,

1 ]l{Xi>a'Xn— :n} P[X>a'un] —v
ﬁ(ﬁZ( P[X>un}k T TPX > u] )) —d <°‘

i=1

as n — oo, where Z is a standard normal random variable.

17
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Remark 5.6 (Weakly dependent time series). The asymptotic variance in Theorem 5.5 comes from

1
— -1

Var[W(a™")] + a 2Var[W(1)] — 2aCov[W(a™"),W(1)] = a7 p

where W is a Brownian motion. We compare this with the short memory setting. Let (X;) be a weakly
dependent linear time series as in Section 3.2 in Drees (2003) with non-negative, decreasing coefficients (a;) .
Under stronger assumptions, it follows from Theorem 2.1 in Drees (2003), by an argument similar to that

used in the proof of Theorem 5.5, that

\/EGZ”: <11{Xt >a Xpogn)  P[Xo> a~un]>>

pu P[X() > un} P[X() > un]
—q (c(@”,a™) + a? c(1,1) — 2-a" c(a™”, 1))1/2 Z
as n — oo, where Z is a standard normal random variable, and where
[e.e]
cey) = (@Ay) + D (emlr,y) + cm(y,2)
m=1
with
]' - 14 14
em(w,y) = WZ((@"'%)/\(Q'%WD ) m € N.
=0 " =0

Thus, the Brownian motion W is replaced by a Gaussian process with covariance function ¢. The term
x Ay yields the variance in the i.i.d. setting. The additional contribution resulting from weak dependence
is

iz. (em(@™,a™) + a %en(1,1) — a™ (em(a™, 1) + em(l,a™)))

m=1

= ZZ @Gy + a_QVaJV'+m - ((a aj) Najim + a;-’A(a“’a;’er)))

ZOZml]O

= Z ZZ J+m + a_yajy'+m - ((a_yajl{)/\a;#m + a?/\(a_yagy'-}-m))) .

’OZml]O

Remark 5.7 (Comparison of univariate results). While both the i.i.d. and weakly dependent settings yield
the speed V&, our long memory setting gives the rate n'!=4=1/%gx (1 —k/n). A similar difference in speed
has also been observed in the univariate setting for the Hill estimator (Scheffel et al., 2026, Section 1.2).
While we see a Gaussian limit with modified variance under weak dependence, the long memory setting with
v € (1,2) changes the class of limiting distributions to SaS where o = (v A2) € (1,2). We also note that

the dependence of the limit on a generally differs among the three settings.
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Supplementary Material to the article

Central limit theory for serial tail dependence estimators in heavy-tailed long
memory linear time series
Toan Scheffel ¢, Marco Oesting “* , Gilles Stupfler ¢
¢ Institute for Stochastics and Applications, University of Stuttgart, D-70563 Stuttgart, Germany

b Stuttgart Center for Simulation Science (SC SimTech), University of Stuttgart, D-70569 Stuttgart, Germany

¢ Univ Angers, CNRS, LAREMA, SFR MATHSTIC, F-49000 Angers, France

Fix T>1 and 0 < s <1 <3 < oo. The first lemma reduces the multivariate problem to a series of

univariate problems, which motivates us to distinguish it from the rest of the supplementary material.

Lemma. Let either of the following conditions hold:

(i) A is bounded away from 0, s1 € (s,00) and s9 = 00

(ii) A€Cp and s1,s2 € (s,5] satisfy s1 < s2
Then there exists {a;}jeq1,.. 7y C (0,00) independent of s1 and sz, such that

T
1{z € up - (s1-A)\ (s2- A)} < D> 1{|zj 1] €un-0j-[s1,52)},  z€R". (10)
j=1
Proof. Under condition (ii), the statement follows immediately from the definition of Cp. It remains to
show the statement under condition (i).
Proof under condition (i): A set A is bounded away from 0 if and only if there exists {a;};c(1,..7) C
(0,00) such that

T
A c (Hlzjal = a5}

j=1
For s; € (s,00) and s9 = 0o, it holds
T T
(s1-A)\ (s2-4) = s1-A4 C s1- [ J{lzjal > o} = (J{lzj1] € a5+ [s1,00)} .
j=1 j=1
Taking indicators of these sets proves the claimed inequality. O

Assumption. Throughout the supplementary material, we assume that the conditions of the lemma leading
to (10) are satisfied with {a;}, s1 and sy fixed.

A. Extensions of results from Scheffel et al. (2026)

Lemma A.1 (Lipschitz bound for f.). Let Assumption 1 hold. Then, for all x,y € R satisfying |x—y| < 1,

[fe(z) = W) S |2 =yl gar(2),

where < means inequality up to a multiplicative constant that depends only on the distribution of ¢ .

~

21



Chapter 6. CLT for serial tail dependence estimators 127

Proof. Applying the mean value theorem together with the triangle inequality and Assumption 1 it follows
that

oV (y—=) 0V (y—x)

|fi(z+s)|ds < / Go—1(z + 5)ds
OA(y—z)

o) — foly)] < /

0A(y—z)

oV (y—=)
< Gar(a) / (1V [s])ds,
0A(y—)

where the last step follows from Lemma A.2. To conclude the proof, note that |y — x| < 1 by assumption,
so that

oV (y—=z)
/0 AV |s)*ds = |y—a].

ANy—2)
This proves the asserted bound for |f:(z) — fe(y)]. O
For v > 0 we define )
gy(z) = AT forz € R.

Lemma A.2 (Bounds for g, ). Let v € (0,00). Then the following holds for g, :
(i) For all y,z € R, and all v € (0,1),

g'y(z +y) < g’y(z) “(1v |ZUD1+V7

where < means inequality up to a multiplicative constant that depends only on -~y .

~

(i) Let a,b € R with a <b. Then, for all z € R, and all v € (0,1),

b
/ y(z—w)dw S gy(2) - (b—a) V1)1,

where < means inequality up to a multiplicative constant that depends only on -y .

~

(i4i) For ¢ #0,

1

gy(z-c) < <1VH>1+7%(2) < 9(2),

where < means inequality up to a multiplicative constant that depends only on ~v and c.

() Let r,9,3 € R and v € (0,1). Then
bVe
/b AALs2) gy G+s-)ds < (o] + ) - g5G) - (B[ + [e[17)
A¢

where < means inequality up to a multiplicative constant that depends only on -~ .

~

Proof. For a proof of (i) and (ii) see the proof of Lemma A.3 in Scheffel et al. (2026).
Proof of (iii): We distinguish |c| € (0,1) and |c¢| > 1. For |c| € (0,1) it holds 1/]c| > 1, and therefore

. 1\ 1+ 1
570 = G (H) (1/le] + ]2+

1 1+"/ 1 1 1"1‘7
1 Vv — —_— = 1 v — .
( |c|) T+ ( |c|> 9+(2)

IN
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If |¢| > 1, then 1/|c| <1, and |z-c¢| > |z|, so that

T4y
(z-0) ! T 1y L (2)
z-C — = —_— Z).
P (F]z-c)™r = A+ EV

Combining the two cases proves the asserted bound for g,(z-c).
Proof of (iv): If r =0 there is nothing to prove. Therefore we assume ¢ # 0.
Case y =0: Since v € (0,1),

(LAls-xl) < (AAs ) < [s-2l7, (11)
so that

bVve bVve bVe
/b (AAJs 1) gy (545 1) ds = m)/b (LA Js-2) ds < m)/b s - ¢ ds
Ac¢

Ac A
S 99() e (O e ) = (o + [27) - g4 (3) - ([B[FT + )

where the multiplicative constant in < depends only on + .

Case vy # 0: We make the split

bve
/ (IAJs-2) - gy (545 1) ds
bAc

bVe

bVe
s/b (1Als~xl)-1{ls~n\<1}-gw(a+s-n)ds+/ 1{js 9| > 1} - gy (5 +5-1) ds

Ac¢ bAc

Analysis of fyrf (LA ]s-xl) s~ 0| < 1}- g, (5+5-9) ds: By (i), v € (0,1), and (11),

fs -yl <1}-(IA[s-x]) gy (3+s1)

S Hfsopl <1} (IAfs-x)) - (1V s 07 gy(3)
I{|s-n[ <1} -(IA[s-z]) - 94(3)

(LA s x]) - 94(3)

S ‘S : FW : g'y(ﬁ) )

IN

so that

bVve
/b s o] <1} - (LA Js-2)) -9y G+ 5-v) ds

A

bVe
< el 05) /b 1s[7 ds

Ac
€7+ g4(3) - ([0 + [¢[17)
(191 + 1el7) - 9(5) - (Jo[F7 + 1)

A

IN

where the constant in < depends only on +.

Analysis of fbb/t/; 1{|s-y| >1}-gy (3 +s-9) ds: Note that s € (bAc,bVc) implies |s| < |b]V |c|. Moreover,

we have

L= pl-(Ib[Ve[),  [ollb] = (XViplle]) — or  follc] = (1V|n[[6]).
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We consider the three cases separately.
Case 1= [y| - (|b] V[¢]) - Since [s-y[ <[y]- (|b] V[e]) <1 for |s| < (|b[V]e]),

bve
{1> \nl(\fJIVICI)}/b ls-p| =21} -g,(3+s-p)ds = 0
A¢

Case |n||b] > (1V |y||¢]) : Since y # 0, by the change of variables s — s/,

bVve
1{Jo]l6] > (1 v In\lcl)}/M 1{js 0| > 1} - g5(s + 5 - ) ds

1
1{]o]l6] > 1}'—'/ 0,5+ 5) ds
o1 Jisi<polel

IA

1
< Lvllb] = 1} - 9,() - o (1V[o-p))*
< gy(3) - [o]"*7 - o]
< (ol + 157 - g5(3) - (1077 + [e[*F7)
where the third to last inequality follows from (ii), and therefore the multiplicative constant in < depends

only on ~.

Case |yllc| > (1 V |y||b]) : The same argument yields

bVe
1{]c[jo] > (1v|bllnl)}/b 1{]s -0 > 1} - g5+ 5 - v) ds
A¢

< 94() 1™ o

< (ol + 1) - 9(G) - (167 + [e[ )

where the constant in < depends only on ~.

~

O

Lemma A.3 (Martingale difference inequality). Let p € [1,2], and let (Yp;,i=1,...,m,m € N) C LP(P)

be an array of random variables satisfying

L

E Yy 41 Zmei =0 foralll1<¢<m—1 and allm € N.
i=1
(i) It holds that
m p m
EY Vi <2 EY,f  foralmeN.
i=1 i=1

(i) If there exists a sequence (Y;)ien C LP(P) such that

m o0 m o0
n}ilnoo Z Yo, = Z Y; P-almost surely, and 1}}33252 E|Y,. P < Z E|Y;]P,
i=1 i=1 i=1 =1

then

p 00
E <2 EYP.
i=1

=1

Proof. See the proof of Lemma A.1 in Scheffel et al. (2026).
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Lemma A.4 (Moments of the marginal distribution). Let Assumptions 1 and 2 hold. Then X, € L"(P)
forall r € [1,a).

Proof. Since LY(P) Cc LP(P) for 1 < p < ¢, it suffices to show the statement for r € (1/(1 — d), ).
To this end, we apply Lemma A.3 to the array (Y;,;) = (aie—; : 4 = 0,...,m,m € N) and the sequence
(Y;) = (ase—i)i>0 . Since r < a by assumption, (Yy,;),(Y;) C L"(P). Since the innovations are independent
and centered, Condition (12) is satisfied. The other conditions of Lemma A.3 are clearly met, so that

r

BIXo] = B> %[ | £ MBIVl = Ele1) |al” $ Y00
=0 i=0 i—0 i—0

The latter expression is finite by the assumption 1/(1 —d) < r, so that (1 — d)r > 1. This shows that
Xo e L'(P). O

Lemma A.5 (Decay rate of the moment of the remainder). Let Assumptions 1 and 2 hold. Then, for all
E>1 and re (1/(1 —d), o),

E

(oo}
E a;€_4

i=k+1

r
] < k_l—(l—d)T

where < means inequality up to a multiplicative constant that depends on the coefficients (a;), the distri-

~

bution of €, and r, and is independent of k .
Proof. We define the array and limiting sequence

(Yii) = (aktie—(pgiy,i=1,....m,meN) and  (Y;) = (ak+i€_(hti))ieN-
Note that (12) and (14) are satisfied for (Y;,;) and (Y;). Then we may write

o0 o0 o0
> we = Yok =
i=1 i=1

i=k+1

The ¢; are independent, centered and belong to L"(P), so applying Inequality (15) in Lemma A.3(ii), we

obtain
0o T 00 00
E Z aie_i ] S Z |CLZ‘|TE|€‘T s Z i—(l—d)r 5 kl—(l—d)r <1,
i=k+1 i=k+1 i=k+1
where we used a;i'~% ~ ¢, and (1 —d)r > 1. The multiplicative constant in < depends on the coefficients
(a;) , the distribution of €, and r, and is independent of k. This proves the asserted upper bound. 0

B. Multivariate techniques

We define, for k> 0, the k-truncated time series (X;5) by Xy := Zf:o a;e¢—; and make the convention
Xioo = Xi sothat Xy p = Xy oo — Z;’ikﬂ aier—i. For i € {1,...,T}, let e; € RT be the i-th unit vector

of the canonical basis, and define the coefficient matrix Ay € RT*T by

aw 0 - 0 1 0 - 0
a apg - a 1
Ap = v = | (16)
0 : 0
ar—1 a1 ag ar—1 ap 1
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B.1. Density of the joint distribution and its gradient

Lemma B.1. Let Assumptions 1 and 2 hold. Then, for all k € NgU {oo}, and all x € RT, the following
holds for the density of [X¢k+ele and its gradient:

(i)
f[Xeyk_*.[][(x) = ATHfE X_X))dP[Xe]H_z X[[ (X)
= E I_Ifs(eiT AT [ = (Xege — Xe)]o)
(i)
vf[Xé,k+l]l( )
= (A;l)T /T fci(ei (X—X Hf!:‘ X_X))dP[X()H_e X[[]Z(N)
® i ie{1,..,T}
= (A7)
x |E | flle] - AZ" - (x = [Xekre — Xedo) [] f(e] (x = [Xe e — Xeele))
i ie{1,..,T}

(iii) For fized z € RT | it holds z" “ViXensde € LYRT)nCORT).
(iv) If Assumption 5 holds, then
0 ,
<x = TG — f[XZ pele (X )> e RTYNCORT)  forallic{l,...,T}.
In particular, (x> x" - V(X prde (X)) € LY(RT)n CORT) .

Proof of (i):
Case k < co: By the stationarity of the (truncated) time series it holds

z
f[X/z,kH]l(X) f[Xk+Z aele / f[XeMe{o ,,,,, T—1+k} (|};|> dz .

(Xedlecqo,.. 148y = Arik - [edecqo,. . 7—14%y  and  detApyp = 1,

We use that

to make a change of variables

z z
f[Xz,z]ee{o ,,,,, T—1+4k} (|}]> = f[Ez]ze(o ,,,,, T—1+4k} <AT—10—k |}(]> .

ag ak—1 a1
A Opr Ag+1 ag Tt G2
Ary = ' where Agpy = i e RT*k
Arp Ar
ar—1+k Aar-24k - ar
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and Oy 7 is the zero matrix in R**T With Schur’s formula for inversion of block matrices we get

-1
ATl — Ay Ok,7 )
+k _A;lAT,kAlzl A;l

For all z € R¥ and x € RT it then holds

A=l z| A,;lz
THk Ayl A;l(x—ATykAlzlz)

Making the change of variables A,:lz — z and recalling that det A;l =1 we get

/ f[EZ]Fe{O ,,,,, T—1+k} (A;+k [ ]) dz

T
H Je (e,-TA;Fl (x—Aqp, - [Ee]ee{o,..,k—l}))]

=E

H fe (ei Az (x— Ay, - [5k+l]ée{0,...,k—l}))] .
-1

We have the simplification

[k—1
At [e-ktdleefo,. -1y = Zak+2i5k+i‘|
¢e{0,..., T—1}
M ke
= | > e
Li=1+¢ 2€{0,...,T—1}
Che ‘
S e - Y e
Li=0 i=0 tef0,...T—1}

= Xekre = Xedlyeo,.. r-1y >

so that

T
E|[]f (GIAEI (x— Az [5k+21£e{0,‘..,k—1}))1
=1

T
= E|([]- (EI~A}1-[$4—(Xe,k+z - Xz,e)]z)] :
i=1

This proves the claimed identity for fix,,,,, if & <oo.

Case k = co: Using the continuity and boundedness of f. and the weak convergence [Xpgte — Xrole —

[Xe — Xeele as k — oo, we find that J(Xypiee cOnverges pointwise to the candidate density

x — E
i=1

Hfs bk - (X - Xe,e]e))] :
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To show that this is f[x,), , that is, the density of [X¢]e, we also need to show that, for any bounded and
continuous function h: RT — R, it holds that

E(Xerd) = [ 16 fix g (0dx > [ nexE

T
[ref-AZ - (x = [X, - Xe,z]e))] dx,
i=1

as k — oo. To this end, we apply Pratt’s version of dominated convergence (Pratt, 1960). First, note that,
by det A;' = 1/(det A7) = 1 and the result for k < oo, it holds

/ h(x)f[XMH]e(x) dx = / h(AT~x)f[ngkH]Z(AT~x)dx
RT RT

= /RTh(AT-x)E

T

[If(i—e - A" [Xppre - Xu]e)] dx.
i=1

By Assumption 1 and the boundedness of A, it holds

h(x)E

T
[/ @i —el - AZY [Xppge — Xz,e]z)] ‘
=1

< E

T
Hga—1($z‘—1 —e] AL [(Xppre — XZ,Z]Z)] = pr(x).
i1

Since go—1 is bounded and continuous, it follows from the weak convergence of [ X j1¢e—Xy e to [Xe—Xy)e

as k — oo that

T
Hga,l(xi,l - eiT ~A;1 [ X — Xu]g)] pointwise for all x € R”.
i=1

Pr(X) = Poo(x) = B

T

Making the shift of variables z;—; —e; - A;l [ X ke — Xegle) = xi—1 for each component i € {1,...,T},

we get that

T
/ Pr(x)dx = / Poo(x) dx = H/ga—l(mi—l)dwi—l = ll9a-1lzr ) < oo,
RT RT /R

so that applying Pratt’s version of dominated convergence (Pratt, 1960) allows us to conclude the proof.
Proof of (ii): We show this for the [-th component of the gradient, that is 0/dx;—1 . To this end, we use
the identity

T

T T
[T - TIo = ST - [T o0
=1 =1

i=1 j<i §>i

with
aj = f(e] A" (x— [Xeppe — Xede+h-e))  and by = fo(e] Ap'(x — [Xoxre — Xeele))
for a fixed h # 0, and write, using (i),

f[XLk-Hf]é(x +h-e)— f[XZ,k-(—Z](/.(X)
h

_ XT: E fe(e] AT (x — [(Xopre — Xegle +h-er)) — fo(e] AL (x — [Xopre — Xeodle))
h

=1

x [ f(ef Az (x = [Xene = Xedle + h-e) [ ] fo(e] Apt(x = [Xekre — Xele))

j<i J>i
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3 TAL! X TA-1 ~
o fé‘ i A — —+ h . _ fg ’ A _
- ;/RT dP[XZ,kM*Xé,e]z(x) (e T (X x e}i)) (e T (x X))
X Hfs(e;qul(x —X+h- el)) H fs(e}A;l(x B i)) .
j<t i

We show that we can apply dominated convergence to move the limit as h — 0 inside the integral. To this
end, note that the terms in the product j <+ and j > i are bounded by Assumption 1. Also note that

felel " AZ' - (x—X+h-e)) — fo(e] - AT' - (x—X))
h

1 OVh
flle] - AL (xf§+s-el))‘ds

[R] Jonn
and |fl(e] - AL Lix—X+s- e))| < (v (s|le] - AL - e])'*7, by Assumption 1 and Lemma A.2(i).
Therefore,

fole] AL - (x—X+h-e)) — fole] AL (x—X))
h

1 0OVh
(v isllel - A7 -el) 7 ds < (1v[hllel - A7l -e)t < 2

h[ Jon
for h small enough, whatever the values of x and X. In order to identify the limit as A — 0 inside the

integral, we note that
folef A7 (x =X +h-e)) — fo(e] Ap' (x — X))

i :
_ 8$l— f-le] (x—X%) = e/ A7l e fl(ef - A7l (x—%).
Besides, by the continuity of f.
Jim [T 1o A7 0c = %4 o) [ £oe] A7 b~ ) = [] fo(e] A7'(x—50).
< g>i J#

It follows that
f[Xe,k+e]1f(X +h-e)— f[Xe,k+e]e (x)

lim
h—0

T
= Zej-A;l.el/ fllef - A7 (x=%) - [ f(ef A (x = %) dPx,, ,—x,0,(%) -
i=1 RT j#i
Having identified the [-th component of the gradient, we now rewrite the whole expression and make it
match the announced result. It holds

T
0
vf[ngk.)_g][(X) = Z € - 6x—l_1f[xi,k+l]€(x)

=1
T
_ Z f[Xe,k+z]z (x+h-e)— f[XZ,k+l]£ (x)
= € lim
h—0 h
=1
T T
= ZelZeZ~A;1 €]
=1 =1
X /]RT fa{(ez—r 'A;l (X_X HfE €; A X_i)) dP[Xz,}ché—Xé,l]l(;()'
J#
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Note that, for any sequence [vilic(1,... 13

XT:eIZeiT.A;l.el.vi _ (im-e?) (ZT: (e;_ATl)T.W>

=1 =1 1=1
T
:
i=1

= (A:Fl)—r [vilieqr,.. oy -

Therefore, the result follows with

/ fl(e Hfff €; A xfi))dP[Xz,HrXe,z]z(i)'
J#i

Proof of (iii): Since det A' =1/(det A7) =1, it follows from (ii) that

T _
/RTZ V(X0 krele x)’dx /]RT

:/dx
RT

(A7'z) |E | fllzic —e] AL [Xogre — Xogle) Hfa(l‘jq —e) A" [Xopre — Xode)
J#i i=1

z' - vf[XLk+l]Z (Ar X)‘ dx

T

ooy

B | - e A7 [Xepye — X@,z]e)’ [1 /i —ef - AL [Xppie = Xedo) | dx,
R Y
J#

where the multiplicative constant in < depends only on z and the coefficients (a;). Integrating out the

density terms, together with Assumption 1 and Lemma A.2(i) gives, for v € (0, — 1), the upper bound

e

{ flaic —e] ALY [Xopge — Xe,é]e)H dziq

T
= Z/RE[gw(wi—lfeiT'AEl'[Xz,kM*Xe,e]e)] dai
=1
T - 1 14+
= Z/E (1V e -Ap '[XZ,kH_XZ,Z]ZD gy(Ti—1) dwioy
i=1 /R
< 00,

since Xp e — Xoo € L'T(P) for all £ € {0,...,T — 1} . Therefore z' VXl € LY(RT) . Continuity
follows immediately from f!, f. € C°(R) N L>®(R) and dominated convergence.
Proof of (iv): Fix i € {1,...,T}. Since det A;' =1/(det Ay) =1,

[
-/,

dx = /RT'(e;roAqu) € Vf[Xm+p (A -x)| dx

<3,

0
Ti—1 ax—Hf[X&kM]g (X)

(Z ai—ﬂ'l—l) eiva[Xl,k+Z]£ (AT " X)
=1

Ti-15— f[X“H (A7 -x)| dx,
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where the multiplicative constant in < depends only on the coefficients (a;). If I € {1,...,i—1}, it follows

from (ii) that
0
—A_lf[XZ,k-%—[]Z (A7 -x)| dx

/RT U1y
:/ dx
]RT

B | fl(zic — e - AR [(Xegre — Xodlo) Hfa(xj—l —e) A7 [Xopre — Xele)
J#i

/ E HHUH fe(mioy — e AL [Xpgye — Xé,z]é)H dxH/ |f2(z)| dz
R R

IN

IN

(Bl + B [le] - A7" - Xenre ~ Xedd]) [ 126)]da
If I =4, then

L.

dx

0
xi—lax—Hf[Xg,k+g]g (AT : X)

Il

[ sl i)l doies + B [Jo] - A7 Xy = Xeeld ] [ 1)l doics.

w1 Ui — e AR [Xoppe — Xz,z]z)H dz;—q

IN

By Assumption 5,
[lallfz@las < o,
R
by Assumption 1,
[ 1@1ds S lgaa@lsgey < oo
and since € € LY(P) and Xy 1o — Xpo € L*(P) for all £ € {0,...,T — 1}, we obtain
Blle) <oo and E[le] - Az' [Xopre — Xealel] S Bll[Xexre — Xedly] < oo.

Therefore,

L.

so that the statement follows from (17). O

115 f1x e (AT - X)| dx < 00 foralll e {1,...,i},

Oxi_1

B.2. Gradient of Gy,

We first require an auxiliary result about L'-continuity with respect to scaling and translation.

Lemma B.2 ( L!-continuity of scaling and translation). Let & € LY(RT), y € RT | and s € R\ {0} .
Suppose that (y,) C RT, and (s,) C R\ {0} satisfy y, —y and s, — s as n— oco. Then

[(sn(-) —yn) — &(s() = ¥)llpgry — O asmn — 0o.
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Proof. By Lemma 3.26(2) in Alt (2016), there exists a sequence of continuous functions (&,,) with compact
support such that

|6 — &mllLigry — 0 as m — 00.

We make the decomposition

16(sn(-) =¥n) = &(s()) = ¥)l 1 ar)

< 8(@sn() =yn) = B(sn()) = ¥l @r)
F+ 18(sa() =y) = Gmlsnl) =Ylpigr) + [1Emlsn() =y) = Gmls() = y)lprer)
+ [8m(s() —y) = &(s() = y)llpagr) -

By change of variables,

1850 () = ¥n) = &(su() = ¥)pr@ry = lsal ™ 16(() + (v —yn)) = Slp@r)
18(sn(-) =¥) = Bm(sa() =Np@ry = lsal ™ 16 — Gullpr)
1Bm(s() ~y) = &(s() =llpery =I5 16m — Slpgr) -
By the continuity and compact support of &,, , the dominated convergence theorem provides for any fixed m
16m(sn() —y) = Gm(s() = ¥)lpgry = 0 asn— oo,
and by Lemma 4.15(1) in Alt (2016)
H@(()_l'(y_y'n)) - ®||L1(RT) — 0 asn — 00.

It follows that
lirri)supllﬁ(sn(ﬂ —yn) = () =y)llp@wry < 2s7 6 —Snlpgry = 0 asm— 0.
n o0

This proves the claimed convergence. |

Lemma B.3 (Gradient of Gy, ). Let Assumptions 1 and 2 hold. Then, for all k € No U {oo}, all sets
A C R, the following hold:

(i) For all s1,s2 € RU{oo} satisfying s1 < s2,
Yy = Grn(y,s1,82,A) = E[G,([Xeptele +y,51,52,4)] = ., Gn(X, 81,82, A) fix, 00, (X —y) dx
& ,
is continuously differentiable, with gradient

y = Vka)n(y781,SQ,A) = _/RT Gn(XaSIaSQaA)vf[Xe,kH]e(x_Y) dx.
(i) If Assumption 5 holds, then
RT x(0,00) = R,  (¥,5) = Grn(y,s,00,4)

is continuously differentiable, with partial derivatives with respect to y given in (i), and with partial
derivative with respect to s given as

Y6

as ’ﬂ(y’ S, OO’A)

k,
1
= E<TP[[Xg’k+g]g+y€un-s-A] + /RT ]l{xeun-S-A}~XT~Vf[XLk+Z]e(X—y)dx>.
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Proof. We prove the two statements separately.

Proof of (i): We calculate each partial derivative 9/0y;—1 for i € {1,...,T}. To streamline the analysis,
we write throughout G, (x) for G (x,s1,s2,A4). Forall i€ {1,...,T} and h#0,

E[G,([Xoriele +y + hei)] — BlGn([Xe ke +y)]
h

:/ Gn(x)f[XZ’kM]Z(X_y_hei)_f[XZ’k”]é(x_y)dx7
RT

h
so that, if we may interchange the limit h — 0 with the integral, we find

0
0yi—1

E[Gn([Xertele +y)]

= _/ Gn(x) lim fiXepsde X =Y —hei) = fix, 0, (X—Y) "
RT " h—0 —h

0
,/RT Gn(X)mf[Xf,kH]z(z) dx,

Z=X—Yy

as required. We now show that we may interchange limit and integral. Since

f[Xq g]e(xiy)if[ng e]((xiyihei) 1 0
[ - ket = /0 %f[Xé,k+£]Z(z) rxy—cher d¢,
it holds, by Tonelli’s theorem,
E[Gn([Xektele +y + hei)] — B[Gn([Xekee +y)] 9
’ h * /RT Gn(X) 8zi_1 f[X[’k+Z]£(Z) ‘z:x—y dx
Lo g
S RT Gn(x) 0 8Zi_1 f[Xz,k+[]g (Z) 2=x—y - %f[Xg’kJrg][ (Z) 2=x—y—¢he: d€ dx
! 0 0
— - d¢ .
< /0 0zi_1f[Xz,k+e]z o=() azi_lf[Xe,kH]/z a=()¢he: || 1 gy 3

Since Ofix, . ,/0%zi-1 € LY(RT) by Lemma B.1(iii), it follows from Lemma B.2 that
oo 0
/0 %f[xz,ku]z a=() %f[Xz,kJrl]l o= ()~¢he: | 11 gy ¢ — 0
as h = 0.

Proof of continuity in part (i): Let h € R . Since O (X psele/ 0zi1 € LYRT) by Lemma B.1(iii), it

follows from Lemma B.2 that

’ 0 ‘ 0 o
Bzic1 Ma=()  Bzim1 "la=()+h Lo (RT)
0 0
< _ - 0
- lazz-lf Wasielyey = Bz sy oy 7O

as h — 0. This proves (uniform) continuity.
Proof of (ii): To streamline the proof, we write Gy, (y,s) for Gy, (y,s, 00, A). By the change of variables

X > X,
Gin(y,s) = st /]RT I{x ¢ unA}f[Xe,k+l]e(8X —y)dx.
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Existence of %ka(y, s) in part (ii): The partial derivative with respect to s > 0, if it exists, is

0
%Gk,n (Y7 S)

_ 0
= Ts’ 1/]RT H{x € un A} fix, 0, (X —y)dx + ST8_ (/}RT {x € unA}tfix, 0, (X —Y) dx> .

S

It therefore remains to show, for the second term, that we can swap differentiation and integration. Since

0
s (f[XZ,k+Z]Z(SX - y)) = XTVf[Xe,kH]z(sx -Y)

if we are allowed to swap differentiation and integration, we will then get, as required,

0
aGk,n (y7 5)

= TsT1 /RT H{x € un A} fix, 0, (X —y)dx + sT /RT I{x € unA}xTVf[XAHZ]Z(sx —y)dx

1
S <T P([X¢tele +y € upsA] + /]RT I{x € unsA}xTVf[XMM][(X -y) dx) .

Let us focus on the swap. Let h € R satisfy |h| < s/2. Then

1
7 (/]RT H{x € un A}t fix, 0, (s +R)x —y)dx — /]RT H{x € unA} fix, 0, (85X = Y) dx>

1
= /]RT 1{x € u, A} (/0 xTVf[XZ,kM]Z((s—i— h&)x —y) df) dx
T
_ / Lx € u A} ( /1 ((s+ %) " Vifix, (s + hx —y) d£> .
RT 0

s+ h&
1 —
e ([ 2
LY Vi (s + h)x —y)
+ /RT]I{XEUnA} (/0 s T he df) dx, (18)

where
H(x) = x'Viix, X, xeR".
The function § is integrable and continuous, by Lemma B.1(iv). We expand

/RT I{x € unA}xTVf[XMM]Z(sx —y)dx

_ ! ﬁ(sx - y) > ! yva[Xe,k+e]z<sx - y)
—/RTJI{XEunA}</O —=d¢ dx+/RTIL{x€unA}/O d¢ | dx.

S S
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It then holds, by (18) and (19),

%(/ 1{x € un A} fix, 0, (s + h)x —y)dx — /R I{x € un A} fix, 0o (8% — y)dx>

—/ 1{x € u, A}x" V(X prde (8% —y) dx
RT

< /RTn{XEunA}</Ol

Hsx—y)  H(s+h§)x—y)

S s+ hé
vaxl il (85X —y) B yTVf[Xé,He]g((S +hé)x —y) de | dx
s s+ h§

Note that

’5(8X —y)  Hs+h)x—y) ‘
S s+ h&

yva[Xg1k+2]f(Sx - y) . yva[X[)kJrg]g((s + hf)X - Y)
S S+ hf

< = (19(sx - y) = (s +ROx =)+ |y Vi (%= ¥) = ¥ x5+ hOx—y)|)
1

®w | =

+

s = | (9 +hOx =y + 379 i (54 hE)x - 3)])

Therefore, by Tonelli’s theorem,

/RTIL{xEunA}</01

Y VX (53X =) B Y Ve, (s + hEx —y)
S s+ h&

1
S/0 <§(H5(5(.)_y) = 9((s + h&)() = ¥l 1w

S s+ h&

Hsx—y)  H((s+hd)x—y) .

dg) dx

(20)
+ Hyva[Xz,w]e(S(')—y) = ¥ Vixpued (s £ hE() —y) Ll(RT))
D (19 + ) ~ 3y
Y Va0 =9, )) d-
Note that
19((s + 1) =Ny + ¥V hxepade s+ 0O =9
= |s+heI™" (II?JIILl(RT) + HyTVf[Xe,mz LI(RTQ ’
so that

1 1

s = e (1904190 =Wy + [ V(s 416 -

d

Y Ll(RT)) g
-T

< (190w + [ P isinea] 52351)< s+l ) = 0

/

1 1

S s+ h&
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as h — 0. Let us deal with the first pair of integrals in the right-hand side of (20). Since $ and
yTVf[XMH]Z € LY(RT) N CORT) , it follows from Lemma B.2 that

1
/ §<|g<s<.>_y> = O+ 0~

T A 5O =) = ¥ Vi (5 RO — )|
— 0

d

LY (RT) ) 5

as h — 0, which proves the claim.

Proof of continuity of VyGy., in part (ii): Let (y,s) € RTx(0,00) and (¥, Sm)men C RT x(s/2,3s/2)
with (Y, $m) — (¥,8) as m — co. By part (i) and the change of variables x — sx,

VyGin(y,s) = —sT /]RT I{x € unA}vf[Xz,k+z]z(5x —y)dx.
Then, for all z € RT |
‘ZTVka,n(y,S) - ZTvka,n(YmaSm)‘
< |5 = sl |2V i (56 = 9)

+ Lsml™ |27V Six e (5m() = Ym) = 27V e, (50) = )|

LY(RT)

LY(RT)

— 0,

as m — oo, with similar arguments as before.

Proof of continuity of a%Gk,n in part (ii): To prove continuity of the partial derivative in s, note that

0
%Gk,n (Ym; sm)

1

= (TPt v € sl + [ 10 € s AV, 6= ) )

Sm R
For the first term, we have
P[Xek+ele +ym € unsmA] = S% /T Hx e “nA}f[Xe,kH]z(smx —ym)dx
R

and, by Lemma B.2,

/]RT I{x € un A} fix, 10, (SmX — ym) dx — /]RT I{x € un A} fix, 0, (5% — y) dx

— 0,
L1(RT)

< Hf[Xe,wz]e(sm(') ~Y¥Ym) — f[Xe,kH]z(s(') - Y)’
so that
1 1
S—T P([X¢ptele + Ym € unsmA] — ET P[X¢prele +y € upsA]

as m — oo. For the second term, note that

/RT I{x ¢ “nSmA}XTVf[Xz,k+e]z(X —ym)dx = 5% /RT I{x e UnA}(SmX)TVf[Xz,kH]e(Smx —Ym)dx,
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so that it remains to prove that

/]RT 1{x € up A} (smx) VfXZ wrdle(SmX = ym)dx — /]RT 1{x € unA}(sx)TVf[X[’kH]l(sx —y)dx| — 0

as m — oo. Note that for m sufficiently large ||ym — ¥|lo < 1, so that

/RT I{x € unA}(smx)TVf[lekH]e(smx —ym)dx — /]RT I{x € unA}(sx)TVf[X[’kH]l(sx —y)dx

< smO TV i (5m ) = ¥m) = SO TV ix, 0, (50) = )|

LY(RT)
< [[90m() —ym) = H(s() =)l 1@
+ |ly" (Vf[Xz,k+k]z(Sm(') —¥Ym) - vf[Xé,M—l]lf(s(.) B Y)) ’ LY(RT)
+ (Ym - Y)T (vf[XLk,Jrg]g(sm(‘) - Ym) - Vf[ng}H,g]g(S(.) - y))‘ Ll(RT)
+ (Ym - Y)va[xz,we]e(s(') B y)‘ L1(RT)
< 190m() = ym) — HsC) = )l prwry
+ yT (Vf[Xz,kH]z(Sm(') —Ym) — Vf[Xe,kM]@(s(') N y)) ’ LY(RT)
T
+ Z He; <Vf[Xz,k+e]z($m(') —¥Ym) — Vf[Xz,kH]z(S(') - Y)) ’ L1(RT)
j=1
T
> Jo7 95O =3 o I = ¥
§=
By Lemma B.2, this upper bound tends to 0 as m — oo . |

B.3. Central limit theorem for multivariate partial sums

Next we provide a proof of Theorem 3.1, which extends a well known central limit theorem for univariate

partial sums of long memory linear time series to the multivariate setting relevant in this work.

Proof of Theorem 3.1: Since

n n—T+1
e (Z[Xt+z]tz - > [Xt+de>

t=1 t=1

E

] < pdVe T2 VB[ Xo]] — 0 asn — oo,
1

we show the result without loss of generality for

n n—T+1
Z Xitele instead of Z [Xitele-
t=1 t=1
Define
Apiree = [Xepe = Xile = [Xigele — Xo-1p fort>1
Then

D [Xerde = (ZXt> Ar 4 Y Ao
=1

t=1
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We show that, as n — oo,

n

n VN Ayl —p 07 (21)
t=1

Note that by a telescoping sum argument

n

n L
D Avprde = [Z(th - Xt)] = [Z(Xn+t - Xt)] :
t=1 l l

t=1 t=1
Since for all ¢ € {0,..., T —1}

14

n*d*l/a Z(Xn+t _ Xt)
t=1

E

] < p7YVe 2 T E[Xo])) = 0 asn— oo,

it readily follows (21). The result hence follows from Slutsky’s theorem combined with the standard asymp-
totic theory for n—d-1/ Sopy Xt , see, for example, Theorem 3.1 in Scheffel et al. (2026). O

C. Separable product bounds featuring w, and (s, s)
By (10), there exist {a;} C (0,00) such that
Gu(Ar-2,51,50,4) = L{A7 -2 € up - ((s1- A)\ (s2- A))}
.y
s

The main purpose of this section is to separate the threshold u,, from the uniformity interval [s1, so] in a way

J

§ Aj—mZm—1

m=1

Gun-aj-[sl,SQ]} .

that preserves the structure required for the later estimates. We formulate the argument for general index
sets I C {1,...,T} and coefficients (¢p)mer, where in the later sections we mostly have I = {1,...,T}
and ¢y = aj—m . The first lemma contains the basic separation argument. In the rest of the section we then

build the complexity needed for the subsequent analysis around this.

Lemma C.1 (Separable product bound I). Let 0 £ 1 C {1,...,T}, (¢m)mer CR, a€ (0,00), v € (0,00) .

Then
/ ! {
RI|

where < means inequality up to a constant that only depends on T, (¢m), a, v, and s, and is independent

§ CmZm—1

mel

EUp-a- [31,52]} : H gy (Zm—1) dz S u,7 - ((s2—s1) A1),

mel

of n and si,8s .

Proof. Since
€Uy, -a- [51,32]} . H Gy (Zm—1) dz

< /R\I\ (]l {Z CmZm—1 € Up - @~ [Slasﬂ} +1 {Z(_Cm)zm—l EUp-a- [31,52]}> . H Gy (2m—1) dz,

mel mel mel
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it is sufficient to prove

/R\I\ 1 {Zcmzm_l € Up-a- [31,52]} . H Gy (Zm—1) dz S u,” - ((s2 —s1) A1),

mel mel

for (¢m)mer C R, since this automatically covers (—c¢pm)mer C R.

First consider I C {1,...,T} with |I| = 1. Without loss of generality, we assume 1 € I, ¢; # 0. Making
the change of variables

Up - A
20 n

20
C1

and using Lemma A.2(iii), we get

a a
/ 1{ci2z0 € up - a- [s1,52]}g,(20)d2o = un—/ 1{z0 € [s1, 52)} gy <un . z0—> dz
R le1] Jr c

59
< un/ 1{zo € [s1, 82]}g(un - 20) d2o,

S1

by the symmetry of g,. The multiplicative constant in < depends only on v, a, and the coefficient ¢; .

~

We bound this in two different ways. First,
S2
Un,
U Up * 20 d20§u~ Up +S1) (S22 —851) = 77— (S2 — 81
o ) v ) (2= ) = e (- )

S uy(s2 = s81),

since s1 > s > 0. Here the constant in < depends only on ¢;, a, and s. The second bound is

S92 oo

wn [l z0)dzn S wn [ gz dzo S (DT S 0

S1 S

where the multiplicative constant in < depends only on s. This proves the case with |I| = 1. We proceed
by mathematical induction: suppose that there exists j € {1,...,T} such that the statement holds for all
Ic{l,...,T} with |I| =7, that is,

/R\I\ 1 {Z CmZm—1 € Up - a - [51732]} . H gy (Zm—1) dz S u,” - ((s2—s1) A1) (22)

mel mel
< depends only on T', v, a, s, and

~

the coefficients (¢,). Let now I C {1,...,T} with |[I| =j+1. If ¢, = 0 for some m € I, then this

for T c {1,...,T},|I| = j, where the multiplicative constant in

coordinate is not active in the indicator, so that flushing that inactive variable out of the integral using
gyl L(R) < 00, We have only j active variables left, so (22) applies. Therefore, we assume that ¢, # 0 for
all m e I. Write

{Z CmZm—1 € Up - A - [51752]}

mel
Up - A+ S1 Up - A - 52
C — n _
U {szm 1 = T1 } U{ann 1= Jit1 }
mel nel
Up + Q- S1 Up * A S9 U
= _ d — — E ° 3
U {szm 1 = i1 al CnZn—-1 > i1 }\ (U {szm 1 ) [51 52]})
mmnel mel
m#n
U U {cmzm_1 € 1 [sl,sz]}
mel
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Since

c
Unp * Up - QA Up + A

Cm %z € —— - |S1,8 = Cmim—1 > - S or Cmim—1 < - S s

<g]{mml +1[1 2]}) ﬂ{mml ]_’_12 m<Am—1 j-l—ll}

mel

it holds on the intersection with this event that

Up A+ S Up - A-S
U {cmzm_1 > L~ and o1 < <J@————g}

munel J+ 1 J+ 1
m#n
. a . . a .
= U {cmzm_1 > %—182 and Cnzn—1 < %—181} .
m,nel J + J +
m##n

It follows that

{Z CmiZm—1 € Up - A+ [81,82]}

mel
Up - A S Up - A S1
C CmZm—1 > —————— and Cnzp—1] < ———
anJEI{mml ]_’_1 n<n—1 ]+1}
n:L;én
-a
U U{szm 1€n— [51,82]}.
mel +1

Then

/R\I\ 1 {Z CmZm—1 € Up - @ - [81,82]} . H Gy (Zm—1) dz

el mel
<Z/ {cmzmle— 51,52} ng (zm-1) dz
1] j+1
mel
Up A 82 Up A S1
+ CmZm—1 > —————— and Canzp—l < ———
Z/Il{mml ]+1 n<n—1 ]+1}
munel
myén

X H{Zcmzm 1€ Uy -a- 81,82} Hgv(zm 1) dz

mel mel
and we control each term. On the diagonal m = n, the bound follows immediately by (22) for j =1 by
setting

~ $1 ~ S9 -~ -~
$1 = and S = ——, so that So—381)AN1) < ((s2—581)A1),
LT T 2= T (2 =51) A1) < ((s2—s1) A1)

and integrating out all other variables. Next we lay out how we tackle the off-diagonal part. If so = oo,
there is nothing to do. Therefore, assume that sy < co. For the part off the diagonal we draw the smaller
variable into the g, of the larger variable. Then we use monotonicity on the half-line of g, to fix the smaller
variable to a constant. We then transform back and distribute the constant to the interval [s1,s2]. Finally,
we use the assumption of the mathematical induction. Let us execute this. Let m,n € I satisfying m # n
such that

Up - A S2 Up - A S1
CmZm—1 > —————— and -1 < —/————
m<m—1 j+1 n<n—1 _7+1
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Then

CmZm—1 —

Up - A S1 Unp - a
CnZn—1 > CmZm—1 — - - so—s1) > 0,
n<n—1 m<Am—1 ]+1 j+1(2 1)
so that by the monotonicity of g, on [0,00),
Up - A+ S1
1 — _ < - —
Gy (CmZm—1 — Cazn—1) < gy (cmzm 1 1 )
By
9y(2m-1) S gy(cmzm-1) S gy(2m-1), (23)
where the multiplicative constant in < depends only on ¢ and 7. With the change of variables
Cn
Zm-1 Y Zm-1 — —Zn-1,
Cm
we get
Up - A - S9 Up - A S1
1<cemzm_1 > ——— and Chzp—1 < ——
/Rll{mml ]+1 n<n—1 ]_’_1}
x 1 {Z CmZm—1 € Up + @ - [31,32]} . H Gy (Zm—1) dz
mel mel
Up * Q- S2 Up - Q- S1
< 1< emomey > ——"2 and Cnpnl < ———————
N/Rll{mml _7+1 n<n—1 ]+1}
x 1 {Z CmZm—1 € Up + - [S1, 82]}g,y(cmzm_1) . H Gy (Zm—1) dz
mel mel
m¥#£m
Up * Q- S2 Up - A S1
1<cmemey > —————— and Cnin1 < ———
/]Rll{mml ]+1 n<n—1 ]+1}
x 1 Z CmZm—1 € Up - @ [S1,52] p gy (CmZm—1 — CnZn—1) - H Gy (Zm—1) dz
mel mel
m#n m#m
Up - O
< 19 emzmo1 € up-a-[s1,8] p gy (Cmzm—1 — ——=s1 ) [ 9y (2m-1) daz,
RII mel J +1 mel
m#n

m#m
where the multiplicative constant in < depends only on ¢, and ~. By the change of variables

1 u,-a
Zm—1 P Zm—-1 + —

cm]—l—l.

51
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and Lemma A.2(iii) again, this equals

S1 S1
1 L€y s — —L g L ) )d
/Rm > " Cmzm-1 € Up - @ {51 Rk J+1] 9y(emzm1) ] 9+ (2m1) dz

mel mel
m#n mz#m
S1 S1
< 143 L Eupa s — — sy — — 1) d
~ /]R\I\ CmZm—1 Up + QA |:51 ]"'1 52 ]+1:| Hg’y (Zm 1) zZ
giﬂ mel
S1 S1

< 1 i Cup-a s — —L sy — 1) d
S ol [, 1] S e €unea o= 2 s [ T 0 o) o

mel mel
m#n m#n

— _ S1 . . S1 Al
i ((” J+1 (‘91 j+1)>

= u,” ((s2—s1) A1),

A

where the second to last inequality follows from (23), and the last inequality follows from |I\ {n}| =j and
(22) with

81
Jj+1

51

d Sy = — .
an S92 S92 j+1

51 = 81 —

The multiplicative constant in < dependsonly on T, (¢,), a, 7, and s. Applying mathematical induction

finishes the proof. O
Next we provide the variants of the bounds needed for the subsequent analysis.

Lemma C.2 (Separable product bound II). Let § # I C {1,...,T}, (¢m)mer C R, a € (0,00), v €
(0, —1), and let ¢, : {1,..., T} =R and t € R. Then

(i)
(1 A |ID/ 1 { Z CmZm—1| € Up - A - [817 82]} . H Gy (Zm—l + <p(m) =+ ’(/J(m)) dz
RII mel mel
1+y 1+y
S up? - ((sz—s) AL [ 143 emiplm) o+ |3 emvm)| |
mel mel
(ii)

§ CmZm—1

mel

[ s (/Rﬂ{

S ou,” - ((s2—s1) A1)
"
x (Zcmw(m) + le”> 1+

mel
where < means inequality up to a multiplicative constant that depends only on T, (c¢m), a, v, and s,

~

€ Up - a-[s1, 32]} . H Gy (Zm—1 + @(m) + s - p(m)) dz) ds

mel

1+~
(Jo]7 [ )

Z Cm@(m)

mel

and is independent of ¢, ¥, r, n, s and sy.
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|

so there is nothing to show. Therefore we assume |[{m € I | ¢;, # 0}| > 0. Since

§ CmZm—1 = § CmZm—1,

Proof. If ¢, =0 forall mel,

§ CmZm—1

mel

Eun~u~[51,52]} =0,

mel mel
cm#0
and
elleym=0
Lo T st olmpas = 1555 < .
RIH{meI|lem=0}| mE]O
Cm =

we may assume without loss of generality that ¢, # 0 for all m € I.

Proof of (i): For all m € I we make the change of variables

Zm-1 = Zm—1— (p(m) +P(m))

to get

§ CmZm—1

D>
- Lo

Next we invoke Lemma A.2(i) to separate the z variable from ¢ and ¢ in g,. We cannot do this separately

€ Up-a- [31,32}} . H Gy (Zm—1 + @(m) + ¢ (m)) dz

mel

Zcm Zm—1 — p(m) —(m))

€ Uup-a- 31,52} ng Zm—1) dz .

mel

for each m € I, because this would yield a product that is unsuitable for the subsequent analysis. We
therefore fix m € I, shift all the relevant terms to the corresponding g, and invoke Lemma A.2(i) once.

Making the change of variables

Zm—1 F Zm-1 + _Zcm (p(m) +1(m))

M omel

this equals

[

Applying Lemma A.2(i) twice,

gw<zm1+—Zcm<p +—Zcmw(m>

§ CmZm—1

mel

Eun'a'[sl,SQ]}' H g’y(zm—l)'g'y (Zm 1+ _Zcm (m) + w(m))> Z.

mel ™ omel
m#m

mel mel
1+'y 1 1+
5 gv(zm 1 Z CmSO ; Z me(m)
™ mel mel
1+ 14y
5 g’Y(mel) 1+ Zcm@(m) 1+ Zcmw(m) s
mel mel
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where the multiplicative constant in <

~

Z me(m)

mel

depends only on . The inequality

Z me(m)

mel

1+~ 1+~

(IAfe)- {1 + < |l +

together with Lemma C.1 yields the claimed inequality.

Proof of (ii): For all m € I we make the change of variables

Zm—1 > Zm—1 — (p(m) + s-(m))

to get

§ CmZm—1

Lls
- /Rm ' {

Fix m € I. Making the change of variables

€ Up-a- [31»32]} : H 9y (m—1+ @(m) + s -¢(m)) dz

mel
€ Up-a- 51752} Hg’y Zm— 1

mel

Z Cm (mel - @(m) — 8- w(m))

mel

Zm—1 > Zm-1 + _Zcm(@m)""s Y(m))

™ omel

this equals

[

By Lemma A.2(iv), with

§ CmZm—1

mel

€ Up-a- 81382} Hg'y Zm-1) - Gy (Zm 1+ _Zcm (m) + Sw(m))> dz.

mel M omel
m#m

r=r, :_Zcmw 3:Zm71+cizcm‘p(m)v

and then Lemma A.2(i),

bVve
/hA (IA]s-¥l) - gy <zm 1+ —ZCm (m)+s- w(m))> s

™ omel

v I+y
S ( > entim)| + w) L[ emetm)| (B () gy (o)
mel mel
where the multiplicative constant in < depends only on . Applying Lemma C.1 yields the result. O

The next lemma flushes the inactive variables out of the analysis, while keeping enough degrees of freedom

for the subsequent analysis.

Lemma C.3 (Flushing inactive variables). Let v € (0,00) and 91,...,97 € R. Then

T
/ Gn(AT'Z,Sl,SQ,A) H g’y(zm—l+nm)dz
]RT

S *

where < means inequality up to a multiplicative constant that depends only on T and ~y .

~

§ Aj—mZm—1

m=1

J
€ Up - aj - [81752 } H g'y(zm—l +Um) dz ,

m=1
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Proof. By (10),

J

§ Aj—mZm—1

m=1

Gn(AT'Z781,$2,A) S Z]l{ Eun'aj‘[$1,$2]},

Jj=1

so that

T
/ Gn(A7T - 2,51,50,A) H Gy (Zm—1 + V) dz
RT

m=1

T J J
< Z (/ 1 { Z j—mZm—1| € Up * A * [51,52]} H Gy (Zm—1 + Y dz
j=1 \YR m=1 el
T
X / ) H g’y(zm—l + Um) dz
RT—-3 —°
m=j+1

For m > j, we make the changes of variables

Zm—1 Y Zm—1 _Uma

so that
T T—j
/ v H 9y(Zm—1+ ) dz = (HgvHLl(R)) < 0.
RT—J .
m=j+1
This gives the claimed upper bound. O

We finish the section with a lemma that bounds two single probabilistic terms which will appear in the
subsequent analysis. Since the bounds developed above are analytic in nature, the lemma also illustrates

how they apply to the probabilistic problem at hand.

Lemma C.4 (Separable product bound III). Let Assumptions 1 and 2 hold, let T > 1, let v € (0,a—1).
Then, for n € N, we have the following upper bounds:

(i)
[VGoon (07, 51,82, A)l| oo S up,” - ((s2—51) A1),
()
P[Xe € up - ((s1-A)\ (s2- A)] S u,” - ((s2—s1) A1),

In both (i) and (ii) < means inequality up to a multiplicative constant that only depends on A, T, s, v,

the coefficients (a;), and the distribution of €, and is independent of s1, s2, and n.

Proof of (i): By Lemma B.3,
[VGoon (07, 51,82, A)|| . < /TGn(z,sl,SQ,A) ||vf[Xz]z(Z)||oo dz
R

= /RTGTL(AT'ZMSDSQ,A)va[Xg]K(AT’Z)HOO dZ,
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where the last equality follows from the change of variables z — Ar -z, with det A7 = 1. By Lemma B.1

and Assumption 1,

|V fix,), (A - 2) ZE feemor —ep, - A [XZ—XMZ)’ IT f-(zna —en - AL (X0 — Xudle)
m=1 h#m

I 9Gmr —ep, - AL (X0 — Xu]z)] ,
where the multiplicative constant in < depends only on T', the coefficients (a;), and the distribution of ¢ .
By Lemma C.3,

T
Gn(Ar - 2,571,852, A) H Gy (Zm—1 — ejn . A;l (X — Xle) dz
m=1

J
{ € Up - aj - [81,52]}Hgv(zm 1—e “AL 1 [ X — Xele)dz
j=17®

m=1

J

§ Aj—mZm—1

m=1

Since

it holds
Z Qjm ey A7 [Xe— Xogle = e [Xo—Xpgle = Xjo1— X151
Applying Lemma C.2(i) with

¢(m) = 7eIL’AEl'[Xf7XZ,€]Z7 1/] = 07 m€{17~"aj}7

we get

§ Aj—mZm—1

m=1

>/

S w7 ((s2—s) A1) > (1 + X1 — Xjfl,j71|1+7) :
j=1

€ Up - aj - 81752}Hg-\/ Zmn— 1—6 A 1 [Xg—ngg]g)dZ

~

To obtain the claimed upper bound wu,”((s2 — s1) A 1), note that 1+ < a, so that

T
Z (1 + IXj—l - Xj_l’j_llH_'y) =T (1 + E”XO - X0’0‘1+’Y]) < 0.
=1

Proof of (ii): It holds u, - ((s1-A4)\ (s2-A4)) C U?:1{|xj,1\ € a; - up - [81, 2]}, so that, by stationarity of

(Xt),
T

Pl[X(]¢ € tn - (s1- A\ s2- A)] < > Pl Xo| € ajup - [s1,50]] -
j=1
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Then, for j € {1,...,T},
P[|Xo| € aj - Up - [81,82]] = / ]l{|20| € a; - Uy - [81,52}} . on(ZO) dzg
R

- /R 1{]20] € aj -t - [51, 5]} - Blf=(20 — (Xo — Xo0))] dzo

A

E[l1V|Xy— X070|1+7]/ 1{|z0] € a; - up - [s1,52]} - 94(20) d2o
R
S oup”((s2—s1) A1),

since 1+ < a, by Lemma A.2(i), and

/]1{|zo| € aj-up - [s1,52)} - gy(20)dzo S u, T ((s2—s1) A1),
R

by Lemma C.1, where the constant in < dependsonlyon A, s, 7, the coefficients (a;) , and the distribution

of ¢, and is independent of s, s9, and n. |

D. Analysis of gradient differences
In the subsequent analysis we have to control differences of gradients of the form

szk,n(Z3815827A) - szk,n(zaslv‘SQvA) or VXGOOJL(Xvsla‘SQ,A) - vakm(X,S],SQ,A) 3

Z=X+Yy Z—=X

where VG, is defined in Lemma B.3 for k € NU {00} . These contain differences of products that create
algebraic complexity. To organize this, we introduce the R-notation. The following lemma then explains
how this notation will be used. Part (i) rewrites the relevant differences of products in terms of R-terms.
Part (ii) gives a bound for these terms that is useful in the broader analysis. The final two lemmas of this
section express the gradient differences in E—notation, and apply the bounds of the last section to yield

useful bounds for the final analysis.

Definition D.1 (fx’-notation). We define, for functions ¢,v : {1,..., T} - R and 4,l € {1,...,T},

Rii(e,¢)
(M £ () - (FelpD) = Follo@) +00) - SLUp(6) +(0)) - (H% f-(2) +w<j>>> <,
= 3 (T 000 - (F20) = £2006) + () - (Ts S0 () + 00N I=i,
$2000) - (T (6100 ) - Ueot0) = £l + 000 - (T o)+ 0030) 1>,

Lemma D.2 (Properties of Ei,l ). Let Assumption 1 hold. Then, for all functions @, : {1,..., T} - R,
and all i,1 € {1,..., T}, the following statements about EN(cp,w) are true:

(i)
T _ T
D Rl v) = fle@) - [ f(e(d) — Filel Hfa (4) + %))
=1 j=1
J#i j;éz
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(it) For all v € (0,0 —1),

T
[Ruale )] 5 AN TT (9:(em) + g,(em) +w(m)

m=1

(LAlON Y (H gv(w(m))) (H gw(w(m)+¢(m))> :

Ic{1,..T} \m¢I mel

In (ii) < means inequality up to a multiplicative constant that only depends on the distribution of €, and

is independent of T, v, ¢, ¥, i and £.

Proof. Fix i,l € {1,...,T}.
Proof of (i): The statement follows from the definition of Ei,z and

T T
C; aj — dsz]
j=1 j=1
j#i JF#
i—1
= Z Haj (al—bl) dz Hb]
=1 \j<! j>l
JFi
+ | [T | (ci=di) [ T]0;
1< 7>
T
+ Z ¢ Haj (a1 — by) Hb] ,
I=i+1 <l j>l
J# J#i

with

aj = f((), b = f(o()+¥0G),  a = fle@),  di = file@@) +¥(i).

Proof of (ii): Expanding the product

T
H (am + bm) = Z H G, H b, (24)
m=1 IC{1,....,T} m¢I mel

with

am = g’y(@(m)% by = g’y(‘p(m)"'_w(m))’ mE{l,...,T}7

it remains to prove that the left-hand side of (24) is a valid upper bound for |§i7l(<p, P)].

Case |[¢(1)| < 1: In the product structure of f{i’l there appears exactly one factor that is a difference term,
namely the [-th term. We begin by bounding the absolute value of this difference term. If this features
fL, we use Assumption 1, and if this features f., we use Lemma A.1. The difference term is then bounded

above by

WDl 94(p(D) < AARPDI) - (g7(2(D) + g4((1) + (D)) 5
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where the multiplicative constant in < depends only on the distribution of . By Assumption 1, any

~

remaining factor j € {1,...,T}\ {I} is bounded above by

9+(#(7) + 91((h) +¢(7))-

up to a multiplicative constant that depends only on the distribution of €.
Case |¥(l)] > 1: We use the triangle inequality and Assumption 1 to bound the absolute value of the

difference term above by

g7(e(1)) + g4(0(D) +(1)),

up to a multiplicative constant that depends only on the distribution of . All remaining terms are bounded
as in the previous case. Since [¢(I)| > 1, it holds (1 A|¥(1)]) = 1, so we multiply this factor to the bound
for free. O

The next lemma expresses gradient differences in terms of R -notation.

Lemma D.3 (Gradient differences and E—notation). Let Assumptions 1 and 2 hold. Then, for all x,y € RT
and all k € No U {oo} we have the following identities:

(i)
Vsz,n(Za31a527A)’z:x+y - Vsz,n(Z’Sl,SmA)’z:x
= (A7)’
X {/RT Gn(Ar - 2,581,859, A)dz /]RT dP[Xe,kH—Xz,m(;()
}N%i,l ((] =zl — ejT -A}l S (x+ i)) , <j > —ejT -A}l 'Y))L’le{l,m’T} ‘
(it)

VXGOO,TL(XaslaSQ)A) - Vka,n(X7817827A)
= (A7)’
X { o Gn(Ar - 2,51,82,A)dz /RT dP[XZ—X[,k+Z]Z(§) /]RT dP[Xe,k+z—Xe,e]z(§)
Ri,l ((] = ozj1 — ejT AL (x ?)) ,(j = —ejT'AEl .i))]ile{l...T} “1p
Proof of (i): Note that for arbitrary x € R” it holds that
VxGrn(x,51,52,A)
= _/]RT Gn(Z;$17827A)Vf[XLkJrg]z(z - X) dz
a T
= -2 (A7) e
i=1
Gn(Z,Sl,SQ,A) dZ/ dP[Xgﬁk.Jrngg’g]g(i)

RT RT

fé(e;r-A}l-(z—x—i))Hf€<e;r~A;l~(z—x—§)>
J#i
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T
i:l
/ Gn(A -z,51,89,A)dz /RT dP[XMM_X“]Z(i)

f (s —el AT e+ %)) [T (2o — €] - A7 - (x %))

J#i
where the first equality follows from Lemma B.3, the second equality follows from Lemma B.1(ii) and the

third equality follows from the change of variables A z — z , where det A7, ! = (det Ap)~! = 1. Therefore,
for arbitrary y € R,

szk,n(Z» 81,82, A)

T
=3 (A T
=1
/ Gn(AT~Z,$1,82,A)dZ/ dP[Xé,k‘+l_X[,Z]Z(§)
RT RT

L Ry S ) | A CRES VNS

J#

- VZGk,n(z, S1, 82, A)

Z=X-+Yy Z=X

— fé(zi,l—e—r A (x+y+x>Hf5(z] 1—e “AL ! (x+y+i))},
J#i

which, by Lemma D.2(i), is equal to

T
S (arh) e
i=1
/]RT Gn(Ar - 2z,51,89,A)dz /]RT dP[XZ,k+Z_X£,[]Z(§E)

WE

RJ((j - Zj—l—eyT‘AcFl'(X“N‘)) ’(j — —ef A7l y))
=1

= (A7)’

X |:/ Gn(AT *Z, 81,82, A) dz / dP[Xz,kJFngz,z]g(i)
RT RT

Ri, ((y oz 1—e CAL (X+X)) ,(j = _eJ'T'A’El'y))L,le{l,...,T}.lT

Proof of (ii): From Lemma B.3 it follows for all x € R” that
vaoo,n(x7 517 327 A) - vak,n(Xv 817 827 A)

= - Gn(z,s1, 52, A) (Vf[XMM]E(z -x) — Vf[Xm(z —x)) dz (25)

= RTGn(AT-z,Sth,A) (vf[Xg,k+g][(AT'z_X) — Vf[XZ]Z(AT-z—x)) dz ,

where for the change of variables in the last step we used again det A = 1. Note that by Lemma B.1(ii)
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again,
vf[Xe,k+z]z(AT Z — X) - vf[Xg]g(AT Z — X)
1IN T
= (ATl)

< |B | fl(zicr — e A7 (x+ [Xepre — Xedlo) [ [ fe(zi1 — €] - AZ' - (x + [Xose — Xoele))

J#i

— fl(zicr — e AZ' (x4 [Xp = Xedo) [[ £o(zm1 — e - AN (x + [Xe — Xedlo))
J#i ie{1,..T}

By Lemma D.2(i) and independence of the random vectors [Xpgt+e — Xeele and [X; — Xy gye]e , this equals
(arh)’

T
Z (J = oz — e AL (x + [X/z,k+e—Xe,e]e)) :

(j = —e - AZ' - [Xy X@,kme) )H
ie{1,....,T}

X [/}RT dP[XZ_Xé,k+e]e(§)AT dP[x£,k+z_X27[]g(§)

Riy ((]szl—e Al(x+§)),(jwfe A1~>)}

The proof is complete. O

ie{1,...,T}

The final result of this section bounds the right-hand sides of the integrands in the gradient difference
identities of Lemma D.3, and their variants needed later. It thereby shows how the analytic estimates

developed so far are brought into the probabilistic setting considered in the next section.

Lemma D.4 (Separable product bounds IV). Let Assumptions 1 and 2 hold, and let b,c € R, ¢, ¢ :
{1,..., T} =R, ye€(0,a—1), and i,l € {1,...,T}. Then:

(i)
/T Gn(Ar - 2,851,892, A) ‘Ei,l (J = zj-1 +<P(j),¢)‘ dz
R
T j 1+ 1+
S w7 ((sa=s)ADD S Y [ 14+]D aj-mp(m [ +|D aj-mip(m)
J=1 IC{l,...,j} m=1 mel
(1)
bVve
([, GulAr zosns0, )| sl o+ 51+ ol 0)] ) s
bAc
S ou, - ((s2—s1) A1)
T y j 1+~
X Z Z (Zaj_mw(m + |1/)(l)|7> x |1+ Zaj_mgp(m (J6"*7 + || 7).
j=11Ic{1,...5} \Imel m=1

In both (i) and (i), < means inequality up to a multiplicative constant that depends only on T, (an,),
(a;), v, s and the distribution of €.
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Proof of (i): By Lemma D.2(ii)

Riy(j = zjo1+ 90 ’
S (AAfpQ) ( 9y (Zm—1 + p(m) ) (H 9y (zm—1+ p(m) + w(m))) ;
IC{l, STy \mél mel

where the multiplicative constant in < depends only on the distribution of e. We invoke this bound inside

the integral to get

/T Gn(Ar 2,581,509, A) [Riy (= 2j1 +<P(j),¢)‘ dz
R

S AARDI)

X Z / G AT Z Sl,SQ,A) (H g,y Zm— 1+<,0 ) (H g'y(zm—l +‘P(m) +¢(m))> dz,

I1c{1,...T} mel mel

where the multiplicative constant in < depends only on the distribution of . Applying Lemma C.3, for

all T c{1,...,T}, with
9 = e(m) + I{m e I} -y(m), me{l,...,T},

this is bounded above by

T
TADD > Y

Ic{1,...,T} j=1
/.

J
Z Aj—miZm—1
up to a multiplicative constant that depends only on T, «v, and the distribution of . Since sets I,I’ C
{1,...,T} with In{1,...,5} =I'n{1,...,5} yield the same summand, this is bounded above by a multiple

m=1
of

(1A (1) Z >

J 1 Ic{l: 7]}
/RJ
.

Uty - [s1, 82]} ( I 9:Gemr + w(m))> ( [T 92 (zim1 +(m) + ¢(m))> dz,

mel mel
m<j m<j

Z QjomZm—1| - Un - G - [81, 32]} <H Gy (Zm—1+ w(m))) (H Gy (Zm—1 + p(m) + ¢(m))) dz
mel mel
By Lemma C.2(i), this is then bounded above by
T j 1+ 14+
u T ((sa—s)AD) DY D (1 + 1) aj-mep(m) ) (Iw(l)l + ) ;
m=1

m=1
J=1Ic{L,....j}
up to a multiplicative constant that depends only on T, (a,), (a;), v, s and the distribution of ¢.
Proof of (ii): By Lemma D.2(ii),

Z ajfmw(m)

mel

Riy(j — zj—1+ ¢(j), s - ¢)‘

S Anls-v0) Y (H gv(zm1+<ﬁ(m))> <H gv(zm1+<ﬂ(m)+8-¢(m))> :

IC{1,...,T} \mgI mel
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where the multiplicative constant in < depends only on the distribution of €. Applying Lemma C.3, for
all ITc{1,...,T}, with

O = @(m) + I{me I} s -y(m), me{l,...,T},

and proceeding as in the proof of (i), we get

bve -
/ < TGn(AT'Z781,82,A)‘Ri’l(jl—)Zj71+(p(j),S'w)’ dz) ds
b R

N¢
bve

Z Z/ (LA s (D)) ds

J=LIc{l,....5}

(L

5 TI 9t + ) - [T 93(zmor +(m) + s w<m>>dz>

mel mel
< u”((s2—s1) A1)

N x ZT: > (Z%mﬂ)(m 7

j=1Ic{1,...j} \lmel

J

§ Aj—mZm—1

m=1

€ Up - aj - [81,82]}

1+~
(167 [e[77)

+ |¢(l)|7> x

where the last step follows from Lemma C.2(ii). The multiplicative constant in <

~

(am), (a;), v, s and the distribution of €. O

depends only on T,

E. Reduction Principle

We are ready to analyze the probabilistic part of the problem. We first formulate the main result of the
section, which is Lemma E.1. We next provide a short proof of Theorem 3.2, assuming that Lemma E.1

holds, and we then proceed to prove Lemma E.1 in several steps.

Lemma E.1 ( L"-reduction principle). Let Assumptions 1 and 2 hold. For all v € (0,1) and r € [1,2]

satisfying
d 1 « 1
i 1- ——1 d P — 26
'y<m1n{1_d, a=d T } an 1_al<r<oz7 (26)
it holds for n € N,
n—T+1 T r
E|| Y Gul[Xisdes1,52,4) — B[Gu([Xipele, 51,52, 4)] — (VyGoo,n(y,SLS%A)‘y_o > [ Xetele ]
t=1 T

S ((s2—s1) A1) (=) )

where < means inequality up to a multiplicative constant that depends only on A, T, s, v, r, the

coefficients (a;), and the distribution of €, and is independent of s1, sa2, and n.

Proof of Theorem 3.2: Following Remark 3.4 in Scheffel et al. (2026), a version of the upper bound in

Lemma E.1 with optimal parameter values (y9,79) is given in Theorem 3.2, where
d 1

— 1—-d if ———

(1—d’ o )> R R YT

(Y0, 70) = ol—d)—1 1 . . -
a(l—d)+1’ ) « 1-d otherwise,

(27)
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yielding the optimal value xg := k(70,70) =1+ 1/r9 — (1 — d)(1 + ) as
1 . 1

ai—a) " T-ai—2p =" .
7Y 20-d)+ (1 - a(l - d)(1 - 24) 3—a(l—d) )
al—d) +1 =d+(1- d)m otherwise.

We remark that, while ~ lies on the boundary of the admissible parameter range (26), the value vy — 0
lies inside this range for each § > 0 sufficiently small. We may therefore apply Lemma E.1 with (v,r) =
< then also depends on ¢ . O

~

(70 — 6,70) . The multiplicative constant in

E.1. Martingale decomposition

The derivation of the martingale decomposition follows the argument that leads to Lemma B.3 in Scheffel

et al. (2026), where its conceptual motivation is explained in detail. Define, for n € N, ¢t € Z,
Un([Xttele, 51,52, A)

T
= Gn([Xt-‘rf]@vSlaSQaA) - E[GTL([XIH-@]Z’SMSQ,A)] - (VyGoo,n(%Sl,SQ»A)‘ ) '[Xt-‘rf]@

y=0r

where the gradient VyGoon(y, s1,52,4) o is well-defined under the assumptions of Lemma B.3. Let

Fi = 0(eg,€x_1,...) be the past o-algebra generated by the sequence (g;) up to index k. For Y € L'(P),

we define the projection
P.Y = E[Y | F] — E[Y | Frp—1] forall k € Z.

Lemma E.2 (Moment bounds for the centered process U,, and its projection). Let Assumptions 1 and 2
hold. Then, the following holds for all r € [1, ) :
(i) Un([Xele, 51,82, A)ll prpy S ((52 = 51) A DY, and in particular U, ([X¢]e, s1, 52, A) € L™ (P) .

(it) || PxUn([Xele, s1, 52, Al rpy S 1Un([Xele, 51,82, A)ll prpy » and Py Un([Xele, 51,52, A) € L™(P) for all
keZ.
In both (i) and (i) < means inequality up to a multiplicative constant that depends only on A, T, s, v,

r, the coefficients (a;), and the distribution of €, and is independent of s1, s2, n, and k.

/r

Remark E.3 (Dropping u, /" rate). A sharper bound with a factor u;v/r € (0,1) is possible. Since the

final analysis does not crucially depend on this factor and the gains of keeping it are small, we drop it.

Proof of (i): Since, for all x € RT |

—

.
el o, < > o IXelzrey < T lelee W0l
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by stationarity of (X;), it follows from the definition of U, that

U ([Xeles 51,52, A)ll 1y
< (P[[Xele € tn - ((s1+ A) \ (s2- ANV + Pl[Xly € - ((s1- A) \ (52- A))]

< 2(P[[Xele € un - (s1- )\ (s2- AN + T‘

+

<vyGoo,n(Ya S1, 52, A)’
Lm(P)

VyGoonl(y, s1, 82714)‘ H [ Xoll - (p)
y=0r|| 5

< (PIXde € - (51 A)\ (52 AN+ [ VyGoenly 1,0, 4)|

y=0r

o0

since Xg € L"(P) by Lemma A.4. The constant in
the distribution of €. By Lemma C.4, dropping the u,” rate (see Remark E.3), this is bounded above by

< depends only on T', r, the coefficients (a;), and

~

((s2—s) ADY" + ((s2—51) A1) S ((s2—s1) ALY,

up to a multiplicative constant that depends only on A, T, s, r, v, the coefficients (a;), and the
distribution of €.

Proof of (ii): By Jensen’s inequality and the properties of conditional expectation,

1P Y ey < B | Flllprey + IEY | Factlllprey < 21Y[rpy < o0

for Y € L"(P). The statement then follows from part (i). O
We define
n—=T+1
Sn(s1,82,A) == Y Un([Xipele: 51,52, A)
t=1
n—T4+1

T
= (Gn([Xt+@]57817527A) - E[Gn([Xt+Z]Z7817827A)] - (VYGOO,H(Y7517827A)‘y_O > [Xt+f]f> .
t=1 -
Lemma E.4 (Moment bounds after martingale decomposition). Let Assumptions 1 and 2 hold. Then, for
all rel,a),

n—T+1 "

E|Sn(517527A)|T Sj Z Z ||Pk—tun([X4]Z7SlaSQaA)||L7‘(P) P
k<n \t=(k—T+1)V1

where < means inequality up to a multiplicative constant that is independent of all other quantities in this

~

work, in particular, independent of r and n .

Proof. For a proof with T =1 see Lemma B.2 in Scheffel et al. (2026). The proof extends readily to the
case T > 1 by considering [Xj,...,X7r_1] instead of Xy and noting that S,(s1,s2,A) is F, -measurable,
and Py Un([Xi1ele, 51,82, 4) =0 for k—T + 1 >t. We omit the details. O

55



Chapter 6. CLT for serial tail dependence estimators 161

Lemma E.5 (Error decomposition). Let Assumptions 1 and 2 hold. Then, for all k € N, it holds
P Un([Xele, 51,82, A) = Ri + Ro + Ry, with

Rl = Gk—l,n(ya 51, 82, A)‘

Y=[Xe—Xe ktetzaktele

- / Grin(y. 51,52, A) dP.(2)
R

y=[Xe—X¢ k—1+0le

T
— e Japsd] - VyGe 5182A!
[ + ]E y 17”(y’ ree ) y=[X¢—X¢ ktele ’

- vyGoo,n(Yasla‘SQaA)’ > )
y=0rp

Ry = e_1 - |ax T-VG vS’S’A’
2 k [k+é]€ ( y °°7n(y 1,52 )yz[Xz—Xl,k+Z]l

— V.G »S81,8 ’A ’ > -
yGoon Y, 51, 82 )y:[Xg—Xz,Hé]l

Ry == e_;-[a T-VG,n,s,S,A’
8 k [k+é]g ( ¥k, (y bez )y:[XZ—XZ,k+Z]Z

Proof. By definition,
R + Ry + R3
- [ Grrnlyisiis ) dP. ()
R

y=[Xe—Xp ktretzakiele

= Gr_1,(y, 51, 52, A)’
' y=[X¢—Xek—1+ele

— e k- lanse] - VyGoo,n(Yaslas%A)’ .
y=07

For fixed j,k € Z, observe that
0 ifj#k,
P = J#
E_k if j =k,

so, by dominated convergence, it follows that

o0 0 k>0,
P, X, = Zaipk €o—; =
i=0 Ar_LEE ifk</.

Thus,
P U ([X0le, 51, 52, A)

]
= B (G X152, 4) — BG (X s150 )] = Fy (Goealyosnion A )+ (X0L)
= B (X1, 52, 4) | Fil — BGA(Xele 51,82 4)| Fo] 2

.
~ e ((vme,n(y,sl,SQ,A)‘y_0T> Jag - 1{k < E}}g> .

Since we assume k >1 and ¢ € {0,...,7 — 1}, it holds 1{—k < {¢} =1, so that by (29),

P_p Un([Xele, 51, 82, A)
= E[Gn([Xele, 51,82, A) | Fi] — E[Gn([Xcle, 51,82, A) | F_rg1)]

— e [arrd] - VyGoonly, 51,52, A) :
y=07
Note that Xy yr—1 = Z?jfl ajei—; is independent of F_j, and Xy — X 41 = Z?iwk ajer—j is F_j-

measurable. Therefore,
E[G,([Xele 51,82, A) | F_i] = BlGn([Xep—14¢ + (Xe = Xog—140)]e, 51,52, A | F_i]

. Gn(x + [Xe — Xog—1+ele, 81,82, A) dPx, 1, (%)
R

= Gr-1(y, 1,52, 4)

y=[X¢e—X¢ k—14¢)¢
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162 Chapter 6. CLT for serial tail dependence estimators

Similarly,
E[G,([Xdle, 51,52, A) | F_(j41)]

= /RT Gn(x + [Xo = Xegyele, 51,82, A) dPx, 1, (%)

= / ( ., Gn(x + [Xg — Xy jte+ 2 ak+g]g, S1, 82, A) dP[Xz,k1+z]z(X)> dP.(2)
R \JR

= / Gk—l,n(YaSIaSQaA)‘ dP.(2).
R

y=[X¢—X¢ ktretz-artele

Consequently, combining the expressions gives
P_p Un([Xdle, 51, 52, A)

- / Grtn(y, 51,52, A) dP.(2)
R

y=[X¢—=X¢ pqetz-aryele

= Gk—l,n(szlaSQaA)’

Y=[Xe—Xpk—1+0]e

- &k [ak-M]z— ' vyGoqn(y’ 51,82, A)‘
y=07

= Ry + R + Rs3,

as claimed. O

E.2. Analysis of the remainder terms R,

In this subsection we use the tools developed in the previous sections. In the next lemma we provide

intermediate bounds that are closely linked to the bounds of gradient differences provided in the last section.

Lemma E.6 (Intermediate bounds of the remainder terms). Let Assumptions 1 and 2 hold, and let k € N .

Then the following statements are true:

(i)
|R1| . kl*d
e_pVz
S mex /R dP.(2) /R P ) [ s /R Gu(Ar 7,515, A) do
‘Ei,l (j a1 —e AR (X — Xoppdle +X) i —s-ef - AL [ak+€]£) H ~
(i)
|R2| . kl_d
S le—kl
X i,ler{rf?.(,T} |:/RT dP[XZ*Xth(i)/RT Gn(Ar - 7,581,589, A)dz
Ri ((; — 21 —e) - Ap! i) , <j > —e) A7 (X, - XZ,M]Z))H .
(iii)
|R3| . kl_d
S ekl

e | AP0 ®) [ AP @) [ GuAra) s

‘ﬁi,z ((g oz — e AR ([(Xo— Xogeele + ?)) 7(1 = _eJT'A:Fl'X))H
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In particular, in (ii) and (iii), e_j is independent of the second factor. The multiplicative constant in <

depends throughout (i)-(iit) only on T and the coefficients (a;) .
Proof. Throughout the proof we use that
AT - fansee] . S K079, (30)

where the multiplicative constant in < depends only on T' and the coefficients (a;) .

Proof of (i): By definition,

Rl = Gk—l,n(y781u527A)’ - /Gk—l,n(y7817827A)‘ dPE(Z)
R

y=[Xe—X¢ r_14¢le y=[X—X¢ kretz-ariele

.
— e_p - [agqely - VyGro1n(y, 51,52, A ’
[ak+ele - Vy 2y ) Ko Xo ol

=/ Gk—l,n(Y7517327A)‘ - Gk—l,n(}’asl,S%A)‘
R L

y=[X¢—Xe ptete—k-aprele Y=[Xe—=Xe kretzaprele

— ek laryd] - Vka—l,n(y,Sl,SQ,A)’y ] dP.(z)

=[X¢—X¢ ktele

ek
T
= a -VG,n,s,s,A’ ds)
/]R (/z (axel yCh-1n(¥, 81, 82 )y:[Xz—Xz,k+z+8~ak+z]z

} aP.(2)

(31)

- (Efk — Z) . [ak+Z]£T . Vkafl,’n(y7 S1, SQaA)‘

/deg(z) /ZH ds

[arrell [Vka1,n(y,81,82,A) — VyGio1n(y, 51,82, A4)

y=[Xo—X¢ k1e)e

Y=[Xe—Xo kto+5aktele y_[Xé—XZ,k+é]é:| '
Note that the third equality follows by applying the fundamental theorem of calculus to Gy—1,, , which is
justified by Lemma B.3. Note also that adding the term

T

z+laktely - VyGro1n(y, 51,52, A

[aktele - VyGro1n(y ) Y= Xe—Xenedl

inside the integral is valid because ¢ is centered. Then we use Lemma D.3(i) for k£ — 1 with
x = [Xo—Xeprele, y = s |ansde,

to get

VyGi— ,s7s,A‘ — V,Gj_ ,81,82, A
Y l’n(y bez )y:[XZ*XZ,kJrZ‘i‘S'akJrZ]f Y 17n(y b )y:[XZ*XZ,k+Z]Z
= (A7)

X |:/ Gn(AT-Z,Sl,SQ,A)dZ/ dP[XZ,k—l-f—l—Xe,é](i)
RT RT

R, (j zio1—e) AR (X — Xopgele +X) ,jr —s-ef - AL [%H]eﬂ

T

1.
i,le{1,....,T}

Therefore, taking absolute values and using (30) and Fubini’s theorem,

| R
< k-9
e_kVz
dpP dpP X d Ap. A)d
Xi,ler{rilf.(,T} /R =(2) /]RT [Xz,kHzXz,z](x)/gkAz S/RT Gn(Ar - 2,851,582, A) dz

‘Ei,l (j oz —e) AR (X — Xoppele +X) ,j —s-ef - AL [ak+e]z) H ,
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where the multiplicative constant in < depends only on T and the coefficients (a;) .
Proof of (ii): By definition

Ry = e - apre] - (vyGoo,n(YaslaSQ,A) - vyGoo,n(Yaslas%A)’y o ) ;
=07

y=[X¢—X¢ kt0)e

and by Lemma D.3(i) for k= co with
x =0 and y = [X¢y— Xopyele,
one has

VyGOO,n(y,Sl7527A)‘ - vyGOO,n(yaslv‘SQ?A)‘

y=[Xr—X¢ k1ele y=0r

= / Gn(AT 'Z,S],SQ,A) dZ/ dP[Xg*Xg,z]g(i)
RT RT

(A:;I)T {Ei,l ((J = Zj-1— ejT -AZ i) , (j = *e;'r A X - Xe’Hm))L,le{L...,T} '

Taking absolute values and using (30) and Fubini’s theorem yields the result.
Proof of (iii): By definition

I

R3 = e - [agse)] - (vka—l,n(Y»Shs%A)‘ - vyGoo,n(Yaslvs%A)’

y=[X¢—Xp k1e)e Y=[X1—Xz,k+e]z>

and by Lemma D.3(ii) for £k —1 with
x = [X¢o— Xogree,
one has
VyGooﬂ(y,sl,sQ,A)’y
= (A7)
X |:/RT dP[XZ*XK,Ic—1+Z]K(i) /]RT dP[XK)kaZ,X[’g]Z(y)/RT Gn(Ar - 2,51,8,A)dz

Riy ((J = 2o — e AL ([Xe = Xeprede + ?)) 7(j = —ejT~A;}1~)~<)H

- Vka—Ln(y,SLS%A)’y

=[Xe—Xe ktele =[Xe—Xe ktele

ile{1,..,T}

Taking absolute values and using (30) and Fubini’s theorem yields the result. 0

In the next lemma we apply the results of the second to last section to separate the threshold w, and the

uniformity interval [s1,ss] and simplify the intermediate bounds.

Lemma E.7 (Separable product bounds V). Let Assumptions 1 and 2 hold. Then the following bounds hold
for ve (0,a—1):
()

e_rVz

[P [P ) @5 [ GulAr 251,50, )0z
R RT RT

‘Ei,l (j = zio1—e AR (X — Xoprdle +X) ,j— —s-ef - AL [%M]e)’

E_pNz

T
S w7 ((s2 =) AL R0 (L ) 3 (1 X = Xl
j=1
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(it)
/RT dP[Xz—Xz,z]z(;() /]RT Gn(Ar - 2z,81,82,A)dz
‘Ei,l ((] =zl —ejT CAG >~<) ,(j — —e CAZ (X Xe,wz]e))’
< un (52— s0) A1) (I1Xe = Xegelell, + NXe = Xeprdel )
(iii)

/RT dP[Xl—Xe.k—l-M]Z(SE)/]R dP[X;k 10— X;[ / G AT VA 817827A)d

‘Ez’l((j = ozj1 — e< -A_ [ X — Xogrele + y)) ,(] — —e?A;li))‘
< w7 ((s2—s1) A1) ET: [( (11X — Xeg—1+)ll,] + E[I[X, — Xz,muz]”iﬂ])
j=1

(141X = Xyt 1|7 ]

Throughout (i)-(iii), the multiplicative constant in < depends only on T, (a;), (a;), v, s, and the

distribution of €.

Proof of (i): We want to apply Lemma D.4(ii) with

Pl) = —ef ‘AT (X0 - Xppude + %) and u() = —ef - A7 -[aredr.
Note that
J
> ajme, = e -Ar,
so that
Y ajmmp(m) = —([Xjm1 = Xjot i) + Fo1).
Also

‘ezT'AEl Nagrele| S K7D

~

and for T C {1,...,j},

< Ig}g\w(mﬂ < Mawrdelloe S K709,

Z aj—mw(m

mel

where the multiplicative constant in < depends only on T, and the coefficients (a;). Therefore, by
Lemma D.4(ii),

e_LVz
/ ds/ Gn(Ar - 2,581,892, A)dz
€ RT

_kN\z

‘Ei,l (jHqu*e]TA Y ([Xe— Xegrdle +X) ,j > —s-ef AL [%H]z)‘

S u,” - ((s2=s1) A1) (32)

T v
X Z Z (Zaj—mw(m + elT-A;l-[aW]m)

j=11Ic{l,...j} \lmerl

X (1 + [ Xj—1 = Xj-1k+j-1] +5j—1|1+7) (le—&|"™" +12'*7) .

60



166 Chapter 6. CLT for serial tail dependence estimators

where the multiplicative constant in < depends only on T', (a;), (a;), v, s, and the distribution of €.
Note that
¥

+ lef ALY Japde” S RTETD

Z aj—mw(m)

mel

and
1+ |[Xjo1 = Xty F 35" S 1+ X — Xjorgga |7+ 357,

where the multiplicative constant in < depends only on T, (a;), and «. The bound in (32) expands to

~

uy ™ ((s2 = s1) A1) k07D (e 79 4 |21 S (1 + X1 — Xy A+ |5j71|1+7) ;

J=1

up to a multiplicative constant that depends only on T', (a;), . Note that, by 1+v < «,
T
~ 1 ~
Z/R dP.(2) /]RT dP(x, 1y X000 (%) (1 + X1 = X1 g+ |;pj_1|1+v) (|E*k|1+7 + |z‘1+7)
j=1
< (1 + [ Xj-1 = Xj—l,k+j—1\1ﬂ> (1+[e—&l™) ,

J=1

where the multiplicative constant in < depends only on (a;), 7, and the distribution of . The result
follows.

Proof of (ii): We want to apply Lemma D.4(i) with
gp(m) = —e;l; . A;l -X and ¢(m) = —e; . A;l . [Xg — Xg)k_*_g]g,

so that
J
Z aj_mgo(m) = —5j_1 .
m=1
By Lemma D.4(i),

/T Gn(AT - 2,81, 82, A) ’ﬁu ((] =zl — e]-T . A;l "X ,j —ejT . A;l . [Xg — X[Jchf]Z))‘ dz
R
1+

S up (2 —s) A (1+1-1"") | o] AZ" - [Xe — Xeprele +
J=1IC{1,...5}

Z aj—mw(m)

mel

where the multiplicative constant in < depends only on T', (a;), (aj), v, s, and the distribution of €.

Using
lef A7" - [Xe = Xpppelel S I1Xe — Xeppelell

one finds, by Lemma A.5,

Z aj—mw(m)

S maxfp(m)| S [Xe - Xensdel, € L(P),
mel

~
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and
/RT (1 + |Ej—1|1+w) dP[Xe—Xe,z]z(;() =1+ EHXj—l - Xj—laj—l‘l_‘—’y] < .

This yields the result.
Proof of (iii): We want to apply Lemma D.4(i) with

p(j) = —e] ‘A7 (Y + [Xe—Xexrde)  and  9(j) = —e] -AZT-X,
so that
J
ZajfmSO(m) = —(Yj—1+ (Xjo1 — Xj1k45-1)) -
m=1

By Lemma D.4(i),

Gn(Ar - 2,581,582, A) |Ri ( J = zjo— ejT AT (Y (X~ Xegrdle) 5 7eJT A i))‘ dz

RT
< u7. — Al 1+ 17 MY 1X =X, S
S up T ((s2—s1) A1) ( + |51l + [ X1 i—Lk+j—1l )
Jj=1I1c{1,..j5}
14y
< |l - AR+ D ajmth(m) ,
mel

where the multiplicative constant in < depends only on T', (a;), (a;), 7, s, and the distribution of €.

Using

e/ - A7 X < K]

Z ajfmw(m)

S max[y(m)| (X[
mel
mel

and, by Lemma A.5,

~ ~nl ~
/RT (||X||1 + ||X||1+W) AP x,—x, . 1,0X) = E[l[Xe = Xepor+dlly] + EI[Xe = Xepo11d|77] < o0,

/]RT(1 + |g7j,1|1+7) dP[Xk,k—1+£*Xk,£](y) =1+ EHXj—l,k—H-j—l - Xj*l,j*1|1+nq < 00
yields the result. .

This is the main result of the subsection, where we complete the analysis of the remainder terms R; by

taking the L"(P)-norm of the intermediate bounds provided so far.

Lemma E.8 ( L" -bounds of the remainder terms R; ). Let Assumptions 1 and 2 hold, and let v € (0,a—1)
and r € (1,2) satisfy

commd 4oL ey i 1 <<
7 1-d rl-d) r me g st s

Then, for all j =1,2,3,

IRy S - ((s2— 1) A1) - k(D0

where the multiplicative constant in S depends only on T, (a;), (a;), v, v, s, and the distribution of

~

€.
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Proof. We use first Lemmas E.6 and E.7 and treat each R; separately.
Analysis of R;: It suffices to bound the L"(P) norm of

(1 + |Efk|1+’y) . (1 + |Xj—1 - Xjfl,k+j71|1+’y)

for each j. The two factors have a finite r th moment, due to the assumption (1++v)r < a and Lemma A.5,
and they are independent, so their product has a finite r th moment as well.

Analysis of Ry: First use the independence property and the fact that €_; has a finite L"(P) norm, to
find that it is enough to show that

g (||[X£ = Xegpelelly + [1[Xe - XZ»’“”]ZH%H)

is bounded in L"(P) by a multiple of k~(1+1(0-4) By stationarity of (X;) and Lemma A.5,

I1Xe — Xegelell, |

T-1
1/r—(1—d
Py S ;”XZ—XZ,IC+Z”LT(P) S X0 = Xokllrpy S KY/7=0-9,

where the multiplicative constant in < depends only on T, (a;), and the distribution of ¢. By convexity

~

of x> a1,

T-1
11Xe — Xepaeledi T S D0 1Xe = Xere 7,
=0
and therefore, by Lemma A.5 again,

H II[Xe - XZ,k+£]Z||%+’Y‘ < g/ -d)

T-1
B 14y B Ty
P) S ;HD@ X oy ‘ P) < [[1Xo — Xox HLT(P)

Lr( L7 (

where we used that by assumption 1/(1 —d) < r < (1 +7)r < a. Here the multiplicative constant in <
depends only on T', (a;), 7, and the distribution of . Consequently

< kl/T72(17d) )

~

p—(1=d) HH[XE — Xg,k+dé||1|

1= Xl

Now, since v < 1—1/(r(1 —d)) by assumption,

1 1

P = - (1ot ) < 1m0 < -y - (-d) = (=) ),

so that indeed

< g a-d)

DX — Xpgelell, | me

ey t HH[XIZ —Xe,k+é]e||}+7’

where the multiplicative constant in < depends only on T', (a;), 7, and the distribution of .

Analysis of Rs: Again use the independence property and the fact that e_j has a finite L"(P) norm, to
find that

H‘E_k| . (1 + |Xj_1 - Xj—l,k+j—1|1+’y)|

L (P) < 0

due to (14 v)r < a. Then note that by convexity,
1
E[|[X; — Xep-1telly) + ElI[Xe = Xeg—14elely ]
(I1Xe = Xer—1+elell,|

< r0-d)

IN

1
vy + 116 = Xeaoridd

and the proof finishes as in (ii). O
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E.3. Proof of Lemma E.1

We are going to apply Lemmas E.4 (moment bounds after martingale decomposition), E.5 (error decompo-
sition), E.8 ( L" -bounds of the remainder terms R; ), and Lemma B.4 in Scheffel et al. (2026), which we are

going to recall now.

Lemma E.9 (Rate of divergence of convolution-type sum; see Lemma B.4 in Scheffel et al. (2026)). Let
Assumptions 1 and 2 hold, and let v € (0,0 — 1) and r € (1,2) satisfy

< mi d_ 4 L ooy d 1 <
R (A ) an 1—d > "%

Then

z": < Xn: (1 A (t B k)—(l—d)(l+v))>r < nr+1—(1—d)(1+'y)7"

k=—o0 \t=kV1

where S denotes inequality up to a multiplicative constant that depends only on v, a, and d. We adopt

~

the convention 1/0 = oco.

Proof of Lemma E.1: By Lemma E.4,

n n—T+1

E‘Sn(SI,S%A)‘T S Z Z ||Pk_tun([Xg]g,517827A)HL,.(P) ,
k=—oco \t=(k—T+1)V1

where the multiplicative constant in < is independent of all other quantities in this work. We split the

~

inner sum based on whether ¢t — &k > 1 and use the convexity of x +— 2" (due to > 1) to get

r

n

E|Sy(s1,52,4) S Y > [ Pe—t Un([Xeles 51552, A) | 1y
k=—oco \ ((k=T+1)V1)<t<n—T+1
t—k>1
n
+ > > (| Pt Un([Xe]es 51, 52, A) | 1y
k=—o0 \ ((k—=T+1)V1)<t<n—T+1
t—k<1

Case t —k > 1: We apply Lemmas E.5, E.8, and E.9. This yields

r

n

Z Z | Pr—t Un ([Xe]e, 51, 52, A)l[ oy
k=—oo \ ((k—T+1)V1)<t<n—T+1
t—k>1
n n "
S (u;,\/ . ((52 _ 51) A 1))1“ Z ( Z <1 A (t _ k)(ld)(1+’)’))>
k=—o0c0 \t=kV1

5 ((52 - 81) A 1) . TLT+1_(1_d)(1+'y)r ,

since » > 1. Here the multiplicative constant in < depends only on T', (a;), (aj), v, s, and the

~

distribution of €.
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Case t—k < 1: Note that the constraints t < k+1 and ¢t > ((k—T + 1)V 1) ensure that the inner sum
is empty when k < 0. By Lemma E.2,

n

> > (| Pt Un([Xe]es 51, 52, A) | 1y
k=—o00 \ ((k—=T+1)V1)<t<n—T+1
t—k<1
r n .
< (It (1Xeler 1,52, Al ey ) D0 @#{EEN: (k=T + 1) V1) <t <k +1})
k=1
S ((s2=s1)AL)n-T" < n-((s2—s1)A1),

where the multiplicative constant in <

< depends only on T, (a;), (a;), 7, 7, s, and the distribution of
€. We conclude that
E[Su(s1,52, A) S (52— s1) A1) (nm0m00er o)
Observe that 1 — (1 —d)(1+v) >0 due to v < d/(1 —d). Therefore
((s2—s1) A1) (n’*l*(l*d)(lﬂ)r + n) < 2 ((s3— s1) A1) - -+

This finishes the proof. |

F. Proof of Theorem 3.4

We adapt the chaining argument in the proof of Theorem 2.1 in Koul and Surgailis (2001) to our setting.
Choose § > 0 sufficiently small and set wu, = o(n(@t1/(“A2)=k0=0)/(v+1)) "where kg is defined in (3). We
define, for k € Ng and j € {0,...,2¥} the partition

Tjk = 8 +
so that

s = 7T2k7k < ﬂ—Qk—l,k < e < T,k < ok = S.
For k€ Ny and s € (s,3], we define j; € {0,..., 2% — 1} to be the unique index such that
Tjs+1,k < s < 58k -

Note that the partitions are nested with increasing k so that one has s < Tje k1 < Tjs ko - We define

a chain linking 5 to each point s € (s,3] by

Tje+1,K < s < Tjs. K < ... < Tjs 1 < Tjs0 = 3,

2KM<OO By the

fXO (un
assumption on u, and regular variation of fx,, we have that fx,(u,) decays at most polynomially, so

where we choose K = K, = [logy(n®=94 1%/ fx (un))], so that limsup,, ,.,
that, by 2—d—1/a € (1,2), K, — oo logarithmically. By construction, each link in the chain comes from

a different partition. Since (m;%) C (7 k+1) , the next result identifies the possible coordinates of adjacent

links of the chain in terms of the larger partition.
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Lemma F.1 (Partition coordinates of adjacent chain links). For all k € N and all s € (s,5] it holds

Tjs k1 Wiz e € {258 k1, T2 41 k41 ) -

Proof. By definition,

21@_]_ 2k+1_2]_
Tk = S + o 3—5) = s + Sk (53—5) = mjkt1,
so that
(i) k4l = Ttk <8 S Mok = Mokl
Since To(js41)k+1 < S < Mojs ki1, it either holds
ToGi+1)k+1 < 8 S Tojspik1 < T2s k4l or ToGs+1)k+1 < T2js+1k+1 < 8§ < Mojipy,
and therefore ji:_H S {2ji,2ji + 1}. Thus Tjs ookt Tk € {WQijk+177T2jZ+1’k+l} . ]
Fix A € Cr and recall the notation
n—T+1
Sn(slaSQaA) = Z <Gn([Xt+(]@,51,52,A) - E[Gn([Xt-‘rd@aSleQ?A)]
t=1

-

- (vyGoo,n(Y7517527A)‘ > : [Xt+e]é)

y=0r
from Lemma E.4. To streamline the argument, we will write throughout,
Sn(s1,82) = Sp(s1,892,4).

Note that S, (s1,81) =0 since (s1-A)\ (s1-A4)=0.
Lemma F.2 (Decomposition of S, ). Let Assumption 1 and 2 hold. Then, for si,s2,s3 € (8,35 U {o0}
satisfying s1 < so < s3,

Sn(s1,83) = Sp(s1,52) + Sn(sz,s3).

In particular, for all s € (s,3],

K

Sn(s,3) = an(ﬂjz,k7ﬂ’ji_],k*1) + Sn(s,ﬂj;(’}{).
k=1

Proof. If s; = oo for some j € {1,2,3}, there is nothing to prove. Therefore, we assume that s; < oo for all
j€{1,2,3}. Fix s1, 52,83 € (s,00) satisfying s1 < s9 < s3. Since A € Cp it holds s3- A Cs9-ACs1-A4,
so that

Gn([Xitele, 51,83, 4) = Y[ Xiiele € un((s1-A) \ (s3- A))}
= L{[Xisee € unl(s1- A)\ (s2- A))} + L{[Xese]e € un((s2- A) \ (s3- A))}
= Gn([Xirele, 51,82, A) + Gn([Xivele, 52,83, A),
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and

E[G([Xd)e, 51,83, A)] = P[Xele € un((s1-A4)\ (s3- A4))]
P([Xele € un((s1- A)\ (52 A))] + P[[X¢]e € un((s2- A)\ (s3- A))]
= E[Gn([Xc]e, 51,52, 4)] + E[Gn([Xele, 52,53, A)],

and, by Lemma B.3,

VyGOO,TL(Y7817837A)’ = - /T Gn(xa815537A)vf[X4][(X)dX
R

y=0r

= - /]RT (Gn(x751752aA) + G’I’L(X782a537A))vf[Xg]g(X)dX

vyGoo,n(YaslaS%A)’ o + vyGoo,n(Y752753aA)

y=0r y=0r
The result now follows immediately. O

Now we perform the approximation step outlined in the heuristic argument before Theorem 3.4.

Lemma F.3. Let the assumptions of Theorem 3.2 hold. Then, for n € N, the following holds:
(i) For all s € (s,53),

|Sn(s,mjs k)| S [Salmje 41,5, m55 k)| + B,

where
n—T+1
B, = 2°K. Z (1 4+ [ Xgelelly) -
=1
(i) For all s € (s,3),
E[B.] S 275

and for all k < K and all 6 >0

0
sup |Sp (sz,kaﬂjzfl,k—l)’
5€(s,3)

where ko and ro are defined in (3).
In both (i) and (ii),
the coefficients (a;), and the distribution of €, and is independent of k, K, and n.

E* vV E*"

T0
(sup |Sn (7Tj§<+1,Ka7Tj§(7K)|> 1 5 nm(no+5/2)’

S€(s,3)

< means inequality up to a multiplicative constant that depends on 6, A, T, s, Ko,

~

Proof of (i): By Lemma F.2 and the definition of S, ,

|Sn(s, s k) — Sn(mjs g1,k k)| = |Sn(mjs 41,k 8)]
n—T+1
< > WX € un - ((migrni - A)\ (5 A} + Pl[Xppele € un - (g 11,5 - A) \ (s- A))]
t=1
I R i
- o0
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Since s < ;s k by definition, and therefore ((Wj;<+1,K FA)\ (s A)) C ((7'(']';(4_1,]( AN (mjs k- A)), this
is bounded above by

n—T++1

D W[ Xide € un - (g1, - A)\ (w5 5 - AN} + Pl[Xiele € un - (T 41,6 - A)\ (s - A))]
t=1
+ [ sentvi s ] | i,
= Sn(Tjs 41,k Tjs K )
n—T+1
+ Y Pl Xede € un - ((mjganx - A\ (- A)) + Pl[Xeele € un - (M 41, - A) \ (s - A))]

o (2 N
=ur

o0

.
+ <VyGoo,n(y7 Tt 1K T IS A)‘ ) [Xerele

y=0r

which we further bound, using Lemma C.4, as

}Sn(ﬂj;‘(+1,K,7Tj;‘(,K)|
n—T4+1
+ Y PlXidde € un - (mjganx - A\ (- A)] + Pl[Xisele € un - (M 41,6 - A)\ (s - A))]
t=1

“

‘VyGoo,n(y,Wﬁ(+17K,s,A)‘ + Hvmem(y,m;{H,K,wj;{,K,A)’y o H >|I[Xt+e]e||1
—or ||

y=0r

o0
n—T+41
S [Sa(mjs 115 T )|+ (s Kk — s 41,) - Z (1 + [ Xerelelly)
t=1

= }Sn(ﬂj;‘(-f-l,KﬂTj;‘(,K” + Bn.

At the last step we used the fact that ;5 — 116 = 2”“(3 — s). Here, the constant in < depends only
on T, s, 7, the coeflicients (a;), and the distribution of €. This dependence remains for the rest of the

proof. We conclude that

IN

|Sn(s,mjs i) < |Sn(s,mje k) — Sn(mjs 1.6, T k)| + |Sn(mjs 41,6, 52 k)|
S [Sa(mjgt1,i i k)| + Ba

This proves the claim.

Proof of (ii): By definition of B, and stationarity of (X;),
E[By]] < 275 -n-EB[1+|[Xdell)] £ 275 -n.

Since Sy, (m;k, mi k) = 0 for any ¢,k , and since Tjs ks Tjs_ | k—1 are at most neighbors in the partition at

step k, it follows from Lemma F.1 that

( sup
s€(s,3)

ro o
Sn(ﬂjg,k,ﬂj,gl,k—1)‘) < < max |87L(7Ti+1,k77ri,k)|> < D) ISh (i mi)|"

0<i<2k—1 :
0<i<2k—1
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We get, by Theorem 3.2, that

0
<sup Sn (sz,k,ﬂjz_l,kl)‘> ] < Z E[|S, (mit1 ks mik)|™]
s€(s,5)

0<i<2k—1
< nro(ko+d/2) Z (Wi,k _ 7Ti+1,k) — pro(ko+d/2) (g -s) < nro(ko+d/2) ,

E*

0<i<2k—1
and
)
E ( sup_[Sy (ij‘(ﬂ,x,wj;ak)\) ] < Y E[Sh (T k)™
SE(Q,?) OSiSQKfl
< pro(ro+d/2) Z (Tik — Tig1K) S nro(ko+d/2)
0<i<2K 1
The proof is complete. O

Proof of Theorem 3.4: Let § > 0 and assume u, — oo is such that u, = o(n(d+1/(A2)=ro=0)/(v+1)y

where kg is defined in (3). By Lemma F.2 and Lemma F.3,

K
sup |Sn(s,3)| < Z sup

5€(s,5) k=1 5€(s,3)

S (Ter’k’ﬂ-Jk 1’k 1)‘ + Stlp)}S (WJK+1K77TJ K)} + |B7l|
sE(s,s

I<k<SK s¢(s,3) SE(8,3)

< 2<(K+1) ( max sup |Sy (sz,k»'”jfcfl,k—l)‘ Voosup |8y (s 11, KyW]K,K)’> \ |Bn|> ,

so that, fixing 5> 0 and using Markov’s inequality and Lemma F.3 again,

P* | sup |Sn(s,3)| > g-ndﬂ/afxo(un)}
sE(s?)
§ - Ve fx (uy)
< * o n
i g nd+1/an (Un) g nd+1/an (Un)
tr el 150 (g e migerc)| > 2(K+1(3 B> 7
< (S.ndﬂ/a Fx, (un))ﬂ0
0
(2”’ (K +1)" (ZE* sup (F]ng,Tr]k - 1) + E* | sup |S (W]K+1K,W]K’K)|TO]>>
S€(s,5) SE(s,3)

2 (5 . nd+1/afxo(un)) E[|B,]]

(5. nd+l/af, (un)> o -

o (Kr0+1 -nm(”OJ”S/Q)) T (g_ndﬂ/afxo(un)) 27K

N

where the constant in < depends only on 6, A, T, s, v, ro, the coefficients (a;), and the distribution
of €, and is independent of K and n. Since lim supnﬁooQ K"% < 00,
0 n

-1 2—d—-1/a
<nd+1/an0(un)> ~27KTL — <2K, TL_) l — 0, (33)

on(Un) n
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as n — 0o. Then, for § >0 small enough and w,, = o(n(4+1/("A2)=ro=0)/(w+1)y
nTo(H0+36/4—d—1/a)
(fxo(un))™

by Potter bounds (showing that nro(to+30/4=d=1/e) /(f\ (4, ))70 — (), see Theorem 1.5.6 on p.25 in Bingham
et al. (1987) and since K grows only logarithmically. Therefore

KT0+1n—’r‘o5/4 -~ 0 ,

(R4 () - BT ot/

p—d-1/a
Ixo () 521(15@) Snls5)] = 0,

as n — oo. By Corollary 3.3, we get
n—d-1/a
fxo(un)

|Sn(35,00)] —p 0.

It then follows from Lemma F.2

n—d—l/a | ( )|
sup |Sp(s,00)] —p+ 0.
fX() (un) s€(s,3)

This finishes the proof. 0

G. Proofs of the results in Section 4

G.1. Auxiliary results

Assumption 7 has in the denominator of the first term fx,(s - u,). We now provide a different formulation
with fx,(u,) in the denominator of the first term and an additional factor s~'=” in the second term, which

comes from fx, (s un)/fx,(un) — s7177 locally uniformly as n — oo .

Lemma G.1 (Different formulation of Assumption 7). Let Assumption 8 hold, and let A € Cr satisfy
Assumption 7 with Ha and Ny . Then, as n — oo,

Yy Goenly, 5,00, 4)|

sup Y01 _ ¢TI VH,(s)| — 0.

SEN 4 fXO (Un)

Proof. Note that

vyGoo,n(Y7 S, 00, A)’

sup y=0r _ SilinA(S)

SEN 4 fX(J (un)

Fxo(s - un) VyGoon(y, 5,00, A)‘

fxo(un)

< sup y=0r _ Ha(s)

sEN 4

sup
SEN4 on(s : un)

fXO(S'uTL) _ v

fxo(un)

By assumption, N4 C (0,00) is compact, so that by Assumption 3 (note that regular variation is always

+ sup [Ha(s)| sup
SEN 4 sEN 4
locally uniform) and the continuity of Hy,

Fxo (5 - un)

fxo(un)

; sup [Ha(s)| < oo,
SEN 4

sup
seEN 4
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and also by Assumption 7

vyGoo,n(Ya §, 00, A)‘

- s-u
ey Ixo (s - up) Y=L — Ha(s) : sup —f);;i(un;) - s 50
as n — oo, so that
VyGOO’"(y’S’OO’A)‘yZOT o
ssel}\% T (n) — 87 T"Ha(s)] = 0
as m— 00. -

In the last result we derived a different formulation of Assumption 7. We now use this to derive an adapted
uniform reduction principle from Theorem 3.4, where the coefficient vector of the linear approximation and

the partial sum of the [X;4¢]¢ have already converged.

Theorem G.2 (Uniform reduction principle with weak limit in the linear approximation). Let Assump-
tions 1, 2, and 3 hold, assume that A € Cr satisfies Assumption 7 with Ha and Np in the sense of
Assumption 7, and let (s,5) C Ny . Also assume that u, — oo is such that u, = o(n(dt1/(A2)=ro=0)/(v+1))
for some 6 > 0. Then, as n — oo,

—d—1/a n—T+1
T}X (un) Z (I{[Xesele €un-s-A} — P[[Xepdle €un-s-A)) — s VV(Ha(s) 17)Z0| —p+ 0,
ORI =y

on a sufficiently rich probability space.

sup
5€(s,5)

Proof. By Theorem 3.4, it remains to prove that there is a probability space on which

T
<VyGoo,n(Y7 S, 00, A)‘ ) n—"T41
7(171/04 y=OT

sup |n Xeodly — s~V (HA(s)T10) Ze
5€(3,9) Fxo(un) Z (Xt (Ha(s) )

vanishes in outer probability as n — co. By Lemma G.1

vyGoo,n(yasaooaA)’yio 1
su —T _ s TVHu(s)] = 0
SGJ\I;; on(un) A( )

as n — 0o, so that

T
<vyGoo,n(Y7 S, 00, A)’ > n—T+1
y=07

—d—1/«a —1-v T

sup |n (Xevele — s7 7"(Ha(s) 1r)Za

s€(s,5) Ixo(un) t:Zl
n—T+1 n—=T+1

< o(1) - [ > [Xepde|| + sup [lsTUVHa(s)]| % e > Xiwde — Zolr
t=1 1 sEN4 t=1 1

The first summand of the bound vanishes in probability by Theorem 3.1 and Slutsky’s theorem. For the
second summand, note that, by Theorem 3.1 and Skorokhod’s representation theorem,

n—T+1

n~VO N Xerde = Zalr
t=1
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vanishes in probability as n — oo on a sufficiently rich probability space. Since N4 is compact and bounded
away from 0, and recalling that H 4, as a uniform limit of continuous functions, is continuous,

sup ”S_I_VHA(S)HOO < 00,

SEN4
so that the second summand vanishes in probability on a sufficiently rich probability space. This proves the

claimed convergence. O

As pointed out in Section 4.1.2, we now prove a central limit theorem for empirical tail measures with

random thresholds and random centering.

Theorem G.3 (Empirical tail measure with random thresholds and random centering). Let Assump-
tions 1, 2, and 3 hold, let Aq,...,An, h € Ny, be bounded away from 0, and let the threshold sequence
U, — oo be such that w, = o(ndt1/WA\2)=k0=0)/+1)y for some § > 0. If the sets Ag,..., A, are in
Cr and satisfy Assumption 7 with functions Ha,,...,Ha, , and if (Yn(i)) , for i € {0,...,h}, are random
sequences that satisfy ngi)/un —pl as n— o0,

plmd=1/ay, ﬁn(yrfi)/un,A,-) — Pu(s, A)

@ }
s=Yn"fun ], h

goooy

v
—d §ZQ[HA1.(1)T1T],-:0W’;L asmn — 0o.

Proof. We use the Cramér-Wold device. Let Xg,..., A\, € R, and Ny,,...,Ng,
tion 7. Fix (s,3) C m?:o Ny, ,such that s <1< 5. Since, for all ¢ € {0,...,h}, Yéi)/un —p 1l asn— oo,
we have Yéi)/un € (s,5) for all i € {0,...,h} with probability converging to 1 as n — oco. Then, for any
d >0, as n — 0o, noting that we have n/(n—T+1) € (1,2),

in the sense of Assump-

h

aaPlXol > unl | & i
P N [ ptd /e 20 B (V) Ju,, A — Po(s, A

T
n— \Y Goon ,S,OO,AZ' i X
T+1< yGeonly )(y,s>—<oT,Yé”/un>> e

n —d—1/a
Tl > 5
noTHl ; Fxo(tn)

h —d—1/a n—T+1
< ZP* ‘)\1" sup |———— Z ]1{[Xt+é]@ eun.S.Ai} _ PHXE]Z Eun-s~Ai}

i=0 S€E(8,3) fxo(un) =1

yzoomYs 520 B0, e 2(h+1)

+ o(1)

— 0

by Theorem 3.4. Thus, by Slutsky’s theorem,

h
S <n1—d—1/aM <]’_:\>n(y7£i) S, As) — Po(s, Af)
=0 fXO(un)

s=Y7£i)/un>)
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and

T

oo,n R 7Ai n—

" <VyG (¥ 8,00, 4i) (y,8)=(0T,Y¢§’)/un)> —d—1/a =

E Ai n4=Y E [Xetele
on(Un) =1

i=0
have the same weak limiting behavior. By Theorem 3.1,

n—T+1

n -1/ Z [Xt+g]g — Zolp
t=1

weakly as n — co. On the other hand, by Lemma G.1 and the continuous mapping theorem,

h VyGoo,n(y,37007Ai)
>N

_ h
oy @
(v,8)=(07,Yn " /un) —Pp E :)‘iHAi(l)'

i=0 fXO (u"fl) =0
Again, by Slutsky’s theorem,
T
h (vyGoo,TL(y, S, 00, Al) 0 ) n—T+1 h
,5)=(0 :Yn n —d—1/«
PRy 7 (u(};s) Or 2o Jun) (n d=tfo N [Xt+é]€> —d Y N (HAi(]‘)T]‘T> Za -
i=0 Xo\tn t=1 i=0

Finally, note that, by Karamata’s theorem (see Bingham et al., 1987, Proposition 1.5.10 on p.27) and
symmetry of £ (and hence of Xj)

PXo| > w] 2
on(un) "

This finishes the proof. |

G.2. Proofs of the main results

Proof of Theorem 4.2: We use the Cramér-Wold device. Let Ag,..., A\, € R, and note that for n > 2T
we have n/(n—T 4 1) € (1,2). Then, for any § >0, as n — oo

P

h
S <n1—d—1/a_P[gol(;_;ln] (Pa(,4) — Pa(1,4)
=0 orTm

n n—T+1 <VyGoo,n(y7 ]-7 oo, AZ)
_ —d—1/a
TL—T+1n Z fX()(un)

t=1

y_0T> ' [XH—E]Z)

g

n—d—l/a n—T+1
— > (]1{[Xt+g]g €up- A} — PXy € up - Aj

M e 2
:
o) [mh)

h
<> P
=0

0
> -

- <vyGoo,n(Ya1»007Ai) 2(h+1)
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by Corollary 3.3. Thus, by Slutsky’s theorem and n/(n —T +1) — 1,

Zh:)\i (nl_d_l/am (f"n(LAz‘) - Pn(LAi)))

i—0 on (un)

has the same weak limiting behavior as

h <vyGoo,n(y7 ]-,OOvAi)

T
y—0T> i1/ n—=T+1
Z)\i fX (Un) n Z [XtJrg]z .

=0 t=1

Again, by Karamata’s theorem and symmetry of X,

P[| Xo| > un] ~ u 2
on(un) v’

so that we make this replacement in the final result. By Theorem 3.1,

n—T+41

n_d_l/a Z [XtJrg]g — Za]-T
t=1

weakly as n — co. On the other hand, by Assumption 4

h

y=07
—p AiH (1),
o () 2 NHA W)

h vyGoo,n(Y7 17 oo, A’L)
pBRY
=0

so that, by Slutsky’s theorem,

h (vyGoo,n(y7 ]-a OovAZ)

T
ZA‘ y—0T> p-d-1/a R_X:TH[X ] N Xh:)\v (H (1)T1 ) Z
! on(Un) e i z B ' o

=0 t=1

which finishes the proof. O
An overview of the proof of Theorem 4.8, coming next, is given in Section 4.1.2.

Proof of Theorem /.8: Replacing random centering as in Theorem G.3 by deterministic centering adds

a correction to the limit. To account for this correction, we set r, = pl=d-1/ “u, and we make the

decomposition
P (Pr(Xnknfuns 4i) = Pr(1, 4:))

i (E(Xn_m/un,Ai) ~Po(s AY)

S—Xnk:n/un>

- Pn(l,Ai)>

S:Xn—k:n/un

+ <Pn(57 Az)

Tn (f)n(Xn—k:n/UmAi) - Pn(sti) seX Ju >
=An—kin/Un

X, 1. Xon—kn/Un
Ty <n—kn — 1) + rn/ <2Pn(s,Ai) — an(s,Ai)
s=1 1 85

Uy, 0s

> ds.
s=1

+ (s, 4)

S
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Note that %Pn(s7 A) exists and is continuous due to Lemma B.3(ii); see also Remark 4.4. Now

Xn—k:n/un 6 P A 6 P A d
7ﬂn/l (% 'n(S» 1)_& 'n(S» z) s_1> S

Xn—kn 0 0
< g | Ko | sup D p (s, 40— Lpo(s ) ‘
Un SE[IAXn—k:n/un11VX7L—k:7L/u"] as as s=1
an n
=1 |22 1] x op(1)
Unp,

since X, g:n/un —p 1 as n — oo and the (deterministic) integrand converges uniformly to a continuous

limit on Ny, , see Remark 4.5. Consequently

P (Po(Xu-gon /i ) = Pull, 47))
= Tn (PTL(Xn—k:n/una Az) - Pn(s»Ai) S—Xnk:n/un> (34)

0 Xn—k:n
(g ] o) ()

We now study the joint convergence of the two terms in the right-hand side of (34). For this, we remark

that by the properties of quantile functions, for s* € R, the inequalities

X, 1.
Tn (—n kin 1) < s* (35)

and

1= Xy > up(145/m,)} P[Xo > uy]
" (ﬁ =1 P[Xo > un(1 + 5% /rn)] - 1) = (P[XO > (1+ % /rn)un] - 1>

are equivalent. Set

Unp - on (un)
P[XO > un] '

As shown in the proof of Lemma D.1 in Scheffel et al. (2026) if, u,, = o (n(¢+1/WA2=k0=0)/+1)) for some
6 > 0, it holds for s* € R

P[X() > un} — ot .
! (P[XO > (14 8 /r)un] 1> - §(un) (1 +0(1))

E(un) =

and

7n/€(un) zn: (H{Xt > Up ) _ 1{X, >Un(1+5*/rn)}> = op(1)
n = \P[Xo > uy P[Xo > up(1+ s*/rp)] ’
Recall that &(u,) = v as n — oo by Karamata’s theorem. Then (35) is equivalent to

Frﬂ; <]].{Xt > Un} 1) S S* V(]. +O(1)) +0P(1)

Xo > Un]
Also note that
rnzn: {X; > up} _ 3
n = \ P[Xo > uy]

T Z": X >un} ) n-T 1 T "‘ZT:“ X > u)  P[Xo > )
n_=., P[Xo > uy] n n—=T+1 & \P[Xo| > u] P[| Xo| > un)

= op(1) + 2(1+0(1))ra (Pu(1,B) — Pu(1,B))
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with B = (1,00) x R~ € Cp. Therefore, (35) is equivalent to
(36)

n (f> (1,B) — Pn(l,B)) < s g S(1+0(1)) + op(1).
By Equation (36), the joint limit of the first and the second term in (34) can be studied in a unified way
using Theorem G.3, at the level of distribution functions. Let sg,...,sp,s* € R. Write

) Sh) = ﬁ{rn (f’n(Xn—k:n/UmAi) — Pu(s, 4)

i=0

< s
5=Xn—k:n/un

E‘n(So7 ce

and, by Equation (36)
Xn— n *
P {En(so,...,sh), Tn <—k — 1) < s }
Un
Tn (2 .
- P {En(so, )y (Pn(l,B) - Pn(l,B)) < s (1+0(1) + 0p(1)] .
We shall now apply Theorem G.3, with h replaced by h+1, Apy1 = B, Yn(i) = X,k for i €{0,...,h}
and Y,Shﬂ) = u, . For this, note that the set B satisfies Assumption 7, because
VyP[Xo > s-uy, — yo]‘ o
Y=Ur — e = HB(S) = HB(l).

vyGoo,n(Y7 S, 00, B) ‘
y=0r

fxo(s - un)
In particular Hp(1)"17 = 1. Also note that X, .,/u, —p 1 by Lemma D.1 in Scheffel et al. (2026), so
that X,,_k., is a valid random threshold in the application of Theorem G.3. Then this theorem provides

B Ixo(8 - un)

that

b

L (Pu(1.B) — P,(1.B))

5Xnk:n/“">:| i=0,...,h ’ v/2

Tn

[(ﬁn(Xn—k:n/umAi) — Pu(s, A)

converges in distribution to
]

Finally, by (34), Remark 4.5, and Slutsky’s theorem,
o [Pu(Xoken/uns A) = Pull,40]

converges in distribution to

57 () 1+ pa)]
O

The proof is complete.
Proof of Theorem 4.10: We closely follow the argument of the proof of Corollary 3.3 in Davis and

Mikosch (2009). Note that

P.(s,A)  Pu(1,4)
P.(s,A))  Pa(l,Ag)
= 1 (Pa(1, 40) (Puls, 4) = Pa(1,4)) = Pu(1,4) (Puls, 40) — Pu(1,40))) .

PTL(17AO) : f’n(sa AO)
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so that

P.(s,A)  Pu(1,4)

=

P,.(s,A))  Pa(1,40)

i=1,..h

_ ! [Pl 40) T [~Pu(L Ay,

[ﬁn(s,Ai) - Pa(LA)]
Poo(1, 4g) - Pr(s, Ao) h

P.(s,40) — Py(1, Ag)

It holds, for Y, = u, or Y, = X,,_k.n respectively, that
P(Yy/un, Ag) — Pr(1,4)) —p 0 asn — oo,
by Theorem 4.2 and Theorem 4.8 respectively. Since P, (1, Ag) = ur(A4g) >0 as n — oo,
P (Yy/tn, Ao) - Pu(1, Ao) —p (17(Ao))”

for Y, =u, or Y, = X,,_r.n . Therefore,

1
P, (1, Ap) - f)n(Yn/Un, Ap) |:Pn(1’ Ao) T [=Pa(L, Ai)]izl,.‘.,h}

1
=P —— 3 |br(Ao) I [—pr(Ai)li=1, n| -
(1 (A))? { }
By Theorem 4.2
P N . T
piiviay, | [PrbA) = Paa)] b ) 1]1
P.(1,40) — Pu(1,Ap) 2 Hao(1) 17

and by Theorem 4.8

1- 2
n

i=1,...,h

e k f)n(Xn—k:n/unaAi) - Pn(laAi)
nl—d 1/0qu0 ( ) |: N ]
Pn(Xn—k:n/unaAO) - Pn(lyAO)

converges in distribution to

ZZ [[HAi(l)TlT + pAi(l)]i_l,...,h‘|
27 Hao(1) "1 + pay(1) '

The claimed convergence in the two cases follows from Slutsky’s theorem. |

H. Proofs of results in Section 5

Proof of Proposition 5.2: Verifying Assumption 6: We apply partial integration over each coordi-

nate. First, by Lemma B.1(iv) and dominated convergence,

/ ll{xeun's~A}~xT~Vf[X/]/(x)dx
RT o
ZT ]
= /RT]l{min(xj_l —un-s~aj) ZO} xi_lwf[xéll(x)dx

JEJA i—1

T
. . 0
= Z lim o 1 {jlrelbri(xj_l —Up-s-a;) >0, |xiq] < M} zi—lmf[xe]z(x) dx.
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Fix i ¢ J4 . By partial integration over the variable z;_1,

A/}gnoo RT]I{JIQ}}I;(@ 1—Up-S-a;) >0,z 1<M}x, 1= f[X[ (x)dx

— A/}gnoo . l{JHel}]n(x] 1— Up - S-a) >0} Mfix,,  (Xptio1, o1 = M) dxpriq

+ A}linoo s 1 {jrrelbri(xj 1= Up-5-aj) > 0} M fix,,(Xei-1, i1 = =M ) dxpzi1

— PHX@][ € Up - S- A]

Now

/ ]l{mln(x] 1— Up-S- CIJ) }]\4]0[)(Z (Xf;éz 1y Lj— 1—iM)dXZ¢Z 1
RT-1 JjE€JA

< . M fix,),(Xeio1, icy = £M) dxgpeioy = M fx,_ (M) = M fx,(£M)

converges to 0 as M — oo by Assumption 3. Therefore, for all i ¢ Jy,

: 0
]\/}l—r>noo RT]l{]nng]rj(x] 1—Up-8-0a;5) >0, |z 1|<M}xl 1ﬁf[xé]l(x)dx=—P[[Xg]gEun-s-A].

For i € J4, partial integration analogously yields

. 0
N}l_r)noo RTﬂ{ngelbg(xj 1—Up-5-a5) >0, ]2 1|<M}x1 11— f[X[]é(x)dx

= 1 1 i e L) > . = -
A}li)noo s {je%&i}(mj 1—Up - S aj)_O} Mf[Xé]l(x#Z 1, %1 = M) dxesi

_ 1 : e sea) >0 1 Tie1 = Up - S - a;) dXpi
/RT?1 {jer}fil{i}(% 1= Up-S-0a;) > }un 8- 0 f1x,0,(Xesgio1, Tic1 = Up - 5 - a5) dXpzi 1
7P[[Xg]g€un~S~A]

= =5 Uy 0 [xo(s-tup-0;) Pl[Xele Eup-s-A| Xim1=up-s-a;] — P[[Xele €Eup-s-A].

Consequently
/ I{x€uy -s-A}-x" - V fix,, (%) dx
RT

= — Zs~un~ai~fxo(s~un~ai)~P[[Xg]g€un~s'A|Xi,1:un~5~ai]
i€Jp

— T~P[[ng€un-s-A].

By regular variation of fx, (Assumption 3), symmetry of ¢ and Xy, and Karamata’s theorem,

S Un G- [Xo (8- Un-ai)  Ls-un -0 fxo(s un-0i) P[Xo>un-s-a K~(s-a')_”
P[| Xo| > un) 2 P[Xo>up-s-a P[Xo > uy] 2 !
and
P[[X¢le € up - 5+ A _
— cA) = s ur(A
both locally uniformly in s, so that

1
P[|Xo| > un] /RT (x€un-s-Ap-x" - Vi, (x) dx

—v v —v
— s —3 Z a; "pia — Tpr(A) |,

i€Ja
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locally uniformly in s. It follows that
pa(s) = pa(l) = = a"pia.
i€Jp

Verifying Assumption 7: Rewrite G as

Goon(y;8,00,4) = P [mlJn (Xjo14+yj1—un-s-a;) > 0],
J€

so that
VyGoom(y,s,oo,A)’ o Z [xo(s-un-0a;) Pl XJr€s-up- Al Xjo1 =5 uy-aj]-e;
y=0r i
Therefore
VyGoon (¥ 5,00, 4)|
’ y=0r Ixo(s - un - aj)
. Xiees-u,- Al X1 =5 u,-aj]-e
ol ) ZJ oy Plxd | X e

By local uniformity of regular variation and Assumption 8, this converges uniformly in s € N4 to
Ha(s) = Ha(1 Z a 4D “PjA €.
Jj€Ja

This is the announced result. Il

Proof of Theorem 5.3. Let (¢;)ien, C [0,00) satisfy 0 < > 2 ¢/ < oo. Then, under the assumptions of
unimodality of &, it holds that fZ{'io cie_; is symmetric and regularly varying at +oo with index —1 —v;
see Remark 2.2. Throughout the proof we use that for sufficiently large u and (¢;)sen, C [0,00) such that
Yool < oo it follows from Karamata’s theorem and Equation (15.3.5) in Kulik and Soulier (2020) that

o ufye ce_i (1) vPle > u] P72 cie—i > u P[> cie—i > u
Iompee W) = pp e S u unw)  Pesu W Y T Resa W

oo
~ Zc’z’fg(u) as  u— 0.

We first show by mathematical induction that, for all k£ € Ny,

1 o0
/ on,k,X1,k+1(u_y0a$) dr — 0
U

fXO(u) ar—y1
and
k+1
1w Diny @f
_— FXonXx xual—yldx%al” 1=
Tl u)/ o X ) Yreal

both uniformly in y € Ny as u — oo, where Ny is an arbitrary compact subset of R?, which we fix from
now on. Then, in a second step, we show that we can take the limit k& — oco.
Analysis for k € Ny: The arguments for both terms are mostly the same, so we introduce some notation

to unify the proof for both cases. Let o :{0,1} — {0,1} be a permutation and write

k+0(0) k
XU(O),k‘+O‘(O) = Z Ai€5(0)—i = Z Qg (0)+iE—i -
=0 i=—a(0)
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Our goal is then to show that, for all k£ € Ny,

1 o0
7-(u) /ua y fXU(O),IH—a(O)an(l),k'+<7(1) (x’uacr(l) - ya(l)) da
o(0) " Yo (0)
aflfu . Zf+11 au (O) — 0 (38)
0, o(0) =1,

uniformly in y € Ny as u — oo.

Base case k£ =0: Since a_; =0 for i € N, and ag=1,
[Xo(omw(m] _ [aom)l aa<o>] [51]
Xo(1)k+o(1) Ag(1)-1 Qo(1)] |€0

det [%(0)1 aa(O)]
Ag(1)-1  Qo(1)
Note also that, applying the inverse transformation,
Qo (1) _av(O)] [ x
—05(1)-1 Ao(0)-1] [UBs(1) — Yo(1)

Since the determinant is £1, it holds by the symmetry of ¢,

where

= |ao(0)-10(1) — o100 = 1.

Ug(1) " T = Gg(0) * (UAg(1) = Yo(1))

—g(1)-1"T + A(0)—1  (UAs(1) = Yo(1))

+ = =+

on'(O),kJra(O)7Xo(1),k+o(1) (z, Ubg(1) — ya(l))

= felao)y ® — ag(0) - (Was(1) = Yo(1)) fe(—Qo(1)=1 - T + ag0)—1 * (Us(1) = Yo(1))) -
Also note that a,(;) € {1,a1}, so that making the change of variables

+ Ag(0) o(l) = Yo
v s S 900 (W) —Yow)
Qg (1)

the right-hand side becomes

Ay(1)— Ay(1)—10
fe() fe (ﬁ T+ (%(0)1 - M) ’ (U%(n - ya(l))) .

Qo (1) o(1)

The lower bound in (38) for the change of variables in the integral is

Qs (1) (uaa( 0) — yo’(O)) — Gg(0) (uao(l) - yo’(l)) = u- (aa(l)ao’(O) - aa’(O)ao(l)) + ONy<1) )

where On, (1) denotes a quantity that is bounded in y € Ny . Then,

1 o0
fe(u) / FX o000 Ko ko) (B UWo(1) ~ Yo(r)) 42

L85 (0) ~ Yo (0)

- f-(2)

o (1) Je(u) (g (1) 85 (0) ~ o (0) %0 (1)) + Ony (1)

o <_a0<1>—1 . (aU(O)I—M> way) + On, (1 )) de.

Qg(1) Qg (1)
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Since a; > 1, we have aga; > ap > a1, the lower bound of the integration range satisfies

u(ay —a1) + Op, (1), c(0) =0,
u(Ag(1)05(0) = Go(0)d1)) + On, (1) = Y (39)
u(ay —a1) + On,(1), o(0)=1.
Thus, the argument of the second density term satisfies on the integration range in (39) that
T + uaq
Ag(1)— Ag(1)—10s - + ON (1)a 0(0) = Oa
Iy (%(0)_1 _ y) Cuay + O (1) = a y
o(1) o(1) u + On, (1), o(0)=1,
< —u + On, (1), c(0) =0,
> u + On,(1), o(0)=1.

For o(0) =0, note that, by monotonicity of f. (see Remark 2.2) and local uniformity of regular variation,

1 T+ uag fe(—u+ O, (1))
F (T on) <

uniformly as u — oo. Thus, it follows from dominated convergence and the uniform convergence of the

lower bound wu(a; —a1) + On, (1) of the integration range in Equation (39) to —oo that

o0
L ! / fs (.Z')
Qg(1) fe(u) U (g (1)U (0) ~ 0 (0) 40 (1)) + Ony (1)

g (20 (g - O g O (1)
Qg(1) o(1)

1 [ 1 r +ua
= — fe (z) - fe (— Ly ONy(1)> dx
a u(alfal) + ONy(l) ff(u) ai
1 —1-v
= —(ar/a))"*” = afa;’
ai

uniformly in y € Ny as u — oo due to local uniformity of regular variation.
For ¢(0) =1, we use uniform convergence of the lower bound u(a; —a1) + On, (1) of the integration

range in Equation (39) to oo and local uniformity of regular variation to see that

1 1 b
——/ fe (2)
Qg (1) fe(u) U (Ag(1) e (0) —o(0) (1)) + ONy (1)

“ /. (_%(1)1 R (ao'(())—l _ M) Up(1) + ONy(l)) dz

Qg(1) Gq(1)
Opn. (1 o
_ fut O (1) ))/ fo(z) dz = 0,
fe(u) w(ar—a1) + Ony (1)

uniformly in y € Ny as u — oo. This proves (38) for k=0.
Induction statement: Assume that, for some k € Ny, it holds (38).

Induction step: Throughout, we use the disintegration formula

oo
/ fXa(U),k+1+U(U)1XU(]),k+1+o'(]) (@, ua5(1) = Yo(1y) d
Uls(0) ~Yo (0)
o0
= / / fXU(O),k+U(O)1X(7(1),k+(7(1) ((E — Uk41+40(0)%5 U8g(1) — Qkt140(1)% — ya’(l)) dz fE(Z) dz
R U5 (0) ~ Yo (0)
o0
= / / IX o0y ko) X pto) (T Wo(1) = Gkp14o(1)Z — Yo(1) dz | fo(2) dz,
R Ul (0) ~Ak+140(0)Z Yo (0)
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and fix M > 0. We split the analysis of the integral into several cases for z, namely, we write

1 o0
fe(uw) /a FX (@) st 1400) X140y (B3 Wo(1) = Yo(1)) A2
U5 (0) ~Yo(0)
5 1 o
B Z/D Je(u) / an<0>,k+o<0)’Xnu),kw(l)(x’“aa(l) — Gt140(1)2 — Yo(1)) da | fe(2)dz,
j=1 J Ul (0) ~Ak+140(0) 2~ Yo (0)

(40)
with

Dy = {[z| < M},
Dy = {|uty1) = Ghy140)? — Yoyl <M and  |2| > M},
D3 = {|z| € (M, bu) and [uas(1) = Qpy140(1)% — Yo (1)) > M} ,
Dy, = {|z| > du and [y (1) = Gps1401)? — Yo(r)| € (M, Ju]} ,
Dy = {|z| A ube1y = Qpiito(1)2 = Yo(1)] > 5u} ,

for fixed § € (0,1/4), where the sets form a disjoint partition of R.

Analysis of D;: If |z| is bounded by M , then it follows from the induction statement that the integral

with domain D; in (40) converges to

—1-v k+1
a S al, c(0)=0,

0, a(0) =
uniformly in y € Ny as u — oo.

Analysis of Dy: Note that ap,i14,1) € {ar+1,ar42} and agy1 > agy2 > 0. We apply the change of

variables

UAg(1) — Yo (1) —
Ly W) T Y) =2

Ak+140(1)
so that Ds is transformed to
UGs(1) — Yo(1) — %

lz| < M and
Ak+140(1)

> M.

After the change of variables, the lower bound of the integration range in z becomes

u <Cl © — %) ak+1+0(0)> + Zak+1+0'(0) + ON (1) )
7 7 Ak+140(1) Aft140(1) Y
The integral then becomes
1 1 /M /°°
a a Ix, X ko (X 2) da
Ourtro) KD ot \Ju(oman ) + <S58 o T
f <’U,C(o-(1) + ONy(l) — Z> 1 { uaa(l) — ya(l) —Z S M} dz
: Aft14+0(1) Aft140(1) '
Since ap41 > akq2 and a3 > 1,
a(0) — A1) 2EE7O) L-ags, <0, o(0)=0,
g a
Ok+1+0(1) ap — k42 5 ), o(0)=1,

Gk41
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so that

+ On, (1) —

ak+1+g(o)) 4, tito) —00, a(0)=0,
Af+1+0(1) +00, o(0)=1,

U | Ag(0) — Oy
< © (1)ak+1+a(1)

uniformly in y € Ny and |z| < M as u — oo. In the case of 0(0) =0, we have

1 ua, 4+ Opn, (1) — z ua, — —z
fs( o (1) L (1) 1 o(1) ~ Yo (1) > ub <o (41)
fe(u) Ak+140(1) Ak+1+0(1)
uniformly as u — co. Since
/OO
Ix X, (z,2)dz
a . Ahi1to 5(0),k+0(0)1X o (1), k+o(1) \ 1
u(0(0) 001 JEELEZO ) 2420 0 (1)

- /RfXa(O),k+cr(O)7Xcr(1),k+cr(1)(’,I"7Z)dm = fXg(1>,k+g(1)(Z)7

it follows from dominated convergence and the pointwise convergence of (41) to (a1/apy2) '™ that the

integral with domain Dy in (40) converges to
Pl X, (1) k+o) +on, (D] < M] a7 ™ af,,  asu— oo
If 0(0) =1, then

z,z)de — 0,

oo

Ix X (

/ _ +1+0(0) Ak+1+0(0) 1 7(0),k+0(0)>*a(1),k+o(1)
u<a°(0) (1) ak+1+a(1)> + Pk 14o(1) + Ony (1)

so that the integral with domain Ds in (40) converges to 0 as u — 0o.

Analysis of Ds3: On this domain one has, for u large enough, regardless of y € Ny,

Uy (1) = Okt l4o(1)Z — Yo(1) > Ulg(1)/2.

Therefore, the integral with domain Ds in (40) is bounded above by

(z) - Plle] > M] < Plle] > M],

~

1
—— sup

IXokto
Je(u) T>UA,(1)/2 (it )

< depends only

~

using (37) and the regular variation property of f.. Here, the multiplicative constant in
on ag,a; and is independent of k and wu.

Analysis of Dj: One has |apy145(1)2 — (u8(1) — Yo(1))| < du, which, for sufficiently large u, results in

Ao(1) — 25u S 1 "
Apiito(l) 2041401

for all y € Ny, so that the integral with domain D, in (40) is bounded above by
1 1

— sup fe(2]) - Pl Xo() kol > M] S PlXo) kro)] > M],
U 140(1) Fo (W) 12120/ Qarssoq) (

where the multiplicative constant in < depends only on (a;) and is independent of k and w.

~

Analysis of Ds: The integral with domain Ds in (40) is bounded above by

1
__ <
) S, P (@Il > 0l S Pl > ol 0,
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using (37) and the regular variation property of f., uniformly in y € Ny as u — oco.
Conclusion of analysis for k¥ € Ny: Taking M — oo yields (38) for k + 1, and by mathematical
induction, the claim holds for all k& € Ny .

Analysis for k — co: Throughout, we use the independence of

(X0 (0) kt0(0)s Xo()hton))  and  (Xg0) = Xo(0)k+0(0)) Xo(1) = Xo(1)k+o(1))

to obtain the disintegration formula
1 o
f= () Jua FX o) Xoq (8, ua6(1)) A
o (0)

1 (o]
- fe(u) /RQ (/ua FX ()00 Xo (1) sy (£ = 70, Ulg(1) = T1) d‘”)
o (0)

FX 0 (0)=Xo0) k00 X (1) =X 1) oy (705 71) A (70, 71)

valid for any k € Ny. Again, we write

1 [e%e}
m/ fXU<0)vXa(1) (z, Uag(1)) dx

A5(0)

5 Lo (42)
= /D’ (fe(u) / fX(r(O),k+(r(0)1X(r(1),lc+(r(1) (@, Ulg(1) — r1) dx)
J=1""%; v

As(0)—T0
FX o (0)=X(0) it r(0) Xo(1y=Xo(1) kto(1) (ro,m1) d(ro,71) 5

with

Dy = {Jrol V |ri| < 1},

Dy = {lrol vV Ir| € (1,0u]},

Dy = {|r1| > du},

Dy = {|ro| > 6u and |r1| < u},

for fixed 6 € (0,1/4), where the sets form a disjoint partition of R?.
Analysis of Dj: By (38), it holds that the integral with domain D} in (42) converges to

1y —k+1
a VY ey, o(0) =0,

0, o(0) =1,

P[| X0 — Xox| VX1 — X1 ppa] < 1]

as u — 0.
Analysis of Dj: It holds uag(yy — 71 € [(1 — d)uay (), (14 0)uay)], so that the integral with domain D
in (42) is bounded above by

1
sup IX oy krom (2) - (Pl Xo — Xo x| > 1] + P[| X1 — X1 41| > 1])
fe(u) 2€[(1=8)uag(qy,(1+0)uag (1))

S Pl[Xo — Xogl > 1]+ P X1 — Xy pa| > 1],

using (37) and the regular variation property of f.. Here the multiplicative constant in < depends only on

0 and ap,a; and is independent of k£ and wu.
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Analysis of Dj: It holds

1 o0
/r |>6u (/R (fe(u) /ua ’ FX 0 ket X o) hroa) (T Ulo(1) — rl)dx)
1 o(0)~70

fX:r(O)_XU(O),k+a(O)aXU(1)_Xa(l),kJro(l) (r0, Tl) d7“0> dry

ol
S TN er,r o 7XU it+o (x, ua n- rl) dx)
Jr 73 U Pt s

</1R fX”m)_X”<0>Jc+v(0)’Xv(l)—Xa(l),Hn(l) (ro,71) d7"0> an

Ix 1 =Xo(1), k(1 (Tl)
P oo (utigr) — 1) 20 XoWikro) dry .
/7“1|>6u (ke @ fe(u)
By (37), this is bounded above by

1
T SUD X (1) =X 1) kron (711) Z aj ,

[r1]>du i1l

where the multiplicative constant in <

~

Analysis of Dj: It holds that the integral with domain D) in (42) is bounded above by

1
sup X0 oy BPUXo0) = Xo(0) ko) > 0u] — 0
fe(W) ceja—syuay oy, (1+8)uayy) D © (©)k+2(0)

depends only on § and is independent of k£ and wu.

as u — oo.

Conclusion of the analysis for k£ — co: For each k € Ny,

—1—v k1
a >ty al o(0)=0,
P[|Xo — Xox| VX1 — Xippa] < 1] ! =1
0’ U(O) = 1 9
]. o0 1 o0
< liminf —/ z,udy1y)dr < limsu —/ T, uly(1y) do
u—oo  fo(u) uty (o) fXU(O)’XU(l)( (1)) u—>oop f-(u) woo fXg(O),Xgu)( (1))
—1—v k1
YA, (o) =0,
< P Xo — Xog| VX1 = Xigpa <1]-¢ !
0, o(0) =1,

oo
e (P[IXo ~ Xoal > 1+ PIX1 - Xpga| > 10+ Y ) 7
i=k+1
where C > 0 is a constant that is independent of k. Letting k — oo yields

o0
PHXO — XO,k| V |X1 — Xl,k—}-l‘ < 1] — 1, PHX(] - X(),k| > 1] +P[|X1 — Xl,k+1| > 1] + Z a;’ — 0,
i=k+1
which proves the result. O

Proof of Theorem 5.5: Note that k = k(n) satisfies k — oo, k/n — 0 and A(n/k) = O(1/Vk). Let

ul, = qx(1 — ). Then, from the regular variation of X, u, ~ ul, , and

uy __ (ax(= [n-PIX > wl)/n) ( n-PIX > uy] )1/”
Un gx (1 = P[X > uy)) [n-PIX > uy]]

! ((in% s Z:DW - 1)

= o(A(1L/B[X > ua))) + O(1/[n- PIX > us]]) = o(1/v/F)
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by the uniform inequality in Theorem 2.3.9 on p.48 in De Haan and Ferreira (2006). Thus, likewise,

PX >a-u,]-PX >a-u,]
P[X > uy) =o(1/Vh).

We therefore focus, without loss of generality, on the case when wu, = ¢x(1 — %) . Then

I~ (X, >a - Xo kn}  P[X >a-u)
{\/E<EZ_:< P[X>un]k - PIX > u) )) St}

1

= {%n(an_km) - P[X>a'qx<1—§>] < %P[X>QX(1_§>]}
= {P [X<a.qx (1%)} — ﬁP {X>qx (1%)] < ﬁn(a'Xn—k:n)}'

Using that for any 7 € (0,1) and z € R, 7 < F,,(z) if and only if §,(7) < x, where §y(r) = Xinrlm 18

the empirical quantile function, we get that, for n large enough, the above event is equal to

o (plrzean(1-0)] - Grleoa (20)]) < en(-0))

B {%(P[Xﬁa-qx(l—g)] - ﬁP[X>qX(1_%)D — a-a”(l_%) < 0}~

- ax (1-E) ax (1 &)

Write

)

e ol (i-4)] - ol (o-4)]

Br(t) = 1—an(t))

efroee (] grfa-2)

Since k/n =P[X > qx(1 — )], it follows from regular variation of X that

PIX > a-up] t —
t) = —/——— " 4+ — & a7V e(0, 51— 00.
Bn(t) PIX > 0] N (0,00) as n — 0o
By Theorem 2.4.8 on p.52 in De Haan and Ferreira (2006), there is a sequence of Brownian motions (W)

such that, uniformly in s € (0, 1], and for arbitrarily small € >0,

~ ks -

Qn( n) —-1/v 1 1 —1/v—1 n 71/1/8 F-1 —1/v—1/2—¢

- < == —— - n k. - - 1 .
. s + N e Wi(s) + VEk Ql(k)s +s op(1)

k
x (1-3)
An inspection of the proof of this result reveals that it holds in fact uniformly on any interval of the form
(0, s0] , with sg > 0 fixed. Then

~ (1 _k
o BT < a1 )+ VR ok

and, by an(t) =1 — (k/n)Bp(t) with B,(t) — a= € (0,00), and continuity properties of the Brownian

Wa(1) + op(1/VE)  (43)

motion,
dn (an(1))
x(1-3)

(L ™ Wi + VE-2 (1) oy Gl
(Lerstmos) i () oL soni)

Bult) " + +oP<1>)

= (Ba(t))™V +

S5l
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Besides,
fult) = Pr[f[(xla;:}n} jz
PX >a-u,] v
| TPIX > u, e =1 — ny @ -1 t
=2 () | R R 3 L7
Ce A (e
N TR
(o (AT ) )
e I a e a))
so that
o™ = a1 = J (VE(R) 5+ Ja s o))
Therefore
e R S Rl
Combining (43) with (44), we get
Gnlon(®)  @(l-3) _ ol L (@Wa@?) - Wal) — @t + op(1) .

ax (1-%) ax(1-1%) vk

Therefore

I~ (X >a X jnt PIX >a-u)
ﬁ(ﬁ ,_1< PIX > u,) - PIX > u) )) = t]

an(t)) i (1-%)

= Pla"W,(a™") — Wy(1) + op(l) < a”i]
— P[W(™) — a"W() < asn — oo,

where (W (t)):>0 is a Brownian motion. We have that
Var [W(a™) — a "W(1)]

= Var[W(a™)] + a 2Var[W(1)] — 2a7"Cov[W (a™"), W(1)]
=a’ 4+ a® - 20" (@VAl) = a V(1 +a¥=2@AL)

e
- -1},
aV

-V

= a

which proves the claimed limiting distribution.
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Maxima of stationary systems of randomly time-changed
Lévy particles

Toan Scheffel®

@ Institute for Stochastics and Applications, University of Stuttgart, D-70563 Stuttgart, Germany

Abstract

In this work, we consider maxima of systems of randomly time-changed Lévy par-
ticles. We give a general construction to obtain infinite-dimensional classes {Z*} of
stationary max-infinitely divisible (max-id) processes. These classes are indexed by
admissible mass functions «, which induce state-dependent time changes of the un-
derlying Lévy particles. This gives a generalization of the well-known (Lévy—)Brown—
Resnick process Z'. In contrast to a = 1, the variability of non-constant mass func-
tions « changes the dependence structure of the max-id process and goes beyond the
max-stable setting while preserving stationarity. We then explore the extent of the
so-called max-domain of attraction (MDA) of a given (Lévy—)Brown-Resnick process
Z', by studying convergence of rescaled maxima of independent copies of Z% to Z1.
Thus, our work combines potential theory for Markov processes and extreme value
theory to yield a novel, infinite-dimensional, and interpretable class {Z“} of station-
ary processes in the MDA of a given (Lévy—)Brown—Resnick process Z'. So far, results
on the extent of such domains have been scarce in the literature.

MSC 2020 subject classifications: 60G70, 60G10, 60G51, 60G55, 60J55
Keywords: extreme value theory, max-infinitely divisible process, max-domain of
attraction

1 Introduction

1.1 Background and literature review

Given a Markov process (X¢)¢>o and a collection of points {U(i)}ieN, we consider the
collection of particles obtained by independently starting in each point U @) an i.i.d. copy
(Xt(z))tzo of the Markov process (X;)¢>0, that is,

{ (Xt(i)(U(i)))tZO}ieN '

We call this a Markovian particle system. For a single particle (X(U))¢>0, stationarity
holds if and only if there exists an invariant probability measure p of the process (X;)i>0,
by setting U ~ u. Extreme value analysis naturally shifts the viewpoint from a single
particle to a system of infinitely many particles, where the starting points {U (i)}z‘eN form
a so-called Poisson point process (PPP). For a distribution function F with density F”, it is,
for example, possible to choose the PPP {U®};cy such that F(z) = P [maxieN Ui < x],
for x € R. If the arising Markovian particle system is stationary, then the maximum
process

Z: = max X' (0, >0, (1)
1€
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is stationary as well, with marginal distribution function F. Such a process (regard-
less of stationarity) is called max-infinitely divisible (max-id), in analogy to the no-
tion of infinite divisibility for sums rather than maxima. It follows from [Bro70] that
the Markovian particle system (and the max-id process) is stationary if and only if
p(dz) = F'(z)/F(2)1{F(z) > 0}dz is invariant for (X;);>0 in the sense that

/ P[Xi(z) € Alp(dz) = wp(A) for all Borel sets A and all t > 0. (2)
R

In this setting the invariant measure p is necessarily infinite, so that, unlike in the single-
particle case discussed above, it cannot be normalized to a probability measure.
A possible choice for F' is the Gumbel distribution function

F(z) = exp(—exp(—z)), z€eR,

with p(dz) = exp(—z)dz. Any invariant process-measure pair ((X;)i>0,exp(—x)dx)
in the sense of (2) then yields a stationary max-id process with Gumbel margins, as in
(1). Brown and Resnick [BR77] were the first to construct such a process, based on the
observation that this specific choice of p is invariant for the drifted Brownian motion
(B; — t/2)¢>0. The resulting process (gr, called Brown-Resnick process, is stationary
with Gumbel margins:

. () _ (i
Cor(t) = max (Bt t/2 + U ) . t>0. (3)

Even though the single particles Béz) —t/2+U () are non-stationary (they converge to
—oo for t — o0), the particle system {(B,gz) —1/2 4+ U%);50}ien, and the max-id process
(Br are stationary. Brown and Resnick also showed that (pr is not only max-id, but
even max-stable. In the context of this work, with the convention that the margins of the
max-stable process ¢ are Gumbel distributed and the process is indexed over [0, c0), this
means that, for all n € N,

<kmax By — log(n)> = (¢(t))s>0 in finite-dimensional distributions,
t>0

=1,...,n

where (¥ for k € {1,...,n}, are i.i.d. copies of (. De Haan showed in [Haa84] that all
max-stable processes (up to marginal transformations) are max-id, similar in structure to
(3).

Max-stable processes obtained from systems of Lévy particles beyond the drifted Brow-
nian motion have been studied in [Sto08], where they show stationarity and Gumbel mar-
gins of the process

— (@) (3)
CL(t) = r?eaNx(Lt + U ) t>0),

if the Lévy process (L¢)¢>o satisfies E[exp(L1)] = 1. We refer to such processes as Lévy—
Brown-Resnick processes. It is then easy to see that the Lévy process (L;):>0 has invariant
measure exp(—z)dx, so the method of [Bro70] applies; see also [EK15] for a generalization
of Lévy-Brown-Resnick processes to the case where (L;)¢>( satisfies Elexp(Ly)] # 1.

We note that Kabluchko et al. showed in their seminal paper [KSd09] that the sta-
tionarity of (gr, among more general max-stable processes, can be derived using entirely
different techniques that apply, for example, to Gaussian fields; see also [Kabl0] and
[MS13] for a complete characterization of uni- and multivariate stationary Gaussian par-
ticle systems, respectively.
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1.2 Motivation and contribution of this work

All specific examples of stationary max-id processes in the literature, constructed from
non-stationary single particles, are (up to marginal transformations) max-stable. The
goal of this work is to generalize this construction by allowing for random time change
of the underlying Lévy particles. Starting from a Lévy-Brown—Resnick process (r, we
construct infinite-dimensional classes {Z“} of stationary max-id processes. These classes
are indexed by admissible mass functions a that induce state-dependent time changes of
the underlying Lévy particles. In contrast to a = 1, which yields the Lévy-Brown—Resnick
process (1, = Z', non-constant mass functions a allow for variability in the dependence
structure of the max-id process that goes beyond the max-stable setting. We then use
this variability in « to explore the extent of the so-called maximum domain of attraction
(MDA) of a given Lévy-Brown—Resnick process ;. To be more precise, we study, for all
admissible «a, the convergence

(kn}ax Zf’(k) - log(n)> — (CL(t))>0 weakly as n — oo,
=Leon >0 -

where (Zta’(k))tzo, for k € {1,...,n}, are i.i.d. copies of (Z)i>0. More generally, we
combine potential theory for Markov processes with extreme value theory to yield a novel,
infinite-dimensional, and interpretable class of stationary processes in the MDA of a given
Lévy-Brown—Resnick process (1. So far, results on the extent of such domains have been
scarce in the literature.

1.3 Structure of this work

In Section 2 we recall the mechanism behind the method of [Bro70]. In Section 3 we
perturb the process-measure pair of a Lévy-Brown-Resnick process (7, = Z! by random
time change induced by admissible mass functions «. In Section 4 we give a general
construction of stationary max-id process (Z;")¢>¢. Finally, in Section 5 we show that the
extremal behavior of (Z{)¢>0 links back to Z! via (Z);>0 € MDA(Z%).

1.4 Notation

Let I C [0,00) be an interval and define D(I) to be the set of cadlag functions on I en-
dowed with the Skorokhod topology, and let C(I) be the continuous functions endowed
with the uniform topology. The term Markov process is used exclusively to refer to real-
valued, time-homogeneous Markov processes with paths in ([0, 00)). For a Markov pro-
cess (X¢)i>0 we denote X;(x) to be the process at time ¢t > 0, started in € R at time 0.
We denote B(X) to be the Borel o-algebra of the topological space X.

2 Stationary particle systems

To showcase the method of [Bro70], we first introduce Poisson point processes (PPP) and
explain how to construct particle systems by attaching to each point an independent copy
of a Markov process. Finally we recap a theorem of [Bro70] which states that the resulting
particle system is stationary if and only if the intensity measure of the PPP is invariant
for the Markov process.

Definition 2.1 (Poisson point process). Let (X,C, ;1) be a measure space satisfying {z} €
C for all z € X and pu(X) = co. A random collection {U®};en of points in X is called
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Poisson point process having intensity measure u if for every m € N and corresponding
disjoint sets C1,...,Cy, € C and non-negative (including +o0o) integers r1, ..., 7y, it holds
that

P Z]l{U(i) €Cj} =y forall j € {1,...,m}| = Hp(u(Cj),rj),
j=1

€N
where
W if A<oo and k<oo,
p(NE) = q1 if A=o0 and k=oc0c or A=0 and k=0,
0 elsewhere.

Remark 2.2. A collection {U®};cy, in contrast to a set {U(® | i € N}, can contain the
same element more than once. The existence of a PPP with prescribed intensity measure
is guaranteed if, for example, the intensity measure is o-finite.

Let (R, B(R), 1) be a o-finite measure space. Given a PPP {U},cy on the real line
(i)

with intensity measure y, we can attach to each point U®) an ii.d. copy (X;”)s>0 of a
Markov process (X¢);>0, independent of {U®)},cn, to obtain the random collection

{(Xt(i)(U(i)))tzo}' . of sample paths in D([0,0)) . (4)

We refer to this collection as the particle system associated with the process—measure pair
((X¢)t>0, i), and denote it by P((X¢)i>0, pt). For a finite sequence of times 0 <3 < --- <
ty < 00,f € N, we define a finite-dimensional particle system by

Porveote(Xz0,1) = { (X @D, xP0D)} with points in R’
()

1€EN
We say that the full particle system B((X¢)e>0, ) is stationary if, for all such finite
collections of time points and all h > 0, it holds that

Bt (Xe)e>0, 1) has the same distribution as PBeith,tpth(Xe)e0, 1) . (6)

It will be useful to have more general transformations of the particle system. To this
end, let (E, &) be a measurable space and g be a (deterministic) measurable function from
(D(]0, 00)), B(D([0,00))) to (E,E). We define the g-transformed particle system by

By (X)e>0, ) = {g (Xt(i)(U(i))> } with points in E.
- t20 jen
The following theorem is a direct consequence of [Bro70, Theorem 1], see also Section 3

therein.

Theorem 2.3. Let (X;)i>0 be a Markov process, (R, B(R), ) a o-finite measure space with
u(R) = oo, and g a measurable function from (D([0,00)), B(D([0,00))) to a measurable
space (E,&). Then the following holds:

1. The particle system Pq((X¢)i>0, 1) defines a PPP on (E, &) with intensity measure
po(4) = [ Plo((X@)iso) € Al u(ds)  for Ace.
R

2. The particle system P((X¢)e>0, 1) s stationary if and only if the process—measure
pair ((Xt)e>0, 1) is invariant.
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3 Perturbation by random time change

Given the invariant process-measure pair ((L¢)¢>0, exp(—z)dz) of a Lévy-Brown—Resnick
process, we construct a new pair with different invariant intensity and dependence struc-
ture. Our approach is tailored to invariant measures having infinite mass and is based
on random time change. The main result of this section, which is also used subsequently
in the paper, is Theorem 3.7. Readers interested only in the main result may skip the
remainder of the section and return to it later for the precise mathematical statements.
We first introduce the necessary definitions and assumptions. Then, we establish
existence of time-changed processes and provide a useful representation of random clocks.

Definition 3.1 (Random clock). Given a Lévy process (L);>0 and a bounded function
a:R — (0,00), we define

t
Ag(t) = /Oa(LT—i—x)dr and T,(t) = inf{s>0] A(s) > t}, t>0,zeR.

We call (T(t))i>0 the random clock, (Az(t))i>0 the inverse random clock, and « the mass
function.

Note that A,, for all x € R, is a strictly increasing, continuous random function, with
inverse T}, which we denote as T}, = (A,) L.

Assumption 1 (Assumption on mass function). The mass function « is continuous and
satisfies
0 < a:= infalz) < supa(z) =1 a < and lim a(z) = 1. (7)
z€R 2R Z—00
Remark 3.2 (Assumption 1). By virtue of the first part we obtain existence and infinite

lifetime of the time-changed process that we are going to consider. The second part of the
assumption is relevant only in Section 5, where convergence plays a key role.

Lemma 3.3 (Existence of time-changed process). Let (L;);>0 be a Lévy process and o a
mass function satisfying Assumption 1. Then the time-changed process

Xt(CE) = LTz(t) —+ xZ, tEO,mER,
is a Markov process.

Proof. For the statement that the time-changed process is a Markov process with paths in
D([0,€)), where £ is the (possibly random) lifetime of the process, see, for example, [BG68,
(V.2.11)]. To finish the proof we show that the lifetime & is infinite, which follows from
T.(t) — oo for t — oo and all z € R. Since T, = A;!, this is equivalent to A,(t) — oo
for t — oo and all z € R. But this follows immediately from the lower bound on « in
Assumption 1 by taking the limit ¢ — oo in

t
0 <t-ac< /a(Lr+ﬂc)dr = A.(t).
0

O

Remark 3.4 (Random time change by continuous additive functionals). The process
(X¢)t>0 in Lemma 3.3 is an example of random time change by a continuous additive
functional (CAF). For background on potential theory of CAFs, see [BG68, Chapter IV.3].
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Let AT be the Lebesgue measure on B([0,00)), and denote the push-forward measure
of AT by A, as AT o A;!. When precision of notation is not needed, we will use the
equivalent notation dr instead of A*(dr).

Lemma 3.5 (Integral representation of random clock). Let (L;)i>0 be a Lévy process, let o
be a mass function satisfying Assumption 1, let A, and T, be the (inverse) random clock as
in Definition 3.1, and let (X¢)i>0 be the time-changed process in the sense of Lemma 3.3.
Then At is absolutely continuous with respect to AT o A7l with density r — a(X,(x)) and

¢ 1
L) = /0 aX, @)

Proof. By the definition of the push-forward measure, the monotonicity of A, and A;! =
T, it holds for all t > 0

AT ([0,1])

|
~+
|

A (Ty(t)) = / a(Ly +z) AT (dr)
(0,7 (t)]

- / oLy, + ) (AT 0 A7V (dr)
[0,]

/ (X, (z)) (Ao AN (dr).
[0,¢]

Therefore A* is absolutely continuous with respect to At o A, with density r — a(X,(z)).
It follows that
1

To(t) = A0, Tu(t)]]) = (Ao A1) [[0,4] = /MWC“‘

O

Assumption 2 (Assumption on Lévy process). The process (L¢)¢>o is a Lévy process
satisfying Elexp(L;)] = 1.

Remark 3.6 (Assumption 2). This assumption leads to a Lévy—Brown—Resnick process,
as defined in the introduction. In the sequel we will frequently use that, for Lévy processes,
Elexp(L1)] = 1 implies E[exp(L;)] = 1 for all £ > 0. It is easy to see that the process—
measure pair ((L¢)i>0, exp(—x)dz) is invariant. Indeed,

/RP[Lt—I—J: € Blexp(—x)dz
_ B UR 1{L, + 2 € B} exp(—2) dx}
- B UR ]l{xeB}exp(—(x—Lt))dx] _ E[exp(Lt)]-/ exp(—z)dz = /Bexp(—x)dx.

B

Theorem 3.7 (Perturbed invariant process—measure pair). Let a be a mass function satis-
fying Assumption 1, let (Li)i>0 be a Lévy process satisfying Assumption 2, and let (X¢)i>0
be the time-changed process in the sense of Lemma 3.3. Then the measure o(z) exp(—z)dx
is invariant for (X¢)i>o-
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Proof. Since (X¢)¢>0 is a Markov process by Lemma 3.3, it follows from [ADR69, Propo-
sition 2.1] that the invariance of the measure a(x)exp(—z)dxz for (X;)i>0 is equivalent
to

/R ( /0 ~ exp(—t) - P[Xu(z) € B] dt) a(z) exp(—z) dz = /B o) exp(—z) dz,
for all B € B(R). To show this, note that X;(z) = Ly, + =, and that
/O T exp(—t)1{ Ly, + @ € B} AT(dt)
— [ expl=01{Lr, )+ € Blallr +2) (W o A7)
- /0 " exp(— Ay (1) 1{Ls + 7 € Bla(Le + 2) \*(d1)

where for the first equality we use that A" is absolutely continuous with respect to Ato A1,
with density r — a(X,(z)) = a(Lg, () + ) (see Lemma 3.5), and for the second equality
we use the properties of push-forward measures and A;(0) = 0 and limy_o Az (t) = 0.
Therefore, by Fubini-Tonelli and change of variables, it holds

/R exp(-s)a(s) ( /0 Ooexp(—oz)-P[Xt(x) e B] dt) dz

_ B :/Rexp(—x)a(x) </°Oo exp(—t)1{L, (o + 2 € B}dt) dx]

- B | /R :Xp(—m)a(w) ( /O exp(—A,E(i))n{Ltm € Bla(Li + 2) dt> dx]

- E| /0 < /R exp(—z)a(z) exp <— /0 a(Li_sy + ) ds> 1L+ € Bla(Li + ) dx) dt]

" /Ooo </Rexp(—(x ~ L))z — L) exp (— /Ota(x (Lt — Liy)) ds) 1{z € Bla(z) dx) dt}

/Ba(x) exp(—2) (/Ooo E [exp(Lt)a(x L) exp (— /Ot a(z — (L — Li_s)) ds)} dt) dz |

where for the third equality we use that fot a(Ly +x)dr = fot a(Li—s + x)ds, and for
the fourth equality we make the change of variables x — L; + x. For ¢ > 0, define the
process (Y{)sco by Y& = Lt — Ly—s. Then (Y{)cjo4 has the same finite-dimensional
distributions as (Ls)cjo,- Note that Ly = L; — Ly = Y}, so that

/0 “E [exp(ma(x Ly exp <_ /O e (L= L) ds)] Ny
= [ Blenttiat-ve (- [ ot - mas)] a

_ /Ooo E [exp(Lt)a(:c L) exp <— /Ot o(z — L) ds)] dt.

Now, let /Tx and fz as in Definition 3.1, with the same mass function « as before, but
with Lévy process (—L;)i>0, that is,

A1) = /Ota(x—LT)dr and  Tu(t) = (ﬁm)_l (t).
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It is easy to see that A\w(()) = 0 and lim;_e Ez(t) = 00, so that by the properties of
push-forward measures and Lemma 3.5 it follows that

/ooo exp(Li)ale - L) exp (~A,()) A*(d)
) /000 exp (Lz,) o (7 = L) o (-1 <A+ o (ﬁx)_l> (dt)
/O‘X’ &P (Lﬁ(t)) exp (—t) At(dt).

Next, we apply optional stopping to exp(Lﬁ (t)), whence it follows

E[eXP(LﬁC(t))] = Elexp(Lo)] =1,

and therefore
/ E [exp(Lf (t))} exp (—t) dt = / exp(—t)dt = 1,
0 ’ 0

which finishes the proof. To this end, we have to showAthat f}(t) is a bounded stopping
time and that (exp(L¢))¢>0 is a martingale. Note that T, (¢), by Lemma 3.5, is a stopping
time with

Ty (t) /t ! dr < t. 1
p— —_—— T Pype—
z 0 a(aj — sz(r)) = a’

and that for 0 < s < ¢ it holds that
Elexp(L:) | Ls] = Elexp(L¢ — Ls)exp(Ls) | Ls] = Elexp(Li—s)]exp(Ls) = exp(Ls),

where the second equality follows from the Lévy property of (L¢);>0 and the properties

of conditional expectation, and the last equality follows from E[exp(L;—s)] = 1 for all
0 < s <'t. Therefore (exp(L¢))¢>0 is a martingale, and we can apply optional stopping to
conclude the proof. O

Remark 3.8. Another possibility of perturbing an invariant process—measure pair ((L¢)¢>0, exp(—z)dz)
of a Lévy—-Brown—Resnick process is via the theory of Feller processes; see [BSW13, Chap-

ter 4] for an overview of transformations of Feller processes. It is beyond the scope of this

work to explore this direction.

4 Stationary max-id processes

In the special case where the intensity measure p of an invariant process—measure pair
((X¢)t>0, i) has finite mass on sets bounded away from —oo, the maximum over the
corresponding particle system P;((X;)i>0, 1) is almost surely finite at all times ¢ > 0.
We call processes obtained in this way max-infinitely divisible (max-id), in the sense that
they are componentwise maxima over PPP with points in D([0,00)). More precisely, let
a be a mass function satisfying Assumption 1, let (L;);>0 be a Lévy process satisfying
Assumption 2, let (X;)¢>0 be the time-changed process in the sense of Lemma 3.3, and
consider
Zr = maxPu((X)iz0,afx) exp(~2)de) = max X,V (UD),

where {U("},cy is a PPP on the real line with intensity measure a(z)exp(—=)dz, and
(Xt(z))tzo are 1.i.d. copies of (X¢)s>0.
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Remark 4.1 (PPP from jump times of Poisson process). Such a PPP {U®};cy can be
obtained by a monotone transformation of the jump times of a unit Poisson process on
the real line. To be more precise,

vl = F< (exp(-Ty)), (T';)ien jump times of unit Poisson process,

where F is the generalized inverse of F', that is F' (¢) = inf{z € R | F(z) > q}.
Therefore, the natural ordering of the points is preserved, where in our case, we can write
without loss of generality U(") = max{U®};cn, so that

PUW <a] = P[F"(exp(-T1)) < 2] = P[[1 > —log(F(x))] = exp(—(~log(F(x))))
= F(z).
After a technical lemma on exceedance probabilities for random time-changed pro-

cesses, the main result of this section (Theorem 4.3) shows that the process (Z;);>0 has
paths in ([0, 00)) and is stationary.

Lemma 4.2 (Bound on exceedance probability). Let o be a mass function satisfying
Assumption 1, let (Li)i>0 be a Lévy process satisfying Assumption 2, and let (Xy)i>0 be
the time-changed process in the sense of Lemma 8.3. Then, for all t > 0, there exists
v >0 and Cyt > 0 such that for all u,x € R satisfying u — x > v it holds that

P

sup Xs(x) > u| < Cpi-PlLyg>u—2x—v].
s€[0,¢]

Proof. Denote
T(u,z) = inf{t >0| Ly +x > u} and T(u,z) = inf{t > 0| Ly, )+ > u},

that is, the first hitting times of the level u € R of (L;)¢>0 and (X¢)¢>0 respectively. Clearly
it holds that

Tl’(T(u? l’)) = ?(’LL,.’IJ) :
Since A (t) = (T,;)~*(t) is monotone it holds that
T(u,z) <t is equivalent to T(u,z) < Ag(t).

Then by Assumption 1

¢
At) = /a(Lr—i-:c)dr <ta (8)
0
Now choose v > 0 large enough, such that
0<P[inf Ly > —v| . 9)
s€[0,t-@)

It follows from (8) that

P | sup Xs(z) > u

s€[0,t]

= P|sup Ly +x > u
| s€[0,¢] '

< Plr(u,z) < t-q]

=P| sup L+ > uj .
| s€[0,t-a]
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By [Wil87, (2.1)] it holds for u,x € R satisfying u — z > v that

P| sup Li+x > u

= =C’v7t-P[Lt52u—x—v],
s€(0,t-al

(11)

PlLig > u—1z—1]
< -
P [lnfse[O,t-E] Ly > —v]

where, by (9),

C ! <
= 0.
ot P [inf o a) Ls > —v]

Putting together (10) and (11) finishes the proof. O

Theorem 4.3 (Existence and stationarity of max-id processes). Let « be a mass function
satisfying Assumption 1, let (Li)i>0 be a Lévy process satisfying Assumption 2, and let
(X¢)e>0 be the time-changed process in the sense of Lemma 3.3, and consider the process
(Z¢)t>0 defined by

Zy = maxPy((X¢)e=0, (x) exp(—z)dz).

Then the process (Zi)i>0 has paths in D([0,00)) and is stationary. If, furthermore, (Lt)i>0
has continuous paths, then (Z;)i>0 has paths in C([0, 00)).

Proof. We adapt the proof of [EK15, Proposition 1.14] to our setting. To this end, it is
sufficient to prove that (Zs),cjo,q has paths in D([0,¢]) for all £ > 0. Fix ¢ > 0 and u € R,

and consider
I, = {Z eN

This set contains the indices of particles that somewhere in the compact interval [0,¢]
have values above the threshold u and hence are the only particles that, in case that
infyep04 Zs > u, could contribute to the maximum. Applying Theorem 2.3 we get that the
cardinality of the set I, has Poisson distribution, which, by an application of Lemma 4.2,

has finite rate:
Ay = /P sup Xq(x) > ul| a(x)exp(—zx)dx
R s€[0,¢]

uU—v
<a(/ P
—0o0
where we chose v > 0 as in Lemma 4.2. Applying Lemma 4.2 gives
uU—v
[ e
—0o0

< Cyyp- / P[Lig > u—x —v]exp(—x)de

—00

sup XOWUD) > uy .
s€[0,t]

Sel[lopt} Xs(z) > u} exp(—z)dz + exp(—(u—v))> :

sup Xq(z) > ul| exp(—x)dx
s€[0,t]

uU—v

= Cypy-exp(v—u) - Plexp(Liz) > exp(u —x — v)]exp(u — z —v) dz



204 Chapter 7. Maxima of randomly time-changed Lévy particles

It follows A, < oo, and therefore |I,| < oo almost surely. Denote J,, := {infyc(oy Zs > u},
and note that P[UyezJy,] = 1. If J,, for some u € Z, it therefore holds
Zs = mz}st(i)(U(i)) for all s € [0,¢].
1ely
Since (Xs)sepo, has paths in D([0,¢]), and D([0,¢]) is invariant under taking the max-
imum over finitely many functions, we get that (Zs)scjoy has paths in D([0,¢]). If
(L¢)i>0 € C([0,00)), then (X;)i>0 € C([0,00)) and therefore (Z;);>9 € C([0,00)) for the
same reason. The stationarity of (Z;);>¢ follows then immediately from (Z;);>o being a

well-defined process, the invariance of the process—measure pair ((X;);>0, a(x) exp(—z) dz)
by Theorem 3.7, and Theorem 2.3(ii). This finishes the proof. O

5 Max-domain of attraction

In this final section we study the extremal properties of the max-id processes constructed
in Section 4 through max-domains of attraction. Let a be a mass function satisfying
Assumption 1, let (L;)i>0 be a Lévy process satisfying Assumption 2, let (X;);>0 be the
time-changed process in the sense of Lemma 3.3, and let (Z;);>0 be the max-id process in
the sense of Section 4. Define, for n € N, the rescaled process (¢ (t))i>0, by

Calt) = kgg?;nszklog(n),

where ((Zt(k))tzo), k=1,...,n,areii.d. copies of (Z;);>0, and define the process ((r,(t))t>0
by

CL(t) = maxPi((Lt)e>0, exp(—z)dx),

where (Lt)¢>0 is the Lévy process that was time-changed to obtain (X;);>9. We show
that (Z;)¢>0 is in the max-domain of attraction of the max-stable process (z,(t));>0 in the
sense that ((,(t))i>0 converges weakly to (Cz(%))¢>o0-

Remark 5.1. The weakest notion of convergence is convergence in finite-dimensional
distributions (f.d.d), while in certain cases this can be strengthened to convergence in the
space of cadlag functions ([0, 00)), endowed with the Skorokhod topology.

The main result of this section is Theorem 5.3, where we show that ((,(t))¢>0 converges
weakly to (Cr(t))e>0, that is, (Z¢)¢>0 is in the MDA of (7. The following auxiliary result
isolates required convergence statements that we will use in the proof of Theorem 5.3.

Lemma 5.2. Let a be a mass function satisfying Assumption 1, let (L¢)t>o be a Lévy
process satisfying Assumption 2, let (Xi)i>0 be the time-changed process in the sense of
Lemma 3.3, and write

n(x) = a(z)exp(—z)  and  mu(z) = n-nlz+log(n)).
As n — oo, we have
1.

Me(x) — exp(—x) Ve e R,

(o)
/ Mp(x)de — exp(—z2) VzeR,

11
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X[ (z) = Xi(z+1og(n)) —log(n) — L, weakly in D([0,00)).  (13)

Proof. The first part follows from Assumption 1 and dominated convergence. To show the
second part, we apply [EK86, Theorem 1.5]. To this end, note that

X{(x) = Xi(z+log(n)) — log(n) = 0+,

LTx+log(n)

where

t 1 t
Tx—i—log(n)(t) = /(; a(Xs(x—i—log(n))) ds = /0 a (X7 (x) + log(n))

and by Assumption 1

1

li _
S ten |a(z + log(n))

n—oo 2eK

o
for all compact sets K C R. Since « is continuous by Assumption 1, this allows us to
apply [EK86, Theorem 1.5], which finishes the proof. O

Theorem 5.3 (max-domain of attraction of the constructed max-id process). Let o be a
mass function satisfying Assumption 1, let (Li)i>0 be a Lévy process satisfying Assump-
tion 2, and let (X¢)¢>0 be the time-changed process in the sense of Lemma 3.3. Consider
the max-id process (Zi)i>0 defined by

Zy = max*P; ((X¢)e>0, a(z) exp(—z)dz) ,
let

Ca(t) = max Zt(k) —log(n), neN,

k=1,...n
where ((Zt(k))tZO)kzl,...,n are i.i.d. copies of (Zi)i>0, and let

Cr(t) = max*Pi((L¢)e>0,exp(—z)dx).

Then ¢, converges weakly to ¢, in f.d.d. If, furthermore, (L¢)¢>0 has continuous paths,
then convergence holds in ([0, 00)).

Remark 5.4. The only Lévy processes with continuous paths satisfying Assumption 2
are (v/o(By—+/0t/2))i>0, for ¢ > 0. For o = 1 we get the classical Brown-Resnick process
(Br from the introduction. In view of [LAHO1, Theorem 2.4], it is natural that convergence
in D([0, 00)) can only hold when the limit is continuous. A concrete reason to support this
is that for the extended modulus of continuity

W'(f,0,K) = S [f(s) = F(EDIALf(s) = f(t2)],
t1 SSS;E; jtel —t2|<5

we cannot proceed as in (16).

12
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Proof f.d.d. Let { ¢ N, and 0 <t < ..., <ty < o0o. We want to show that
(Gat1) - vy Gulte)) — (Cr(t1),..., ,Cr(te)) in distribution as n — oo. (14)

To this end, let x1,...,2y € R and let  and 7, be defined as in Lemma 5.2. Note that
since (, is the maximum over n independent and identically distributed max-id processes,
it holds that

P [Vicri,..o0 Gulty) < ]
=P [Vje{1,..‘,6},ke{1,...,n} Zt(f) <z —i—log(n)}

= (P [Vje{l,”_vg} mefcILVfoj)(U(i)) < xj—l—log(n)})
)}

g )

Z H3jeqr,..0 Xt(;)(U(i)> > z;j + log(n
exp (=0 [ PBieqs,.ir Xi,(0) > 2+ og(n)ln(a) da )

where the last step follows from Theorem 2.3(i). Applying the inclusion-exclusion formula
and Tonelli’s theorem, we get

/RPEJ'E{I,--J} Xi; () > x; + log(n)] - n(x) dx
14
I / P[Vjer X, (2) > x; + log(n)] - n(z) dx.
1 c{1,..00 'R
7=t

o~

By invariance of the process measure pair ((X;);>0,7) (see Theorem 3.7) we get for fixed
IC{1,...,0} that

n/RP[‘v’jg X, (z) > 25+ log(n)] - n(z) dz

o0
— / PYier Xo, ten (1) > 3 + log(n)] - 1(z) d
Tmin{jer}+log(n)

- / P[VJEI Xg;_tmin{jEI} (l‘) > CL‘]] ’ nn(m) dx
x

min{jel}
o0

— PlVjer (Lt;~tyngjery +2) > 5] -exp(—z)da.

Tmin{jel}

The convergence follows from
PVjcr Xg_tmm{je[} () > z;] -nn(z) < nulz) < a@exp(—x) for all z € R,

Lemma 5.2 and dominated convergence. Using the invariance of ((L)>0, exp(—z)dx) we
reverse the time shift, and reversing the previous steps as well, we find that this expression
equals

P [Vieq,.. Co(ty) < zj] .

Since what we showed is equivalent to (14), this finishes the proof. O

13
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Proof of convergence in D([0,00)). By assumption, (L;)i>0 € C(]0,00)). Theorem 4.3
then implies that (1, (Z:)i>0 and ¢, have paths in C([0,00)). Hence, it suffices to prove
convergence in C([0, 00)).

We prove convergence by establishing tightness. First note that ({,(0))nen converges
weakly to a Gumbel distributed random variable and is therefore tight. By [Bil99, The-
orem 7.3], showing tightness of ¢, then amounts to controlling the modulus of continuity
w. Let K C [0,00) be an arbitrary compact set (possibly not containing 0). For f € C(K)
and 0 > 0 we define the modulus of continuity by

w(f,6,K) = Sup. [f(t) = f(s)] -
|::7—t|<6

Our goal is to show that for all ,a > 0 there exists some 6 > 0 and N € N such that
Plw((n,0,K) >a] <e foralln > N. (15)

Together with the f.d.d. convergence, we get convergence in C(K) for an arbitrary compact
set K C [0,00) and therefore convergence in C[0,00). We adapt parts of the proof of
[KSd09, Theorem 17] to our setting. Write

Yin(t) == Z® —log(n), t > 0.

We structure the proof in several steps.

Decomposition

We decompose the event {w ({,,d, K) > a}. Note that, by the properties of maxima and
the invariance of the modulus of continuity w under spatial shifts, we have

w (¢, 0, K) = sup ‘ max Zt(k)— max Z®
steK |k=1...n k=1,...n
|s—t|<o (16)
< max sup ‘Zt(k)—ng)‘ = max w(Yyn,,d,K).
k=1,..n stcK k=1,..,n ’
[s—t|<d

14
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Therefore

{w(Cn, 0, K) > a}

= Qw((n,6,K) > a and Fex Gu(t) # max  Yj,(t)

=1,...,n

Yk,n(0)> c2

U Sw(n,d,K) > a and Vg ((t) = kn%ax Yin (%)

=1,...,n

Yk¢n(0)>_02
C EItGK Cn(t) 7é kgiaxn Yk,n(t)
Yk n(07)>’702
U Sw(Gn,d,K) > a and Ve ((t) = max Yien(t) and  Jpeqr, . ny Yin(0) > —c2
=1,..., n
Yk n(0)>7c2

n
C Fex G(t) £ max  Yiu(t) p U U {0 6,K) > a and Yin(0) > —co}

yeey

kaﬂ,(0)>—cg k=1

n
=t Gn U | Cin,
k=1

where in the last step we used (16). Next we define and estimate

E, = {inf Cult) < —Cl}

ﬂ {mf Vin(t) < —cl} (18)

m { inf Yk n < —C or Yk,n(o) < —Cl} =: m Ak,n .
kel k=1
With E,, defined in this way, we have

-----

k=1 k=1
(19)
Using (17), (18), and (19), we get
{w (G 6,K) > a} € () Akn U |JBrn U | Chn-
k=1 k=1 k=1
Since the events are i.i.d. for k € {1,...,n}, we have
Pw (0, K) > a] < (P[Aa])" + 1 — (P[Bf,])" + nP[Ci,l], (20)

15
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where

Alm = {tiéllf;YLn@) < —C or leyn(O) < —Cl},

Bi, = {YLn(O) > —cy  or sup Y1 (1) < _01}7
teK

{w(Y1n,0,K) > a and Yi,(0)> —cp} .

Cl,n

Analysis of (P[A;,])"
The goal is to show that there exists ¢; such that, for N = N(c¢1) sufficiently large, we
have

(P[A1,])" < for all n > N(cp). (21)

= M

Observe that
= {; @ (g7 — (i) —
Aip {;él}f{ max X, (UY) < —c1 +log(n) or rlnea}\]xU < —c1 + log(n)

nf XOUD) < —ep +1 O «
C {r?e%xtng :(UY) < —cp +1og(n) or rlne%xU < —c1 + log(n)

= {‘v’ieN tin}f{Xt(i)(U(i)) < —c1 + log(n) or VienU®D < —¢; +log(n)
€

= m{tiEnIEXt(i)(U(i)) < —cl+log(n)} U ﬂ{U(i) < = +log(n)}

ieN ieN
C ﬂ{lnf X(i)(U(i)) < —cp + log(n) or U9 < —cl—l—log(n)}
iy €K

so that
(P[A1n])"

<p
2

To further bound this, note that, by Theorem 2.3 and the change of variables x — x +
log(n),

<P

= exp (—n /100 P [inf X, (z) —log(n) > —cl} n(x) dx)

IN

Z 1 {in}f{ Xt(i)(U(i)) —log(n) > —c and U9 > log(n) — 01} =0

)”.

n
Z 1 {tin]f( Xt(i)(U(i)) —log(n) > —a1 and U®D > log(n) — Cl} = O])
€

1€N

og(n)—q teK
= — 1 n > —
eXp< /_61 p [tlél};Xt (z) > 01] () dm) ;

(23)

16
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where
Xi'(z) = Xi(x +log(n)) — log(n).

To apply weak convergence of (X[")i>0 to (Lt)i>0 (see Lemma 5.2(ii)), we write

exp (- /OOP [inf XM(z) > —cl} () dx>

e lteK
o0
< exp <—/ P [tinlf< Li+x > —cl] exp(—z) d:[;)
—c €
e (24)
+ |exp (— /_Cl P Llél}f{Xf(x) > —cl} () d:v)
o
— exp <—/ P {inf Li+z > —01} exp(—x) dx)’ .
e LtEK

For the first term of the upper bound in (24), making the change of variables x — x + ¢;
we get

/ P [tiélig Li+z > —cl] exp(—x) dzx

—c1

oo
= exp(cl)/ P [inf Li+x > O] exp(—z)dz > 0,
0 teK

so that, for ¢; large enough, it holds

co| M

teK

o0
exp (—/ P {inf Li+zxz > —01} exp(—x) dx) <
—e

For the second term of the upper bound in (24), note that analogously to the convergence
proof for f.d.d. we get that

o0 o
/01 P [tiél[f( X (x) > —cl] n(z)dz — /_Cl P Liélff{ Li+z > —cl} exp(—x) dz

for all ¢; € R and as n — co. We can therefore choose n > N = N(c;) large enough, such
that

exp <— / “p [tiél]f( Xn(z) > —cl] (@) d:c)

—c1

o0
— exp (—/ P Liél}fff Li+z > —01} exp(—x)da:)‘ <

—c1

oo | ™

Combining (22)-(24) yields (21).

Analysis of 1 — P[Bf{ |"

The goal is to show that there exists ca = ca(c1) such that, for N (e, c2) sufficiently large,
we have

1 — (P fn])n < for all n > N(cy,c2). (25)

=] ™

17
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It holds

PBi,] = P {YM(O) > —cp  or fél}}gYLn(t) < -

=1-P {ma}\]XU(") < —cp +log(n)
1€

+ P {maxU(i) < —cg + log(n) and maxsupXt(i)(U(i)) < —c -I—log(n)] )

(26)
where the first probability in (26) satisfies
P [Iznealm\lx U < —¢ +log(n)} =P Z 1 {U(i) > —cy +log(n)} = 0]
1€N (27)

= exp —/ a(z)exp(—z)dz | .
—co+log(n)

For the second probability in (26), note that

{max UD < —¢y 4 log(n) and max sup Xt(i)(U(i)) < —c1+ log(n)}
ieN €N ek

= ﬂ {U(i) < —co+ log(n)} N ﬂ {supXt(i)(U(i)) < —c+ log(n)}
ieN ieN \tE€K
C ﬂ {U(i) < —co+ log(n)}
€N
N {sup Xt(i)(U(i)) < —c1 +log(n) or UD > ¢y + log(n)}
teK
= ﬂ ({U(i) > —co + log(n)}
€N
U {sup Xt(i)(U(i)) > —cp + log(n) and UD < —¢y+ log(n)})
teK
= {Z 1 {U(i) > —cg + log(n) or
1€N
<sup XOWDYy > —¢; +log(n) and UD < —¢y+ log(n)>} = } ,
teK
(28)
where the probability of the latter set, by Theorem 2.3, is
o0
exp —/ a(z) - exp(—z) dz
—ca+log(n
2-+log(n) (29)

—ca+log(n)
- / Plsup X;(z) > —c1 + log(n)] - a(x) - exp(—z) dx | .
—00 teK

18
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It follows from (26)-(29) that

1- P[ in]n
= ]_—
1—exp —/ a(z) exp(—z) dz
—ca+log(n)
+ exp —/ a(x) -exp(—z) dx
—ca+log(n)
—ca+log(n) "
- / Plsup Xi(z) > —c1 +log(n)] - a(z) - exp(—x) dx
—00 teK
- 1—

(1 — exp <— /—CQ-‘rlOg(’n) a(x) exp(—x) d:v)

—ca+log(n) "
X (1 — exp (— / Plsup Xi(z) > —c1 +log(n)] - a(z) - exp(—2x) dx)))

00 teK

- 1-
<1 ~exp (-% /_ OO oz + log(n)) exp(—z) dm)
x <1 ~ exp (— %/_m Plsup X,z + log(n)) > —c1 +log(n)] - (e + log(n) - exp(—) dx>>>n

< 1-

<1 ~exp (-% / ~ o + log(n)) exp(—z) dx)

—c2

X 1 /C2 P Lsg}? Xi(z + log(n)) > —c1 + log(n)] -z +log(n)) - exp(—x) dx)n ,
(30)

nJ -

where in the last inequality we used 1 — exp(—z) < z. It remains to show that, for

co = ca(cy) large enough, we have

e
/ P [sup Xi(x +log(n)) > —c —Hog(n)} a(x +log(n)) exp(—z)dz < Z . (31
—00 teK
Then, for n > N(c1, c2) sufficiently large,
1 (o)
— exp (—— / a(x + log(n)) exp(—x) d:c)
nJ e,
1 [
X —/ Plsup X;(z + log(n)) > —c1 +log(n)] - a(x + log(n)) - exp(—z) dx
nJ—co teK
—€
S |
T ’

19
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and applying Bernoulli’s inequality together with (30) gives

1 — (P[Bf,)"
<1

_ (1 ~exp <—1 /oo oz + log(n)) exp(—z) da:)

nJ_co

X %/_—02 P[fél}? X(z 4 log(n)) > —c1 + log(n)] - a(z 4 log(n)) - exp(—z) dx)

€ €
<1-(1-2) ==,
<1-(-3) =]
Let us show (31). Observe that
(—c1 +1log(n)) — (x+log(n)) = —c1—x > —c1+c2 for x € (—o0, —c2).

Hence, there exists co = ca(c1) large enough such that, by Lemma 4.2 and Assumption 1,
there exist v > 0, depending only on K, and a constant C,, ko > 0 such that, for x < —ca,

P [sup Xi(z +1og(n)) > —c1 + log(n)}
tei
< Cuka-Pllgy 2> (—c1 +log(n)) — (z +log(n)) — v

= Cv,K,a . P[Lf.a Z —C1 — T — U] y

and therefore

/_82 P [sup Xi(x +1log(n)) > —c1 + log(n)] a(z + log(n)) exp(—z) dx
—00 teK

e
< Coka '5/ P[Lgs>—c —2—v]exp(—z)dz
o0

= Cy K- a-exp(c + v)/ P [LFsupa > x} exp(x) dzx
co—C1—v
= CyKka-a-exp(ci+v)-E [exp(LFa)]l {L?a >y —c) — v}] .

Since Elexp(L¢)] = 1 for all t > 0, we can choose ¢z > ¢; large enough to obtain (31).
Analysis of nP[C ;]

Following Remark 4.1, we assume without loss of generality that U(") = max{U®},cy.
We decompose

Cin = {wY1n,0,K)>a and Yin(0) > —co}

< {w((XVW)i20),8,K) > a and U > —c;+log(n) and (Zhiex = (XU (OD))ex }
U{UW > e 410g(n)  and 3 Fen X OD) > xP(OW)}

C Dip U Doy,

where
D = {w((Xt(l)(U(l))tZO),é,K)>a and U >—02+10g(n)},

Do = {U(l) > —cp + log(n) and Jj>1Fek Xt(j)(U(j)) > Xt(l)(U(l))} )

20
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so that
P[Cl,n] < n(P[Dl,n} + P[D2,n]> .

Analysis of nP[D ;]
We show that there exists 6 > 0 sufficiently small such that, for n > N(cq, co, §) sufficiently
large,

nP[Dy,] < % . (32)
Observe that
PUY <z] = exp (— /00 a(s) exp(—s) d5> ) z €R, (33)
so that
n-PDyy = n- /OO w((X¢())i>0,6, K) > a] dPya)(x)
—cz+log(n)
=n- / w((X¢(z))i>0,6, K) > a] - a(z) - exp(—z) - P[UY < z]dx
02+log(n)
< @ Pl((Xe(z +log(n)) —log(n))iz0, 6, K) > a] - exp(~z) dz
= a/oo Plw((X{)t>0,6, K) > a] - exp(—z) dz,
2 (34

where in the last inequality we used a change of variables and that w is invariant under
spatial shift. To apply weak convergence of (X}")¢>0 to (L¢)i>0, we write

[ Pll(CXi(o -+ log(n) ~ log(n))iso. 0. K) > a] - exp(—) ds
< /OO Plw((Lt)i>0,0, K) > a] - exp(—z) dx

e (35)
4| [ PL(Xi(a + log(n) — 1o8()iz0.0,K) > a] - exp(—z) da

— /OO Plw((Lt)t>0,0, K) > a] - exp(—z) dx| .

—c2

For the first term in the upper bound of (35), note that since (L¢)¢>0 has continuous paths
we can choose d(c2) > 0 small enough, such that

Plo(Li)iz0,0,K) > a] < feexp(—cz).

so that

/_OO Plo((L)iz0,0,K) > a] -exp(~2)do < = (36)

For the second term in the upper bound of (35) note that since

o0
/ exp(—z)dz = exp(c2) < o0,

—co

21
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and, by Lemma 5.2(ii), as n — oo,
Plw((X¢(x +log(n)) —log(n))i>0,9, K) > a] — Plw((Li)i>0,6, K) > al,

so that we can choose N(c1, ca,0) large enough, such that for n > N(cq, ca,6) it holds
[ee]
[ PGt + 108(0) ~ o)), 8. ) > ] - expl—a)
e

- / h Plw((Li)i0,0, K) > a] - exp(—z) da (37)

—cs
3

Putting together (34)-(37) yields (32).
Analysis of nP[D3 ]
We show that there exists N € N sufficiently larger such that

’I’LP [ng] S

for alln > N. (38)

| ™

Step 1
By (34) it holds

nP[Dy,] = nP [Uﬂ) > —cy+1log(n) and  Fjuy e X (OUY) > Xt“)(U(U)}

- "/ P 351 e X (O0) = xP(OW) | UD = 2| dPyo (@)
—ca+log(n)
=0 [T P[Eeazecx? W) = xP0) [0 4]
—ca+log(n)
x a(z) - exp(—z) - P[UW < z]da (39)

~ [ P [313ex X009 2 XPWW) |0 = +log(w)

—co

x a(z +log(n)) - exp(—z) - P[UM < 4 log(n)] da
< @exp(cz) sup P [Elj>1 Jier Xt(j)(U(j)) > Xt(l)(U(l)) | UW = :c—l—log(n)} .

Tr>—cCco

Step 2
We define, for g € C(]0,00)), the transformation g by

-1

¢
g: [0,00) xR — [0,00), (t,z) — (/0 a(g(r) +z)dr> (t).

Then, conditional on (Lgl)) >0 = ¢, for some g € C([0,00)), we get

xVe) = 9@Gt,2) + =

22
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By independence of (Lgl))tzo from the remaining variables,
P 31 3ex X (U) = xV0W) |0 = &+ log(n)]

< P |3jo1 sup X(UD) > inf XM (z +1log(n)) | UV :x—l—log(n)]
L teK teK

= P | 1{sup X/ (U) > in}f{Xt(”(xﬂog(n))} >0
o1 tEK te

= dP g)
/(C([O,oo)) (5o

P (Y 1sup X (U9) 2 inf g(3(t, + log(n)) + & +log(n)} > 0
|7>1

= 1 lfﬁ g(t) > —R dP ( g
/(C([O,oo)) {tE[O,K/Q] ®) } (Ltl))tzo()

P [Z ]l{supXt(j)(U(j)) > inf g(g(t,x 4+ log(n))) + = +1log(n)} > 0

A

j>1 teK teK
+ P inf Li<-R|,
te[0,K/a)
where
P| inf L;<—-R| < = exp(—ca),
te[0,K /al 16

for R > 0 large enough.

Step 3
Write
S = {g(t,2) | te K,ze R} = U{ﬁ(t’Z)IteK} —. USZ,
z€R z€R
where

S. = (3(2) 7 (K) € (§(2)7 (0,K]) € [0,K/a],

and therefore S C [0, K /a], independent of the choice of g € C([0,c)). Hence,

1 ] f q = ] f > i f
Inf inf9(g(t,2)) = infg(t) (e0.5 ) 9tt),

23

UM =2+ log(n)]

U =z + log(n)]

UV =g+ log(n)]
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so that

1{ inf g¢(t)>—R%dP
/<C<[o,oo>> {te[of@]g() } RN

P | tsup X' W) > inf gtz + lo(n) + =+ log(n)} > 0 U<1>=x+log<n>]
| >1

S 1{supx(UV) > ~R + z+log(n)} > 0
i>1 teK

IA
e

UM =z + log(n)] .
(42)

Step 4

By the Slivniak-Mecke Theorem (see for example [DV08, Proposition 13.1.VII]), {U()} ;54
conditioned on UM = z +log(n) is a PPP with intensity measure 7[- N (—oo, z +log(n))],
so that {sup,cx X (U))},51 is a PPP on the real line with intensity

z+log(n)
/ P {sup Xi(z) € A] n(z)dz for all A € B(R).
teK

—0oQ

It therefore holds

P Z]l{supXt(j)(U(j)) > —R + z+log(n)} > 0 U(l)zm—l—log(n)]
j>1 teK
=1
- P Y 1{sup X (UY) > —R + z+logn)} = 0| UY =2z +log(n)
51 tek
z+log(n)
=1 — exp / P [supXt(z) > —R + x+log(n)} n(z)dz
—00 teK
z+log(n)
< / P [supXt(z) > —R + x—l—log(n)} n(z)dz.
—00 teK
(43)
Step 5
Observe that
z+log(n)
/ P {supXt(z) > —R + m—l—log(n)] n(z)dz
—00 teK
z+log(n)
< / n(z)dz (44)
z+log(n)—R—v

z+log(n)—R—v
+ / P {supXt(z) > —R + :lr—l—log(n)} n(z)dz,
te K

—0oQ
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where we choose v as in Lemma 4.2, and note that for x > —co

z+log(n) 1
/ n(z)dz < @—exp(—z) (exp(R+v)—1)
z+log(n)—R—v n

< expler)a (exp(R+v) ~ 1)

< exp(—c2)

£
— 16 )
for n > N(c1,c2,0,v, R) large enough.
Step 6
By Lemma 4.2, there exists a constant C, = > 0 such that

z+log(n)—R—v
/ P [supXt(z) > —R + z+log(n)|n(z)dz
—00 teK

z+log(n)—R—v
< E/ P[L,z > —R + z+log(n) — z — v] exp(—2) dz

1
= aexp(R+v)exp(—z)—
nJo
1
< @wexp(R+v) exp(cz)EE[exp(Labf)]
£
16’
for n > N(c1,c2,0,v, R) large enough. Combining (39)-(46) yields

< exp(—cy)

1 1 €
nP[Dy,| < eexp(c2)exp(—c2) <E + 1_6> =

that is, (38). This finishes the proof.
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